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Texvikec Anodeiénc

O

E€avTANTIKN HEBODOC: NENEPATUEVOC APIBUOC NEPINTWIEWV.
Anoodei&n via p — q:

m

B EubBewc: aiTioAoyoupe OTI oupnepacpa g eneral ano unobeon p.

B AvTiBsToavaoTpo®pn: aiTioAoyoupe OTI N apvnon TnG unoBeonc (=p)
gneTal and Tnv apvnon Tou cuunepaopuaTtoc (—q).
O IdiotThtTap >qgq=-—-gq —> —p
O M.x. av n? aptioc, TOTE h ApTIOC.

B Anaywyn o€ atono: YNoBeToupue oTl —=(p > Q) = p A —q
Kal alTioAoyoUlE avTigpaon.
O M.x. To V2 eivar appnroc (MuBayodpac).

O Mabnuatikn Enaywyn.
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Anoodeiéeic 'Ynapénc .v.v.v.v.
e
O KaTtaokeuaoTikeg anodei&eic unap&ng. AVAYAYAVAVAYE
B AAYOpIBUOC KATAOKEUNC TOU {NTOUNEVOU. """""""‘

O Mn kataokeuaoTikec anodei&eic unap&nc.
B Apxn NepioTeEpwWVA.
O Av m PnAAec o€ n KOUTIA KAl M > n, TOTE KAMOIO KOUTI EXEI
NEPICOOTEPEC Aano 1 pnaAec.
B Enixelpnuara I00TIPiac Kal Kataperpnonc.
O KdaBe akukAIkO KaTeEUBUVOUEVO ypaPnua HE «NNynN>»,
EXEl «kaTaABOOpa».
O KaBe (un kateubuvopevo) ypapnua XEl apTio
apiBuo Kopupwv NepiTTou Babuou.
B [liBavoTikn pebodoc.

O Av kaTi exel OeTikn mbavoTnTa va eniAeyei ano
(KaTaAAnAo) deiypaToxwpo, TOTE UNApPXEL.
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MabnuaTikn Enayoyn

O AnodeikvUuoupe oTI «P(n) aAnBeuel yia KABE PUOIKO N = Ny».

B AoMIKN Enaywyn: OAa Ta oToixeia (apiBunoiua) ansipou cuvoAou
nou opileTal avadpouika exouv 1010TNTA P.
Apxn MaOnuaTtiknc Enaywyng
O ‘Eotw P(n) pia npotaon nou e€aptartal and puaoiko apiouo n.
O Ta vdo P(n) aAnBeuel yia kKaBe QUOIKO N = n,, APKEi vOO:
B Baon: 1o P(ny) aAnBeuel.
B Bnpa: yia kabe n = ny, av P(n) aAnBeuel, Tote P(n+1) aAnBeusl.
Apxn Ioxupnc MaOnuatiknc Enaymwync
O Ta vdo P(n) aAnBeuel yia kabe n = n,, apkei vdo:
B Baon: 1o P(ny) aAnBeucl.

B Bnpa: yia kabe n = n,, av P(k) aAnBeuel yia kabe k € {n,, ..., N},
TOTE P(n+1) aAnBeuvel.
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'Opol l'ewpeTpiknc NMpoodou

O Na deiéeTte oTiyia kaBen = 0, 1+2+...+2n = 20+l — 1,
B [Ipotaon P(n) = «1+2+...4+2" = 2"+l — 1»,
B Badon: AAnbevelyian=0:29=1=2 -1,
B Enaywyikn unoBeon: 'Eotw 0TI yia (auBaipeTa eniAeypévo) n = 0,
aAnBeuel P(n), OnA. OT1 1+2+...4+2" = 2n+1 — 1,

B Enaywyiko Bnua: ©do aAnBeuel P(n+1),
ONA. OTI 14+2+.. 420420+l = 2n+2 _ 1,

=2n+1_1
"1_|_2_|_22“__|_21?_|_2n+1:2n+1_1_|_2n+1
=22 — 1
0 NoOooviakaBer=1kain=0,
,rn—I—l_]_
l+r+ri+.-+r"=
r—1
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Apuovikol ApiBuol

