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Abstract

Resumptions are a valuable tool in the analysis and de-
sign of semantic models for concurrent programming lan-
guages, in which computations consist of sequences of
atomic stepsthat may beinterleaved. Inthis paper we con-
sider ageneral notion of resumption, parameterized by the
kind of computations that take place in the atomic steps.
We define a monad transformer which, given a monad
M that represents the atomic computations, constructs a
monad R(M ) for interleaved computations. Moreover, we
use this monad transformer to define the denotational se-
mantics of a simple imperative language supporting non-
determinism and concurrency.

1 Introduction

Modern computer architectures and operating systems
have made it practical to execute different parts of a pro-
gram simultaneously. From the programmer’s point of
view, it is often not important whether the parts of a pro-
gram are executed by different physical processorsor by a
single processor using atime-sharing strategy. New tools
are needed to define the semantics of concurrent program-
ming languages, which allow the parts of a program that
execute simultaneoudly to interact with one another, typi-
cally using the same memory variables.

Resumptions havelong been suggested asamodel of in-
terleaved computation in the semantics of concurrent pro-
gramming languages. In brief, a resumption is either a
computed value of some domain D or an atomic com-
putation that results in a new resumption. An extensive
treatment is offered in [dBak96] using the theory of com-
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plete metric spaces as the mathematical framework for
domains. Many variations of resumption domains (also
called branching domains) for specific instances of atomic
computations are investigated there.

In this paper, we propose a structured generalization of
this technique. We allow the atomic steps to perform any
type of computation, represented by an arbitrary monad
M . Thus, we define the resumption monad transformer R,
which transforms monad M to a new monad R(M) rep-
resenting interleaved computations. Domains constructed
by R(M) satisfy the isomorphism

R(M)(D) = D+ M(R(M)(D))

which defines the essence of resumption domains. By in-
troducing R(M) we obtain a general framework for rea-
soning about such domains. For example, the domain

D ~ U+ (S—P(SxD))

that is used in [dBak96] for defining the semantics of non-
uniform parallelism (ignoring some complexities related
to the use of complete metric spaces) is exactly the same
as the domain R(D(P))(U) that we use in Section 4 for
the same purpose.

The rest of the paper is structured as follows. Sec-
tion 2 contains a brief introduction to monads as part of
the mathematical background that is required for this pa-
per. In Section 3 we define the resumption monad trans-
former R and in Section 4 we use it to present the deno-
tational semantics of a simple imperative language featur-
ing non-determinism and concurrency. We conclude with
Section 5.

2 Mathematical background

In this section we define part of the mathematical back-
ground that is necessary for the rest of the paper. We in-
troduce monads and monad transformersand discusstheir



connection with computations and the semantics of pro-
gramming languages. The reader is referred to [Papa0l]
for amore complete and informative introduction, and to
the literature related to category theory [Pier91, Aspe9dl,
Barr96] and domain theory [Scot82, Gunt90].

2.1 Monadsand monad transformers

The notion of monad, also called triple, is not new in the
context of category theory. In Computer Science, monads
became very popular in the 1990s. The categorical prop-
erties of monads are discussed in most books on category
theory, e.g. in [Barr96]. For a comprehensive introduc-
tions to monads and their use in denotational semantics
the user isreferred to [Mogg90]. A somehow different ap-
proach to the definition of monadsis found in [Wad[92],
which expresses the current practice of monads in func-
tional programming. The two approaches are equivalent.
In this paper, the categorical approach (presented here) is
used for the definition of monads, since it is much more
elegant, and the functional approach (presented in Sec-
tion 2.2) is used for describing the semantics of program-
ming languages.

Definition 2.1 A monad on a category C is a triple
(M,n,u), where M : C — C is an endofunctor, 7 :
Idc = M and p : M? = M are natural transforma-
tions. For all objects z in C, the following diagrams must
commute.

1d p ()
M(x)

M (pe)

M?(x) M?(z)

1z

The transformation n is called the unit of the monad,
whereas the transformation p is called the multiplication
or join.

