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Since here Q; = 0, it follows from (37) that »(g) = k, and, thus,
an estimate for v will be

sup ko < inf 1(0, 0, u,), =Ly sk, k=12,., (51)

X quvz

where the coefficient ay are subjected to the constraints given by
Egs. (45) and (46). .
! &ot)e that the positive integers {s;} are not determined yet. A

i i i i =1, k=12,. . By using
le choice of these integers will })e s =1, - 1,2, ‘
i}l:l'x;ps:quence, we see that Eq. (50) yields the following inequality:

\/i{f(l)Qoz(x) dx — agnd® _[OT[ Zlc:o—-l ("l)k k%k(l —t/T)| dt}
o o [T(T + aym®RA 1 — £ T))? de]i®

E=1"0,J0

< inf I(0, 0, uy), (52)

u Uy

are given by (45). .
Wherz O;qlkmilargscheme can be applied for computing lower bounds on

I(f, uy , uy) for System B.

4. Conclusions

From the two duality theorems (Theorems 2.1 and 2.2)‘ derived
in this paper, estimates for lower bounds on the cost functlonal. for
System A or B can be computed. Actually, for any g€ v, V(,g)f given
by Eq. (37) is a lower bound on I(f, u, , 1y) for System 1}; and, for afny
ge W, v(g) given by Eq. (38) is a lower bound on I(f, u,, u,) for

w directly from Ineq. (31).
Sysm?hf .331‘12::1?2 ff(())lrlocomputiné lower bounds on the cost functional,
suggested in Section 3, may be applicable, but it is not claimed here
that this is the best scheme. Actually, one can represent elen?ents of
the set ¥ (or W) in forms other than that of (49), and by this other
schemes would have to be suggested.
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Additional Aspects of the Stackelberg Strategy
in Nonzero-Sum Games!

M. Simaan? anp J. B. Cruz, Jr.3

Communicated by Y. C. Ho

Abstract. The Stackelberg strategy in nonzero-sum games is a
reasonable solution concept for games where, either due to lack of
information on the part of one player about the performance function
of the other, or due to different speeds in computing the strategies,
or due to differences in size or strength, one player dominates the
entire game by imposing a solution which is favorable to himself.
"This paper discusses some properties of this solution concept when
the players use controls that are functions of the state variables of
the game in addition to time. The difficulties in determining such
controls are also pointed out. A simple two-stage finite state discrete
game is used to illustrate these properties.

I. Introduction

The Stackelberg solution of a two-player nonzero-sum game
(Refs. 1-3) assumes that the roles of the players are different. There
is a leader and there is a follower. The follower conforms to the policies
of the leader by allowing him to determine his strategy first. The leader
foresees this and, in effect, controls the entire system.

Let U, and U, be the sets of admissible controls for Players 1 and 2,
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respectively, and let Jy(u,, u,) and Jy(uy , u,) be their corresponding
cost functions. If there exists a mapping 7 U, — U, such that?

Ji(Tug , w) < Ji(uy 5 ) Yu, € Uy (N
for every u, € U, , then the set
Dy ={{u,,u) e Uy x Uyt uy = Tu, Vu, € Uy} 2)

is called the rational reaction set for Player 1 when Player 2 1s the leader.
Furthermore, if there is a (uyg , Usse) € Dy such that

Jo(tr2 5 ta2) < Jol(ty , 1) V(uy,u)e Dy, (3)

then (uy, , #5) 1s called a Stackelberg strategy pair when Player 2 is
the leader. When Player 1 is the leader, the rational reaction set for
Player 2 and the Stackelberg solution are denoted by D, and (i, , #ss),
respectively. It is clear that, if D, and D, intersect, then their common
element (u,y, sy) is the Nash solution of the game. In this case, it
follows (Ref. 2) that

Je(ttisa » tosa) < Jolttaw > on)
when Player 2 is the leader and that
Ji(#ie1 s to01) < Ji(#an > aw)

when Player 1 is the leader.