O Appovikoc apiBuoc taénc k: Hy =1 + % - % + .0+ %
O Naodei§ete 0TiyiakGBen 20,1+ 5 < Hon < 1+4n
B Suvenwc 1+ %log2 k< H,<1+log,k
B Avw @payua, npotaon P(n) =« Hon <1+ n»
B Baon: AAnBevelyian =0: H; =1 = 1+0.
B Enaywyikn unoBeon: 'Eotw OTI yia (auBaipeTa eniAeypévo) n = 0,
aAnBeuel P(n), dnA. o1t Hon < 1+ n
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Apuovikol ApiBuol

O Enaywyiko Bnua: ©do aAnbevel P(n+1),
dnA. oTt Honta < 1+ (n+1)

:Hz'n. Sl-i—n

”

Hypi =142+ +1\+ =
oan+1l — 2 . o 2n 2?1_'_1 e 2n+1

2™ 6Q0L < o5
r & ™\ N\

=

<l+n-+

1

=1+ (n+1)
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AlaipeToTNTA

OO Na oci&eTe OTI via kKaBe n = 1, To n3+2n diaipeiTal ano 1o 3.
B Bdon: AAnBeusl yia n = 1: To 3 diaipsital anod 1o 3.
B Enaywyikn unoBeon: 'EoTtw OTI yia (auBaipeTa eniAeypevo) n = 1,
To n3 + 2n diaipeital ano To 3.
B Enaywyiko BRua: ©do 1o (n+1)3 + 2(n+1) diaipeital and T1o 3.
m [lpaypari,
(n+1)°+2(n+1)=""+3n"+3n+1)+2(n+1)
=(n®+2n)+3(n*+n+1),
onou kal ol duo opol diaipouvTal ano 1o 3 (o 1° Aoyw TNG
ENaywylknc unobeaonc).
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[MAnBapiBuoc AuvapocuvoAou

O NOo via kabe (nenepacpevo) cuvoAo A PE n OTOIXEIQ, TO

dUVAPOCUVOAO TOU A €XEl 2" OTOIXEIQ.

B MaBnuaTtikn enaywyn oto n (nAn6iko apiBuo cuvoAou A).

B Baon: AAnBevel yia n = 0: P(@) = {J} kal |P(D)]| = 20.

B Enaywyikn unoBeon: 'EoTtw o1 yia (auBaipeTa eniAeypevo) n = 0,
aAnBeguel OTI yia KaGBs aguvoAlo A pe |A| = n, |P(A)] = 2",

B Enaywyiko Bnua: ©do YaouvoAio A pe |A] = n+1, |P(A)] = 2"+,
O A (aubaipeta eniAeypevo) ouvoAo e n+1 oToixeia.

Oewpoupe X € A kal A, = A - {x} he [A,| = n.

O KaBe unoouvoAo Tou A €ITE NEPIEXEI TO X EITE OXl.

O e kabe unoouvoAo S c A, avTioTolxoUv dUO UNOCUVOAd Tou A:
TO S KAl 1o S U {X}.

O Apa [P(A)]| =2 - [P(A)] = 2 - 2n = 2n+1,

AlgkpiTa MabnuaTika (Avoién 2020) MaénuaTikn Enaywyn 9




AaBoc Xpwua!

OO Na Bpeite To AaBOC oTOV NApAKATW £NAYWYIKO GUAAOYIOUO.

©d0 yia kaBe n = 1, oe KaBe CUVOAO N AUTOKIVITWY,

OAa Ta auToKivnTa £xouVv TO 010 Xpwia.

B Baon: Ioxlel yian = 1.

B Enaywyikn unoBeon: 'Eotw o1 yia (auBaipeTa sniAeypevo) n = 1,
0€ KABeg gUVOAO N AUTOKIVATWY, OAa €xouVv TO idI0 Xpwid.