The commutativity of these two diagrams is equiva
lent to the foll owing three equations, commonly called the
three monad laws:

Ha © M (z) = idM(z) (1st Monad Law)
P o M(ne) = idpq) (2nd Monad Law)
po o M(pz) = peoppe — (SrdMonadLaw)

Definition 2.2 If C isa category, a monad transformer on
C is a mapping between monadson C.*

2.2 Monadsand computations

An alternative approach to the definition of monads has
become very popular in the functional programming com-
munity. According to this, a monad on category Dom is
defined as a triple (M, unity, *m). Inthistriple M isa
domain constructor, unity : D — M (D) isacontinuous
functionand xy : M (A) x (A — M(B)) - M(B) isa
binary operation.

In the semantics of programming languages, domains
constructed by monad M typically denote computations,
e.g. the domain M (D) denotes computations returning
values of the domain D. The result of unity v issim-
ply a computation returning the value v and the result of
m *\ f isthe combined computation of m, returning v,
followed by computation f(v). Monad transformers are
useful to transform between different types of computa
tions[Lian95, Lian98g].

The following equations connect a monad
(M, unity,*y) defined using the functional approach
with a monad (M, n, ) defined using the categorical
approach.

unity = 7

mom f o= (po M(f))m

i = unitM

1 = Am.m %y id

M(f) = Am.m xu (Unity o f)

In the functional approach, the three monad laws can be
formulated as follows.

m %y Unity = m
(unitM ’U) *M f = f’U
m xm Av. (fv) xmg) = (mxm f) *m g

An interesting remark is that these three laws are enough
to prove that the equivalent (M, n, ), as defined above, is
indeed a monad, i.e. that M is afunctor (preserves func-
tion identities and composition) and n and p are natural
transformations.

In this setting, it is useful to define two specia classes
of monads, equipped with additional operations that are

IMany options for the definition of monad transformers have been
suggested in literature. Given a category C, monads on C and monad
morphisms (which have not been defined in this paper) form a cate-
gory Mon(C). Monad transformers can be defined as mappings be-
tween objects in Mon(C), as endofunctors on Mon(C), as premonads
on Mon(C) (i.e. endofunctors with a unit), and as monads on Mon(C).
In this paper we have selected the first option.



useful for modeling the semantics of concurrency in pro-
gramming languages.

Definition 2.3 A multi-monad is a monad A with a bi-
nary operation ||m : M (D) x M (D) — M (D), where D
isadomain.

Definition 2.4 A strong monad is a monad M with a bi-
nary operation iy : M(A) x M(B) - M(A x B),
where A and B are domains.

The binary operation || of amulti-monadis used to ex-
press digunction in computations. In other words, if M is
amultimonad, D is adomain and my,ms € M(D) are
two computations, the computation m || m» indicates a
(possibly non-deterministic) option between m, and ms.
Moreover, the binary operation < of a strong monad is
used to express conjunction in computations. Let M be a
strong monad, let A and B be domains. If m, € M(A)
and my € M (B) are two computations, the computation
my > me indicates that both m; and moy will be per-
formed and their results will be combined. The option
here relates to the order, if any, in which the two compu-
tations will be performed.

3 Resumption monad transfor mer

The notion of execution interleaving is awell known one
in thetheory of concurrency. In thiscontext, computations
are considered to be sequences of atomic steps the nature
of which depends on our notion of computation. In iso-
lation, these atomic steps are performed one after another
until the computation is complete. Given two computa-
tions A and B, an interleaved computation of A and B
consists of an arbitrary merging of the atomic steps that
congtitute A and B. Interleaving easily extends to more
than two computations. The atomic steps of any computa-
tion must still be executed in the right order, but this pro-
cess can be interrupted by the execution of atomic steps
belonging to other computations.

Our primary god is to define a monad transformer R
capable of modelling generic interleaved computations.
In this way, if we are given a monad M which models
the computations taking place at the atomic steps, we can
obtain a monad R(A/) which models interleaved compu-
tations of such atomic steps. One possible solution to
this problem is to use the long suggested technique of re-
sumptions, illustrated in [Schm86, dBak96] for specific
instances of M.