The properties of the open-loop Stackelberg solution for a class
of linear quadratic games were discussed in Ref. 2. In this paper,
additional properties of this solution are obtained. It is shown that,
unlike the case of closed-loop Nash controls (Refs. 4-5), dynamic
programming cannot be used to calculate the closed-loop Stackelberg
controls, To differentiate closed-loop Stackelberg controls from controls
obtained via dynamic programming, the latter are called Stackelberg feed-
back strategies. Both closed-loop Stackelberg controls and Stackelberg
feedback strategies have attractive properties that are discussed via a
simple two-stage finite state game. The difficulties in deriving the
necessary conditions for the existence of the closed-loop Stackelberg
controls and feedback Stackelberg strategies are pointed out and,
finally, necessary conditions for the existence of feedback Stackelberg
strategies for a class of discrete multistage games are derived.

4 It is clear, from the definition of T, that only problems where, for every u, € U, , there
corresponds only one element Tu, € U, such that (1) is satisfied are considered in this
paper.
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2. Illustrative Example

There are several forms according to which controls in dynamic
games can be selected. There are controls that are functions of the
time only and known as open-loop controls, and there are controls that
are functions of the time and the state of the game as well, and these

are known as cIos.ed~Ioop controls. In order to illustrate how the selection
of such controls is done, let us consider t

finite state game.® he following simple two-stage
€.

Example 2.1. Consider the game shown in Fig. 1. At every
stage and from every state, each player has a choice between two possible
controls, 0 and 1. After decisions have been made, the transition and
costs borne by the players are shown in Fig. 1, where the first entries
in the enci.rcled quantities are the costs borne by Player 1 and the
second entries are those borne by Player 2. The subscripts or superscripts

Fig. 1. A two-stage discrete game,

® A similar example was considered in Ref. 5 for the Nash solution.

8o9/r1/6-4
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Table 1
01 Oi2 0;3 Qja
w0l o 0 1 1
g1} o 1 0 1

o and ¢ will be used to denote open-loop and closed-loop quantities.
Consider first the open-loop controls for this game.

(i) Open-loop controls. Assume that, before the start of the game,
the players have to commit themselves to controls u,(2) and uy(?) t.hat
are functions of time only; then, each player has four such possible
functions to choose from. In other words, the sets of admissible open-loop
controls are U = {oy;;] = Ly 4} and Uy = {0y;j = Ly 4},
where o;; are obtained from Table 1 for i = 1, 2.

The game with these admissible controls can be repl_'esented as a
bimatrix game, as shown in Fig. 2. Suppose that Player 2 is the leader;
then, for every o € Uy, Player 1 will choose a control m.Ul" that
minimizes J, . Thus, the rational reaction set D,, can be easily deter-
mined as follows:

Dy, = {(013> 01); (041 0p2)s (”14 ) 0a3), (013 020)}y

and the Stackelberg strategy is (011 , 055)- The corresponding trfjectory
is x(1) = 1 and x(2) = 2, and the costs are Joo = 11 and f3, = 6.
Similarly, the rational reaction set Dy, is

Dy, = {(011 5 0p3)s (012 5 023)s (013 04), (014 » 0s1)}>

Open- Loop Stackelberg
with 2 as Leader

Player 2

021 022 023 024

on| 8,8 10,-2{ 11,0
6,4 |12,3] 7,2 | 12,4

o3 | 5,12 {20,15| 5,11
O14 16,7 | 3,7 4/ 9,6

Player 1
o
5

Open-Loop Stackelberg Open-Loop Nash

with 1 os Leader

Fig. 2. Open-loop bimatrix game for Example 2.1.
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Table 2
Ci1 | Ci2 [ Cia [ Cia | Cis | Cig | Ci7 [ Cis [ Cia | Cir0(Cit1 |Cir2 | Ci1a | Ci1a [ Cits [ Cirs
wioopntojolojrto|jojojo|o0O11l 1 1 1 1 1 1 1
u{,2)J 0 0] 0101 1 1 1|0} 010} O 1 1)1 1
(L, o} 0|1 110 olir{1t010]1 1 oO| 01 1
uyip,00f o1 fo |10 1|0 110 1|0 170 1|0 1

and the Stackelberg strategy when Player | is the leader is (0,4, 04;),
leading to the trajectory x(1) = 0 and %(2) = 0 and the costs [}, = 6
and J3; = 5. Furthermore, the Nash solution, which is the common
element in D,, and D,,, is (053, 0s,); its trajectory is x(1) = [ and
x(2) = 2, and the costs are J{y = 8 and J3y = 9. Consider, next, the
closed-loop controls,

(1) Closed-loop controls. Assume that the players are restricted
to announce, before the start of the game, control laws %z, x) and
uy(t, x) that are functions of the time and the state of the game. The
actual values of their controls can then be determined only while the
game 1s played, once the actual value of the state at each time is known.
Such controls are called closed-loop controls. In this game, there are
16 such choices for each player, and the sets of closed-loop admissible
controls are Uy = {¢y;;7 = 1,..., 16} and Uy = {¢y; 5 7 = 1,..., 16},
where ¢;; are as in Table 2 forz = 1, 2.