B Enaywyiko Bnua: ©do og kabe ouvoAo n+1 auTokIvNTWY,
OAa €xouv TO 010 Xpwpa.
O 2uvoAo pe n+1 autokivnta: A = {ay, a5, ..., G, Opy1t

O Ano enay. undéBeon, Ta N NpwWTA AUTOKIVNTA £XOUV idl0 Xpwud,
Kal N TEAEUTAia auToKivnNTa €XouV id10 Xpwua:

tdLo xoduo idLo yomuo
{ag,as,..., 05, 0pyi1} {ag, a0,...,Qp, Qpy1}
O AQOU CUVOAO h NPpWTWV KAl CUVOAO N TEAEUTAIWV QUTOKIVATWV
EXOUV KOIVA OTOIXEia, OAa Ta AuTok. aTo A €xouv id10 Xpwual

O
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AaBoc Xpwua!

O Enaywyiko Bnpa: ©do o kaBe ocuvoAo n+1 auTokIVATWY,
OAa €xouv TO i010 XpwHa.
B 2yuvoAo pe n+1 autokivnTa: A = {ay, G5, ..., G, Qpy1 )

B Ano €nay. unoBeon, Ta N NPpWTA AUTOKIVNTA £XOUV id10 Xpwpa, Kal
n TEAEUTAIa auToKivNTa £XouV idI0 Xpwua:
dLo yoduo. 1910 yomuo.

{'ozl,az,...,an:anﬂ} {ozl,’an,...,an,an+f}

B A@oU OUVOAO N NpWTWV KAl GUVOAO N TEAEUTAIWV AQUTOKIVATWV
EXOUV KOIVa OTOIXEIa, OAa Ta AuTok. oTo A €xouvV idlo xpwpal

O Tan =1, Ta duo cuvoAa dev exouv Koiva oToixeial
O Ebdw ioxuel o1 P(1) kai 611 P(n) - P(n+1) yia kGBe n > 2.
B Acvioyuel oTi P(1) > P(2): auTto kaBiota cupnepaoua afaacipo!
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PoAoc Enaywyiknc YnoBeonc

0 KanoTe xpnoipgo va anodeiEoupe 1oxupoTepn npotaon P'(n).
B FEival duvaTto va gnv 1oxuel 0TI P(n) —» P(n+1), aAAad
va toxuel P'(n) - P’(n+1), via ioxupotepn npotaon P'(n).
O N&o. yia k@Ben = 1,
: 2 n
Sn=§—|—§—|-'“—|-2—n§2
B Enaywylkn unobeon S, < 2 dev ouvenayerai ot S, ; < 2.
O EukoAoTepo vO (enaywylka) OTI via kabe n = 1,
1 2 no n+ 2

S ==+ — 4... —9_
2+22+ +2“ 2™

AlgkpiTa MabnuaTika (Avoién 2020) MabnuaTikn Enaywyn 12




PoAoc Enaywyiknc YnoBeonc

0 KanoTe xpnoipgo va anodeiEoupe 1oxupoTepn npotaon P'(n).
B FEival duvaTto va gnv 1oxuel 0TI P(n) —» P(n+1), aAAad
va 1oxuel P'(n) - P'(n+1), yia ioxupoTepn npoTaon P’(n).
O Zkaki€pa TAaéNC N PE HAUPO OTO KEVTPO: TETPAYWVN OKAKIEPA HE
2N x 2N TETPAYWVA, OAA AEUKAO EKTOC ANO £va Paupo OTO KEVTPO.
0 N.d.o. via kGbe n = 0, Aeuka TETPAYWVA OKAKIEPAC TAENC N ME
Haupo OTO KEVTPO KaAUnTovTal ano nAakidia oxnuatoc L
(UN enikaAunTopeva).

n=0

i

n=1

J . I[TAoxiowo

oynuatoc L

n=2
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PoAoc Enaywyiknc YnoBeonc

O Baon: P(0) 1oxuel (dev undpxouv Asukda TETpaywva).

O Enaywylko Bnua:
B >Kakiepa Ta&Nc n+1 pe pavupo OTO KEVTPO:
evwon 4 oKakiEpWV TAENC N PE HaUpPo OTO KEVTPO,
3 paupa yivovTtal Aeuka, 1 paupo PETAKIVEITAI OTO KEVTPO.
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PoAoc Enaywyiknc YnoBeonc

O Baon: P(0) ioxUEl (dev unapxouv AeuKkda TETpAywva).
Enaywyiko Bnua:
B P(0) »> P(1), P(1) - P(2): 3 vea Asuka kaAunTtovTal ge 1 nAakidio.