Generalizing this technique, the domain R(M)(D) of
resumptions must satisfy the following isomorphism:

R(M)(D) =~ D+ M(RM)D))

In this domain, atomic steps are arbitrary computations
defined by M. The left part of the sum represents an al-
ready evaluated result, i.e. a computation that consists of
zero atomic steps. Theright part represents a computation
that requires at least one atomic step. The result of this
atomic step is anew element of the resumption domain.

We start by considering an arbitrary locally continu-
ous monad M on Dom. The rest of the section is or-
ganized as follows. In Section 3.1 we define an endo-
functor Ry : Dom — Dom . In Section 3.2 we de-
fine two natural transformations unit : Id = R and
join : R3, - Ry and in Section 3.3 we prove that
(R, unit, join) satisfies the three monad laws. In this
way we define the monad transformer R. Next, in Sec-
tion 3.4 we prove that R(M)(D) satisfies the aforemen-
tioned isomorphism by constructing the two components
h¢ and h? of the isomorphism. Finaly, in Section 3.5 we
define afew additional operationson domains constructed
by R(M).

Most proofsof the results contained in this section have
been omitted due to space restrictions. The reader is re-
ferred to [Papa0l] for more details.

3.1 Functor Ry,

We start by defining for each domain D an endofunctor
Fr,p : Dom — Dom, and some auxiliary functions. The
domain R(M)(D) that we are trying to define is a fixed
point of F s p.

Definition 3.1 Let D, A and B bedomainsand f : A —
B a continuous function. We define the following map-
pings:
Fup(X) =
Funp(f) =

D+ M(X)
Linl,inro M(f)]

Theorem 3.1 Fys p : Dom — Dom is a functor.

Definition 3.2 Let D be a domain. We define the pair of
functions¢¢ : O — Fa, p(0) and ? : Fyy p(0) - O
tobeequal to L.

We proceed by defining a mapping of objects and a
mapping of functions, which will define the endofunctor
Ry : Dom — Dom at the end of this section.

Definition 3.3 Let D be a domain. The domain R /(D)
is the set

Ru(D) = {(zn)new | VN €w. z, € Fiy p(O)
Az =Fiy p(0P)(2ni1) }

with its elements ordered pointwise:

(Tn)new CRy (D) (Yn)new ©
Vnew. o, EFX/ID(O) Yn



Definition 3.4 Let D be a domain. For all m,n € w, we
definea function £, : Fit ,(0) — F1; ,(0) by:

D — i i —
m,n - ’dFX/[,D(O) ! ifm =n
D _ D i

frg,n-&-l - m,n ° Fr](/l,D(ll‘)p) ’ if m S n
m+ln Fr]\T/fT,D(l‘e) ° mn ! if m Z n

Definition 3.5 Let D beadomain,n € w, z € F; ,(O)
and (z,,)mew € Ra(D). We define the pair of func-
tions uy, : iy p(O) = Ry (D) and pfy : Ry (D) —
Fi; p(O) asfollows:

M% Z = (frliz,n Z)mew
M% (wm)mew = Tn

Definition 3.6 Let A and B bedomainsandf : A — Ba
continuous function. For all n € w we define a continuous
function ¢ f : Fiyy 4(O) = Fiy 5(O) by:

G f o= L
¢HBF o= linlo finro M(CAB f)]

Definition 3.7 Let A and B bedomainsand f : A — B
a continuous function. We define a continuous function

Ru(f) (@n)new = (C{LLB [ Zo)new

The central result of this section is Theorem 3.2 in
which we prove that R, is a functor. For doing so, we
make use of the following lemmata.

Lemma3.1 Foral m,n € w, p? ous = fo

m,n"*

Lemma 3.2 Let A be adomain. Then for all n € w,

Gtidy = idg, ,(0)

Lemma 3.3 Let A, B and C bedomains, f : A — B and
g : B — C continuous functions. Thenfor all n € w,

O (go f)=CPCgohP f

We can now proceed with the proof of Theorem 3.2.

Theorem 3.2 R;; : Dom — Dom isa functor.

Proof We must provethat Ry, preservesidentities and
the composition of continuous functions.