For every ¢,; that Player 2 may choose, Player 1 will have to solve
an optimization problem, and his corresponding optimal closed-loop
control can be easily obtained (e.g., via dynamic programming). For
example, if Player 2 chooses ¢y, then the optimization problem for
Player 1 is shown in Fig. 3, and it is easily seen that ¢;, is his optimal

t=0 t=1 ta2

Fig. 3. Optimization problem for Player 1 when u,(t, x) = ¢54 .
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closed-loop control. If this procedure is repeated for all uy(x, 7) € Uy,
the rational reaction set D,, for Player 1 is obtained as follows:

Dy, = {(c115 s €21), (€15 » €a)s (€113 5 €23), (€16 > €oa)y (€111 5 Co5)s (€14 5 Co6)s
(€105 €21), (€125 €28)s (€115 5 €29)s (€116 5 €210)s (€15 5 C211)s (€16 5 Co10)s
(€111 5 €a13)s (€112 5 Cona)s (€115 Ca15)s (€125 €a16)}-

Following the same procedure, the set D,, is obtained as follows:

Dy = {(c115 €a11), (€125 €211)y (€13 » €211)s (€145 Ca11)s (€15 5 Can1)s (€165 Can1),
(€175 €a11)s (€1a 5 €a11)s (€195 €a11)s (€110 5 €23)s (C111» Car1)s
(1125 €23)s (€11a» €a11)s (Ca1as Caa)s (€115 5 Co11)s (€126 » Co3))-

There are two closed-loop Stackelberg controls with Player 2 as leader,
(c15+ €a11) and (¢y5, €qy5), both leading to the same costs Ji, = 7 and
Jos2 = 2 and to the same trajectory x(1) = 2 and x(2) = 1. Taking
D,, N D,,, there is only one closed-loop Nash control pair, (¢;5, ¢o11),
giving the same costs Jiy = 7 and J§y = 2 and the same® trajectory
x(1) = 2 and x(2) = 1.

Thus, as in the Nash solution, open-loop and closed-loop
Stackelberg solutions are generally different. However, since the
Stackelberg and Nash controls are selected from the same spaces,
whether U,? x Uy? or U,® x Uy, it is always true that the leader is
better off in the Stackelberg solution than in the Nash solution.

(1) Feedback strategies. 'The procedure described above for
calculating the closed-loop Stackelberg controls is quite lengthy,
especially in games with a large number of states, stages and controls,
as 1s usually the case. One approach for simplifying this computation
is to use the following dynamic programming technique, which is
similar to the one described in Ref. 5 for the Nash solution. At time
t = 1, there are three possible states. From every state, the transition
to the next stage # = 2 is a 2 X 2 matrix game whose Nash and
Stackelberg controls (with 2 as leader) are calculated and marked by IV
and S, in Fig. |. Eliminating all other trajectories except for those
marked by S,, we see that, at stage ¢ = 0, there are two choices of
controls for each player, resulting in the 2 X 2 matrix game shown

6 The coincidence of one closed-loop Stackelberg solution with Player 2 as leader and the
closed-loop Nash solution in this example is only accidental. In fact, it can be easily
checked that, when Player 1 is the leader, the closed-loop Stackelberg solution is different
from the closed-loop Nash solution.
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Player 2 Player 2