O P(2) - P(3);
B Aeukd OXI YEITOVIKA, YETAKIVNOEIC ennpealouv d1aTagn nAakidiwyv!
B Xpnon enaywylknc undbeonc oxi npogavng!

O AuokoAia Aoyw neplopiopgou OTI paupo O0TO KeVTPO!

O

:; | B
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PoAoc Enaywyiknc YnoBeonc

O ZkakigEpa TAaéNc N: TETPAYWVN OKAKIEPA WE 2N x 2N TETPAYWVA,
OAQ AEUKQ €KTOC Ano €va paupo (onoudnnoTe).

O N.d.o. yia kabe n = 0, Aeuka TETpAYwWVA OKAKIEPAC TAENC N

KaAunTovTal ano nAakidia oxnuatoc L (un enikaAuntoueva).

B [lpotaon P/(n) ioxupoTepn ano apxikn P(n).

B Baon: P(0) ioxuel TETpIMEVA.

B Enaywyikn unoBeon: via (auBaipeta eniAeypevo) n = 0, aAnBeusl OTI
AEUKA TETPAYWVA ONoIaodNNOTE OKAKIEPAC TAENC N KaAunTovTal
ano nAakidia oxnuatoc L.
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PoAoc Enaywyiknc YnoBeonc

O

>Kaklepa Taénc n+1: 4 okakiepec Ta&nc n (TeTapTnuopia).

B 1 pye paupo TETpAYwWVO O avTioToixn Bean.

B 3 ye pyaupa TETPAYWVA O aKpd, WOTE VEITOVIKA KEVTPIKA
TETPAYWVA O OKAKIEPA N+1.

AnNO enaywyikn unobeon, Aeuka TETpAYwWVA O TETAPTNHOPIA

KaAunTovTal ano nAakidia L.

NEa Aeuka TeTpaywva oxnuatiCouv L: kaAunTovTal Pe nAakidlo.




Napadeiyua Ioxupnc Enaywync

O NOo kabe Tunua TouA. 18 poiTnTwyv diauepileTal o€ OPYAdEC
4 1 7 QOITNTWV.
B [1a KaBe QuUOIKO N = 18, unapxouv QUOIKOI K,, A : N = 4K, + 7A,.
0 Baon: enaAnbeuon via n = 18, 19, 20, 21.
O Enaywyikn unoBeon: yia (auBaipeTa eniAeyy.) QUOIKO n = 21,
IOXUEl OTI YId KABe uolko m, 18 < m < n:
B YNAapyxouv QUOIKOI K, A,: M = 4K, + 7A_,.

O Enaywyiko Bnpa: 000 unapyxouv QUOIKOI K. .4, A, :

N+1 =4k, + 7A ..
B FEnay.unobeonyian -3, KalK,,; =K, 3+ 1 Kar A ,; = A 5
—n—3

A kn3+1) +Thg= 4kp_3+Thn_3) +Fd=n+1

O Apkei Baon yia n = 18; MNari n = 21 ornv unoBeon;
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Kal AAAo AaBoc!

0 ©do oAol o1 puaikoi apiBuoi ival apTiol(;)!
B Baon: ioxuel oTi To 0 €ival apTioc.

B Enaywyikn unoBeon: yia (aubaipeTa eniAeyPevo) QUOIKO n = 0,
IOXUEl OTI yia kaBe m, 0 < m < n, To m &ivail apTioc.

B Enaywyiko BRua: ©do 1o n+1 €ival aptioc.
O Enaywyikn unoBeon: 1o n kail 7o 1 gival apTiol.
O Apa n+1 aptioc, wc abpoioua duo apTiwv!
O Anodeién BnuaTtoc O0ev Ioxuel yia n = 0!

B Xpnoigonolei OTI To 1 €ival apTioc xwpic anodeién (oTn Baon) Kai
XWPIC va ePNiNTEl oTNV Enaywyikn unobeon!
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