1. Let X beadomainand (z,,)necw € Ry (X).

Ry (idx) (zn)new
= ( Définition of R s )
(Cr)L(7X ’dX wn)new
=(Lemma3.2)
(idFK/I,X(O) xn)nEw
= ( Identity function )
(mn)new
= ( Identity function )
idRM(X) (wn)nEw

2. Let Aand Bbedomains, f: A— Bandg: B — C
continuous functionsand (x ;) new € R (X).

RM(g o f) (ajn)new
= ( Definition of Ry )

(C;?,C (9o f) Tn)new
=(Lemma3.3)

(G go G f) Tn)new
= ( Composition )

(Cr?’c g (C;?’B [ 2n))new
= ( Definition of Ry )

RM(g) (C;?’B f xn)nEw
= ( Definition of R )

R (9) (Ras(f) (Zn)new)
= ( Composition )

(Rar(9) o Rar(f)) (@n)new O

3.2 Unitandjoin

Having defined R »; as a functor, we now define the two
monad operations unit and join. For each one, we prove
that it is a natural transformation.

Definition 3.8 Let D be a domain. For all n € w we
define a continuousfunction . : D — F4; ,(O) by:

ny = L
77n+1 = inl

Definition 3.9 Let D bea domainand d € D. We define
thefunction unitp : D — R (D) by:

unitpd = (02 d)ne.

Lemma3.4 Let A and B bedomains, f : A -+ B a
continuous function. Then, for all n € w,

GB foni =nglof

Theorem 3.3 unit : Id = R, isanatural transforma-
tion.

Proof Let A and B bedomainsand f : A —» B a
continuous function. We must show that unitg o f =
Ry (f) ounity. Leta € A.

unitg (f a)

= ( Définition of unit )
(7 (f @)new

= ( Composition )
((777? o f) @)new

=(Lemma34)
(G o nf) @)new

= ( Composition )
(G (3 a))new

= ( Definition of Ry )



R (f) (77;? a)new
= ( Définition of unit )
Rus(f) (units a) .

Definition 3.10 Let D be a domain. For all n € w we
define a continuous function &7 : Fi g 5(0) —

FnM,D(O) by:

&
S f

Definition 3.11 Let D be a domain and (x,)pe, €
R2,(D). We define the function join, : R%,(D) —
Mm(D) by:

joing (zp)new =

1
L1 1, inr o M(E7) ]

(E'r? Tn)new

Lemma35 Let A and B be domains, f : A -+ B a
continuous function. Thenfor all n € w,

€8 o (BBl (R (f)) = (B foed

Theorem 3.4 join : R%, - Ry is a natural transfor-
mation.

Proof Let A and B bedomainsand f : A — B
a continuous function. We must show that joing o
Ry (Rum(f)) = Ru(f) o joiny. Let (zp)new €
R2,(A).

jOinB (RM(RM(f)) (xn)nEw)
= ( Definition of R, )

join g (G ) (Rag () @) nee
= ( Definition of join )

(&7 (G B Ry (1)) @) e

= ( Composition )

(€8 o G D E) (R (1)) @n)nes
=/ Lemma35)
((C;?’B fo Erj?) Tn)new
= ( Composition )
(G2 f (&) 2n))new
= ( Definition of Ry (f) )
= ( Définition of join )
RM(f) (jOinA (mn)new) O

3.3 Monad R(M)

In this section we provethat functor R. 5, together with the
natural transformations unit and join defines a monad.
The three theorems of this section verify the three monad
laws. The following lemmata are necessary for proving
the monad laws. Let D be adomain.

Lemma3.6 Foralln € w, &P onn® = yp.

Lemma3.7 For all n € w,
DR (D . .
&L o ¢ RMP) ynijt , = idgr, (0

Lemma3.8 For all d € w,
é—D ° RM(D) RM(D _IOin _ é—D o é—RM(D

We can now proceed by proving the three monad laws.