- 0 1 - o T 1

% 0 11,0 g 0 1,6 |72

&1 |16,7 | 3,7 &1 [512]859

(a) Stackelberg (b) Nash

Fig. 4. Stackelberg and Nash feedback strategies via dynamic programming

in Flg.. 4a. The S‘tackelberg Strategy computed from this bimatrix gam

1s.en.c1rc.led on Fig. 4a and is identified as (€14 5 €36)- Similarl (Re% Se
eliminating all trajectories except for those marked by N, w); se 'h),
the Nash controls calculated from the resulting bimatrix g;me at : t—a(;
and shown in Fig. 4!b are 1dentified as (¢, , ¢o11)- Therefore, we reagil

note that this dynamic programming technique, when used f01i calculatiny
the Stackelbe.rg strategies, did not lead to the closed-loop Stackelb rg
controls obtained in (ii), while when used for the Nash controls it gicgi

d;note related quantities. Thus, the Stackelberg feedback strategies for
t/lS example are (cyy, cyq) with trajectory x(1) = |, #(2) = 0 and costs
]1.52 = 6 and [, = 4, and the Nash feedback strategies are (€15 5 €oy1)
w1tb trajectory x(1) = 2 and %(2) = 1 and costs Jiy =7 and ]1’5 ’ ~2112
wh§ch are identical to the closed-loop Nash controls. Another conillvu;
which can be drz‘awn from the above computations is that the pro elr(t):rl
that the lgader is better off in the Stackelberg solution than ixi) thi:,
Nash solut19n is no longer true when feedback strategies are considered
gnotehthat, in tl.ns ex‘ampl.e, Jész > Jiw). Naturally, this is due to the
act ant the trajectories eliminated at £ = 1 are different in both cases
o lthough. this examp!e 18 quite simple, it illustrates the difﬁculties:
countered in determining the closed-loop Stackelberg controls in
nonzero-sum dynamic games. The principle of optimality (Ref. 6)
which in effect is the tool that simplifies the computational procedt.lres,
does.not generalize to the Stackelberg solution as it does to the Na h,
solution. In fact, it can be easily checked that neither the open-loj
nhor the closed-loop Stackelberg solutions in the previous example havle):
; e Stackelberg property for the game resulting from the transition
rom ¢ =.l to £ =2 (ie., starting at ¢ — 1). At x(1) = 2, which is
on tl_le trajectory of the closed-loop Stackelberg solution for, the game
starting at ¢ = (), the remaining Stackelberg solution is (1, 0), leagding
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to J; = 2 and J, = 5, while the closed-loop Stackelberg control for
the game starting at # = 1 gives the controls (0, 1), leading to J, = 6
and J, = 3. These results will now be generalized, and the equivalence
between the closed-loop Nash controls and the Nash feedback strategies

will be proven.

3. Stackelberg Solutions in Differential Games

The differences among the open-loop, closed-loop, and feedback
controls are due to the fact that they are selected from different sets
of admissible controls. A definition of these sets in differential games
is therefore necessary. Let [¢,, ¢,] be the interval of time over which
the game is defined. Let 7 €[t,, ¢,) and let U, and U3, denote the sets
of all admissible open-loop (for example, measurable functions) controls
on [r, ¢,] for Players 1 and 2, respectively. Now, define the set

Ko, ={(t): & =f(x t,uy,u), telr t], x(r) = £ u, e UL, ,u, e Uz},

and consider the following performance indices defined on [, ¢/]:
4
]i(fl T, Uy, u2) = Kl(x(tf)) + f Li(x) t) Uy, uz) dt) 7= 1) 2) (4)

with u, € U3, , u, € U3, and x(t) satisfying
&=flx,t,u; ) x(r)=§&  te[nt] ()

Clearly, the open-loop admissible control sets for the game starting
at ¢, are U7, and U3, , and the necessary conditions for the existence of
Stackelberg strategies in these sets are easily obtained as follows. The
rational reaction set D,,, when Player 2 is the leader, is composed of
(uy(2), uy(2)) € U3, x Us,, satisfying the following necessary conditions:

X = f(x) Z le(t), uzU))» x(to) = X, (6)
P = —oHjox,  p'(t;) = 0K (x(t,))/0x(t,), )
= 0H,[ou, , (8)
where
Hl(x) Ly, Uy !P) & Ll(x) tug, uz) +plf(x’ i, uy, u2)> (9)

and the pair (u;,(2), #p5(2)) € Dy, that minimizes Jy(xg, 2o, %y , %)
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SUb_]C(.?t to (6)—(9) as constraints can be shown, simply by using variational
techniques, to satisfy the following necessary conditions’:

A = —0H,jox, N(t)= 0Ky (x(t,))[0x(t,) — A ([PK, (x(t))fox(2,),  (10)
A= —0H,jop,  M(t) =0, (11)

0 = 8H,/ou;, = 0H,Jou,,
where ' - .

H2(x) tr p]_ 3 ul y Uy, AI ’ A2 H Aa) é Lz(x, t) ul ’ u2) + Alif(‘x’ t7 ul > u2)
+ X/ (— 0 fox) + A (OH, fouy. (13)

When K, (x(,)) = 0 and K,(x(t,)) = 0. th iti imni
to those o) 7,0 2d 3.2( () » these conditions become simjlar
The closed-loop admissible control sets U$
. and Us, at t,, from
which the players select their closed-loo con“0 re o
- trols b
the game are defined as follows: P ol before the start of

Ui, = {uz, x(1): [ty , t,] % Kety — Ui}, 1=1,2.

These are the sets of all functions of 7 and x(?) defin

that t'he corresponding solution x(t) of (5) wiih) T repi;jc:dn b[;ot’ t/];llllzrl:
substituted back in u(z, x(2)), produces a function of time whichob,elon s
to the space Ui, . The necessary conditions for the existence ofga
clogeq-loop Stackelberg solution are not casily obtained by usin
variational techniques as in the case of the open-loop solutig’n 'Il‘hg
closed-loc(l)p fra}fional reaction set D,, when Player 2 is the leaéler i:
composed of the pairs (« g . isfyi
following necessalr)y Corgcfi(tiz)flgtz)), wlt 20) € Vi X Vi satilying the

= f(x) t) ul(t: x(t))) u2(t’ x(t)))r x(to) = %, (14)
P = —OH,[ox — OH,|0u[ouy(t, s(t)jox(t)],  p/(1)) = 0K (x(2))) 0x(2), (15)
0 = oH, jéu, , (16)

where H, is as defined in (9). Because of the term includin
duy(t, x(t))/@x(t) in (15), it can be easily shown that variational tech%
niques fail to produce a candidate in Ui, x U3, which minimizes
Je(%o, 8y, uy , u,) when subject to (14)—(106) as 0constraints. Other

7 N —
N Vv 1
) ote tk:nat OH,/0x = (V_H,)’ is a row vector. I'he same notation is used for all partial
ervatives of a scalar function with respect to a vector.
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possible approaches for performing this minimization are }?m investigated
in this paper and remain unexplored for future research. . 1
We now consider the case of feed_back strategies. Let the }gterva
[ty, 1] be divided into N equal subintervals of tlrieibConilezgairﬁ
arbitrary interval [7;, 7 +al, and assume that t/he Stacke ng/ e(t o
strategies (in the sense that is be¥ng defined) uf{(t, (1)) Zn qutz) t;ined
for the game defined over the'mterval [7;41 t;] have been o o t(;
Let Ju(x(rjs1)s Tie1 s Hse > uby), i = 1,2, be th(/: costs corresponb1 tg 0
these strategies. Furthermore, let _U{T,- and Us,, denotedthe s:(u sienzide
Us, and Us,, obtained by eliminating all c'ontrols that do not ]co neid
with (2, 2(2)) and ho(t, %(1)) respectively, over [7j., éi(.m ) a;
consider the game defined over [r; , t;], where the state equa
in (5) and the performance indices (4) are reduced to

Jix(ry), 75 s Up) = ]z’(x(T:i-f-l)’ Tj+1s u{sz ) “ész)

—{—me,-(x,t,ul,uz)dt, i=1,2 (D

where u, € U{, and u, € Ub,, . Let (1l (2, 2(2)), b, (1)) € 1[;{,’ ><d lé%j
be the Stackelberg strategies® for the game defined by ( ) a? )
with 7 replaced by ;. Now, if there exist such strategies lor a;_l
7, €[ty , 1) when this procedure is ‘repea.ted backward 1n tl(r)nfe u;l1.
é{, and U, are obtained, and if thelr_llmlt as | T — Ty l — Uo/r Z:
(or "as N——»ooo) exist, then the re§ult1ng strategies in U3, X Up, ar
feedback strategies.