Theorem 3.5 (1st Monad Law)
jOinD o UnitRM(D) = ’dRM(D)
Proof Let (xy)new € Rar(D). Then

joinp, (unitr,,(p) (Tn)new)
= ( Definition of unit )

jOinD (n;}M(D) (wm)mew)new

= ( Définition of join )

€2 ™) (@m)mew)new
= ( Composition )

(€2 o ™)) (&) mew)new
=(Lemma3.6)

(5 (Tm)mew)new
= ( Definition of uP )
('rn)new O

Theorem 3.6 (2nd Monad L aw)
joinp o Ry (unitp) = idg,,(p)
Proof Let (xy)new € Rar(D). Then

jOinD (RM(UnitD) (J:n)nEw)
= ( Definition of Ry )
joinp, (G D.Ru (D) unitp xn)new
= ( Definition of join )
(€0 (¢ ™) unitp 2,))new
= ( Composition )
(62 0 &™) unitp) 20 ) new
=(Lemma3.7)
(idFK/I,D(O) xn)nEw
= ( Identity )
(Tn)new O

Theorem 3.7 (3rd Monad L aw)
joinp, o Ras(joinp) = joiny, o joing , (p)

Proof Lét(zp)new € R3,(D). Then

joiny (Ry (joinp) () new)
= ( Definition of Ry )

(CTELM(D)’RM(D) jOinD mn)new

joinp,
= ( Définition of join )

(&P (A PR foin ) e

= ( Composition )

(€D o FMPIRUD) join 1 4 ) e



=(Lemma3.8)
(&P o &™) en)neu
= ( Composition )
(€2 (&™) 20))new
= ( Definition of join )
joinp (&™) &) e
= ( Definition of join )
joinp, (joing,, (py (Tn)new) O
Having established that Ry, satisfies the three monad
laws, we can now conclude the definition of the resump-
tion monad transformer R.

Definition 3.12 The resumption monad transformer R is
defined by the mapping R(M) = R .

3.4 Isomorphism

Let D be a domain. In this section, we define the pair
of functions k¢ and h? that establish the isomorphism be-
tween domains R /(D) and D + M (R (D)). Using
these functions, it is possible to define an operation in one
of these two domains and obtain the corresponding opera-
tion on the other domain by applying k¢ and h? appropri-
ately.

The definition of the embedding function /¢ is straight-
forward.

Definition 3.13 For all n € w we define a function 82 :
Fu,p(Ru (D)) = Fiyy p(O) by:

0P = L
6P, = [inl inro M(u2)]

Definition 3.14 Let z € Fu p(Ra(D)). We define the
function k¢ : Far p(Ra (D)) — R (D) by:

(erll) Z)nEw

On the other hand, the definition of the projection func-
tion h? is more complicated. It first requires the defini-
tion of an additional domain Q 5, (D). Furthermore, it re-
quiresthe proof of Lemma 3.9, which states that elements
of Ry, (D) come in three distinct forms. This lemmais
crucia in the definition of ~? and in the proofs of several
theorems that follow.

he¢ z =

Definition 3.15 Thedomain Q (D) isthe set

QM(D) = {(Zn)new | Vnew. z, € M(FTJ%/[,D(O))
A zn = M(F3; p(17))(2n11) }

with its elements ordered pointwise:

(2n)new EQu (D) (Wn)new &
Vnew. z, EM(FX/I,D(O)) Wh,

Definition 3.16 Let (zp,)mew € Qum(D). For aln € w,
we definea function o, : Qar (D) — F1; 1, (0) by:

U()D (Zm)mew = L
ol (Zm)mew = INrz,

Lemma3.9 Let (z,)necw € Rar(D). Then exactly one
of the following is true:

1 Foralnew,z, = 1.

2. Thereexistsat € D suchthat for all n € w, z, =
D
Ty t-

3. There exists @ (2m)mew € Qum (D) such that for all

m
nEw Ty =0 (zm)mew-

Definition 3.17 We define the function h? : Ry (D) —
Fup(Ram(D)) by case analysis on its argument
(Zn)new based on Lemma 3.9:
1. Ifforaln e w,z, =1,then
h? (xn)nEw =1
2. Ifthereexistsat € D suchthat for all n € w, z,, =
nP t, then

WP (Tp)new = inlt
3. If there exists a (zyn)mew € Qi (D) such that for
aln €w, 2, =02 (21m)mew, then

h? (xn)nEw = inr <|_| M(:U'fz) Zn)
new

In order to ensure that the least upper bound in the
third case of the previous definition exists, we prove
Lemma3.10which statesthat M (u¢,) 2z, formanw-chain.

Lemma3.10 Let (z,)new € Qu (D). For all n € w,

M (pr,) 2n © M(p7,41) Znsa

The following lemmata are necessary for proving the
central theorems of this section.

Lemma3.11 Forallt € D, for all n € w,
6L (inl t) = nP ¢

Lemma 3.12 For all w € M (R (D)), for al n € w,
0y (inr w) = o7 (M(ph,) wmew

Lemma3.13 For all w € M (R (D)),
|| M(us o pb) w=uw
new

Lemma3.14 Let (z,,)mew € Qum (D). For al m € w,
|_| M(frg,n) Zn = Zm

new



And now we can proceed to Theorem 3.8 and Theo-
rem 3.9, which conclude that the two functions ~¢ and
h? define indeed an isomorphism between the domains
Ry (D) and D + M(R (D).

Theorem 3.8 h? o h* = idg,, ,(Ru (D))

Proof Letz € Fyrp(Ru(D)) = D + M(Ry(D)).
By case analysison z.

1. Casez = L. Then both sides are equal to L accord-
ing to the definitions of h¢ and h?

2. Casez = inl t for somet € D. Then

h? (he (inl t))
= ( Definition of h® )
W (62 (inl 1)) ne.
=(Lemma3.11)
h? (777? t)ﬂEw
= ( Definition of h? )
inlt

3. Casez = inr w for somew € M (R (D)). Then

h? (he (inr w))
= ( Definition of h® )

h? (62 (inr w))new
=(Lemma3.12)

h? (Jr? (M(ph,) W)mew)new
= ( Definition of h? )

inr ( L] M (us) (M) w))

new

= ( Composition, M is afunctor )

inr <|_| M (5, 0 ) w)

necw
=(Lemma3.13)
inrw O

Theorem 3.9 h€ o hP = ’dRM(D)

Proof Let (z,)new € Rup (D). By case analysis on
(zn)new based on Lemma3.9:

1. Iffordln € w,z, =L1,then

he (W (L) new)

= ( Definition of h? )
he L

= ( Definition of h® )
(0713 L)new

= ( Definition of 6 )
(L)new

2. If thereexistsat € D suchthatforal n € w, z,, =
nP t, then

he (W (02 t)new)
= ( Definition of h? )
he (inl t)
= ( Definition of he )
(62 (inl 1)) ne.
=(Lemma3.11)
(777? t)new

3. Ifthereexistsa (2, )mew € Qu (D) suchthat for all
n € w, Ty =0 (2m)mew, then

he (kP (Ur? (2m)mew)new)
= ( Definition of h? )

he (inr <|_| M () zn>>

= ( Définition of h® )

[ (e (L))

=(Lemma3.12)

ol (M(ufn) <|_| M(MZ/)zn/» )
n'cw mew

=( M(ub,) is continuous )

oy <|_| M (i) (M(ufu)zn')> )
mew/ new

new

n'cw

= ( Composition )

ol (I_I (M(u%)oM(qu))znf> )
mew/ new

n' Ew

=( M isfunctor )

oy <|_| M(ui’nouil)zn) )
n'cw mew/ new

=(Lemma3.1)

oy (I_l M(ff,z,n/) Zn’) )
n'€w mew/ new

=(Lemma3.14)
(Ur? (2m)mew)new g

3.5 Additional operations

In this section we define two functions, step and run,
which convert a non interleaved computation of type
M (A) to an interleaved computation of type R(M)(A)
and vice-versa. The names of these functions indicate
their behaviour. The first function converts a whole com-
putation to a single atomic step in an interleaved compu-
tation. The second function runs the whole sequence of



atomic steps of an interleaved computation without all ow-
ing other computationsto intervene.