Calle?nsfcsﬁi?lzll'g way (simply by replacing the won:d St/ackelberg bg
the word Nash) as above, the Nash feedback strategies ufn(2, x(2)) ar}l1
uln(t, x(t)) are defined. We now prove the equ1va1ence.begween the
closed-loop Nash controls and the Nash feedback strategies.

ro iti - 1 pair (u{N(t, x(t)),
P pOSlthﬂ 3.1, The ClOSCd IOOp Nash contro p

U3 (l x(t))) are equal to the Nash feedback strategles (u{N(t, X(t)),
AN\

(2, 2(2)))-

Proof. The proof of this proposition is straightforward. Let (&, 7)

: . . . . ll
8 It should be clear that these strategies defined over [7;, /] ar'ld thos‘e obt'amedfongu:'a rly
for [ t;} coincide over [7;+1» ts1; hence, in order to avoid proliferation of notation,
i1 ! ,
ns i} ,(t, x(t)). »
they are denoted by the same expressio fa2 ' . X
°In 3t(his proposition, we assume that the Nash closed-loop and feedback strategies exis

and are unique.
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be any point in the state space. Every pair (4,(2, x(2)), dy(¢, x(2))) € Dy,
has the property that, if #,(¢, x(¢)) is restricted to the time interval
[r, t;], then 4,(¢, (2)), which is obtained by solving an ordinary optimiza-
tion (rather than a game) problem where it is known that dynamic
programming or any other method lead to the same optimal control,
when restricted to [r, £;], is also optimal for the optimization problem
resulting from (4)-(5) when u, = #,(¢, x(¢)). Similarly, every pair
(4,(¢, x(2)), G,(2, x(t)) € Dy, has the same property for #(t, x(¢)) when
,(t, x(t)) 1is restricted to [r,#;]. Therefore, since (uiy(t, x(2)),
ugn(t, x(t))) € Dy, N Dy, , it follows that these properties hold simulta-
neously for both controls and, hence, it is also a Nash feedback strategy.
This proposition justifies the simultaneous use in Ref. 5 of the
closed-loop Nash controls and the Nash feedback strategies as being
identical solutions. However, because the closed-loop Stackelberg
control pair lies on the rational reaction set D,, of the follower and not
generally in the intersection of D,, and D,,, it cannot be concluded
that it coincides with the Stackelberg feedback strategies. In other
words, Proposition 3.1 simply says that, at any time during the course
of play and from any allowable state at that instant, if the players
recalculate their closed-loop Nash controls, these controls will be the
same as the remaining part of the controls calculated initially. This,
however, is not true in the case of the closed-loop Stackelberg controls.
In fact, when dynamic programming is used, several controls in closed-
loop form are eliminated from consideration at ¢, because they do not
possess this optimality (Nash or Stackelberg) property from all other
possible starting points (¢, 7). Thus, because of Proposition 3.1, in the
case of the Nash solution, the closed-loop Nash controls will not be
among those controls that are eliminated at ?,; while, in the case of
the Stackelberg solution, the closed-loop Stackelberg controls most
likely will. Furthermore, the closed-loop controls eliminated at ¢, in
the Nash solution are not the same as those eliminated at #, in the
Stackelberg solution (i.e., U{,o is not the same in both cases; for example,
see Iig. 4) and, hence, it is no longer possible to conclude that the
Stackelberg feedback solution is more beneficial to the leader than the
Nash feedback solution.
In order to illustrate the dynamic programming technique described
earlier, the necessary conditions for the existence of Stackelberg
feedback strategies for a class of discrete games, where dynamic

programming is more easily applied, are obtained in the following
section.
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4. Stackelberg Feedback Strategies in Discrete Games
Consider the multistage discrete game defined by

x(0) = a, [=0,.,N—1, (18)

w(l A+ 1) = (), L wiD), (D),

where the state x(]) and the decision (control) variables u, (/) and uy(l)
are n-dimensional, m,-dimensional, and m,-dimensional vectors of real
numbers for all 7 = 0, 1,..., N — 1. Let the cost functionals defined over
stages k,..., N be of the form

Jix(), by ey, ) = Ky(x(N)) + Nil Ly(x(D), 1, w(1), (D)), (19)

where #; = (uy(k),oo, wi(N — 1)), 7 =1, 2. Suppose that Player 2 is the
leader, and assume that the transition from the kth to the (k + 1)th
stage is under consideration. Let uh, and wh be the Stackfelberg feedback
strategies for the game starting at stage k + 1 and endm,g at stage N,
and let Vi(x(k + 1), k + 1) = Jx(k -+ 1), k41, ulg, uby), 1 = 1,2,

be the costs corresponding to these strategies and obtained from

Vix(k + 1), k + 1) = Kx(N)) + Nil Li(x(D), 1, w51, 2(1)), upsa(l, x(1))),
e i=1,2, (20)

where x(/) is obtained from
ol 4 1) = FGD), b 6ol (D), s (@), 1=+ Ly N— 1. (21)