In therest of this section, we assumethat (M, n, i) isa
monad and that D is a domain.

Definition 3.18 step, : M (D) — R(M)(D) isthecon-
tinuous function defined by:

step, = h¢oinroM(h®oinl)
Definition 3.19 runp : R(M)(D) — M(D) isthe con-
tinuous function defined by:

fix (Ag. [np,pup o M(g)] o h?)

The following theorem states a property of run and
step. The reverse composition does not yield identity,
since it forces an interleaved computation to be executed
inoneatomic step (it will be used in Section 4 for defining
the semantics of (s)).

runp =

Theorem 3.10 runp o stepp, = id ()
Proof

runp o stepp
= ( Unfolding fix in the definition of run p )

[1p.p1p 0 M(runp)] o i o step,,
= ( Definition of step , )

[D,pup o M(runp)]o h? o h® o inro M (h o inl)
= ( Theorem 3.8)

[nD,up o M(runp)]o idg,, , (R (D)) ©

inr o M (h¢ o inl)
= ( Composition with identity )

[np,up o M(runp)]oinro M(h® o inl)
= ( Definition of selection )

up o M(runp) o M(h¢ o inl)
=( M isafunctor)

wp o M(runp o he oinl)
= ( Unfolding fix in the definition of run p, )

wp o M([np,pup o M(runp)]oh?P o h®oinl)
= ( Theorem 3.8)

ppoM([np,ppoM(runp)leidy,, ,(ry (D)) °inl)
= ( Composition with identity )

up o M([np, pup o M(runp)]oinl)
= ( Definition of selection )

pp o M(np)
=( M isamonad, 2nd Monad Law )

The following definition is useful in the rest of this sec-
tion, where we establish that R(M ) (D) can be defined as
amulti-monad and a strong-monad. These two properties
of R(M)(D) will also beusedin Section 4.

Definition 3.20 prom : R(M)(D) — M(R(M)(D))
is the continuous function defined by:

promp = [nr,, (o) © inl,id y(r,, ()] © AP

Let us now assume that M is a multi-monad and that
lm is a non-deterministic option operator for computa-
tions represented by monad M. It is easy to extend this
behaviour to the monad R(M).

Definition 3.21 Let M be a multi-monad. Let D be a do-
main. e definethe binary operation ||g(u) : R(M)(D) x
R(M)(D) — R(M)(D) by:

« llrawy ¥ = h¢ (inr (prom « [l prom y))
Monad R(M) with ||g(v) isa multi-monad.

Furthermore, we can introduce a way to create a new
interleaved computation of type R(M)(A x B) giventwo
existing computations of types R(M)(A) and R(M)(B).
Here we prefer to use monads M and R(M) in the func-
tional way. If one of the two computations does not re-
quire the execution of any atomic step, i.e. if one of the
two computations has already been completed, then the
other computationis executed and the two results are com-
bined. Otherwise, if both computations require at least
one atomic step, we choose non-deterministically which
computation will start executing.

Definition 3.22 Let M be a multi-monad. Let A and
B be domains. We define the binary operation >ig(w) :
R(M)(A) x R(M)(B) — R(M)(A x B) by:

MXR(M) = fix ()\g A <$,y>
[Ave. ¥ *rmy (Avy. UNitgmy (Vg,vy)), Ay
[Avy. & *rm)y (Ave. UNItR() (U, vy)), Ay,
he (inr (m, xm (Az'. unity (g (z',y))) |Im
my v (Ay'. unity (g (z,y')))))
1 (WP y)] (WP z))

Monad R(M) with gy isa strong monad.

4 Semantics of concurrency

Consider the simple imperative language whose abstract
syntax is given below.

su=SKip | z:=e | s;s
| if ethen selses | whileedos

It features an empty statement, assignment, sequential
composition of statements, a structure for conditional and
one more for while loops. The symbol z € Var rep-
resents a variable. The language of expressions e is not
important for the purpose of this paper and has therefore
been omitted.

We define the denotational semantics of this language,
assuming that the values of expressions are elements of



the semantic domain V. The program state, mapping vari-
ables to their current values, is an element of the domain
S =Var —» V.