The cost functionals for the game defined over stages k..., N can
therefore be written as

Tu(xB), by m(R), us(B) = Vila(k + 1), k 4 1) 4 La(w(k), &, k), (k) (22)

Assuming that no constraints exist on the controls, we see that, fo.r a
fixed u,(k), the follower (Player 1) determines his optimal u,(k) (assuming
that it exists) as a function of u,(k) and x(k) from

8 J1(x(R), k, uy(k), uy(k))[Ouy(k)
— [0Vl + 1), k + 1)jax(k + D)[8flouy(R)] + OLyjeuy(k) = 0 (23)

The leader, therefore, must minimize [Jy(x(k), k, u,(k), uy(k)) subject to

JOTA: VOL. 11, NO, 6, 1973 625

(23) as constraint. The necessary conditions for this minimization are

OLyfCu(k) + [0V q(x(k + 1), k + 1)[0x(k + D)][of[ou(k)] + (9]0ulk))
X [N(R)OLy[our(R) + X' (R)Of[ouy(R)Y [0V y(x(k + 1), k + 1)[ox(k + 1)]'] = O,
i=1,2 (24)

where A(k) is an m;-dimensional Lagrange multiplier. When (23)-(24)
are solved, ul, (k, x(k)) and V(x(k), k) for the game from k to N are
obtained. This procedure is then repeated until the starting stage is
reached.’ The boundary conditions for (23)-(24) are given at the
terminal stage by V(x(N), N) = Ky(x(N)); 1 = 1, 2. Note that, when
stage k = 0 is reached, all feedback strategies defined over the stages 1
to N — 1 will have been eliminated except for those that are feedback
Stackelberg strategies for the game defined on stages 1 to N — 1.

5. Conclusions

Several properties of the closed-loop Stackelberg controls have
been investigated and the difficulties (conceptual and computational)
encountered in their determination have been pointed out. Unlike the
closed-loop Nash controls, it has been shown that the closed-loop
Stackelberg controls cannot be obtained by applying dynamic pro-
gramming techniques. The solution obtained via dynamic programming,
called Stackelberg feedback strategies, has the property that, at any
instant of time during the course of play and from any allowable state
at that instant of time, it provides the leader with the best choice of
control (in the sense of Stackelberg), regardless of previous decisions
and with the assumption that Stackelberg feedback strategies will be
used for the remainder of the interval of play. On the other hand, if the
starting time 1s fixed, the leader’s closed-loop Stackelberg control is the
best control law (among all other admissible closed-loop controls) that
he can announce prior to the start of the game, but it does not have
this same desirable property from any other starting time. Since the
leader is virtually the only decision maker in the Stackelberg solution,
the decision of choosing between a closed-loop or a feedback strategy
depends generally on whether #, is known or not and whether the system
parameters are completely certain or not.

10 In discrete games, the Stackelberg feedback strategies also have the property that the

players may announce their controls (the leader first) stage by stage, once the current
value of the state vector at each stage is known. Such development of information is
called successive (Ref. 7).
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Algorithms for Discounted Stochastic Games®
S. 8. Rao,? R. Cuanprasekaran,? anp K. P. K. Nar!

Communicated by R. A. Howard

Abstract. In this paper, a two-person zero-sum discounted
stochastic game with a finite state space is considered. The movement
of the game from state to state is jointly controlled by the two players
with a finite number of alternatives available to each player in each
of the states. We present two convergent algorithms for arriving at
minimax strategies for the players and the value of the game. The
two algorithms are compared with respect to computational efficiency.
Finally, a possible extension to nonzero sum stochastic game is
suggested.

1. Introduction

In a stochastic game, the play proceeds in a sequence of steps or
transitions assumed to take place at every unit time interval and, at
each transition, the play is said to be in some state 7 chosen from a
finite set of states. In each state, a finite number of alternatives is
available to each of the players. While in each state there is a zero-sum
reward and the game moves to other states probabilistically, both the
reward and transition probabilities depend on the actions taken by
the players in the state. Shapley (Ref. 1) introduced this concept of
stochastic game but with a stop probability in each state, derived a
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