As aprovision for what will follow, we define a monad
transformer D implementing the direct semantics ap-
proach. If M is a monad, we define the monad D(M)
as.

D(M)(D) = S— M(D xS)
unitppuy v = As. unity (v, s)
m spmy f = As.ms xm (A(v,s'). fos)

Sate computations created by the direct semantics monad
transformer are functions (elements of D(M)(D)) that
take theinitial program state (an element of S) and return
a stateless computation that yiel ds the computed value (an
element of D) and the final program state (an element of
S). Theimplementationsof unit pv) and xp ) carry out
the propagation of the program state.

We also define an operation for the assignment of values
to variables.

storep Var — V — D(M)(U)
storepxzv = As.unity (U,s{z — v})

By taking the identity monad Id as the argument of D,
we obtain the monad M that models our simple notion of
computation (ordinary direct semantics).

M = D(d)

The meaning of a statement s is a computation [s] of
type M(U). Non-termination is represented by the bot-
tom element. We also assume that the meaning [e] of an
expression is a computation of type M(V).

[skip] = unit u
[z:=e] = [e] = (store z)
[s15 8] = [s] = (Au. [s2])
[if ethen s; dsese] = [e] * (Ab.
if b then [s;] else [s2])
[whileedos] = fix (Ag.[e] * (\b.
if b then [s] * (Aw. g) else unit u))

L et us now introduce non-determinism and concurrency
inour language, by extending it with three new constructs.

su= ... s+ts|s|s | (s)

Operator + executes exactly one of the statements that are
given as its operands. The selection is non-deterministic.
On the other hand, operator || executes both statements
that are given as its operands in an interleaved way. Fi-
nally, the construct (s) executes the statement s in asin-
gle atomic step, with no interleaving permitted during its
execution.

Before we proceed with the semantics of our extended
language, we have to modify the definition of M. By giv-
ing the powerdomain monad P as the argument of D, we
obtain a multi-monad that can support non-determinism.

M = D(P)
The option operator ||y is defined as:
my |lm ma = As.(mys) U (mys)

where U’ isthe union operation on powerdomains.

In the semantics of the extended language, we use the
monad R(M) to model interleaved computations. Accord-
ing to Definition 3.21, R(M) is a multi-monad equiped
with a non-deterministic option operator || g(w) - Also, ac-
cording to Definition 3.22, R(M) is a strong monad and
operator gy can be used to model the interleaving of
computations. Furthermore, the store operation can eas-
ily be lifted to the new domain of computations.

storeg Var — V — R(D(M))(U)
storer x v = step (storep x v)

The equations defining the meaning of existing lan-
guage constructs do not require any changes, except for
the implicit change that the meanings of statements and
expressions are now elements of the semantic domains
R(M)(U) and R(M)(V) respectively. On the other hand,
the semantics of the additional constructs can be easily
expressed in terms of R(M) operations.

[s1+ 5] = [s] llrw) [s] _
[sill s2] = [s1] >remy [s2] * (Ap. unit u)
[(s)] = step (run [s])

In the companion technical report [Papall], a seman-
tics of an imperative concurrent programming language
based on the resumption monad transformer is presented
with more details and a few examples.

5 Conclusion

This paper defines a general theoretical framework for
formalizing the semantics of interleaved computation in
concurrent programming languages. The atomic stepsin
an interleaved computation may themselves be arbitrary
computations represented by a given monad M . Further-
more, it is argued that the use of monads enhances the
modularity and elegance of the semantics and facilitates
the introduction of additional featuresin a principled way.

Apart from its application in the semantics of concur-
rency, the resumption monad transformer can be used in
the semantics of deterministic languages with unspeci-
fied evaluation order, such as Algol and C. The present
research was motivated by problems encountered in the
formalization of ANSI C [Papa98]. A Haskell implemen-
tation of the resumption monad transformer, based on the
isomorphism between R(M ) (D) and D+ M (R(M (D)),
has been used in [Papa00] to define the denotational se-
mantics of an expression language with side effects under
avariety of possible evaluation strategies.
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