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KatnyopnuaTtikn AOYIKN

OO0 [poTtaociakn Aoyikn: nAaicio d1aTUNWONG Kal HEAETNG
ENIXEIPNUATWY YIA NENEPACHEVO MANBOC «AOYIKWV AVTIKEIHEVOV>.
B «<AOoYIKO aVvTIKEIYEVO>»: naipvel TIgeC aAnBeiac, A n V.

B AIGQOPETIKA, «dN AOYIKO AQVTIKEIJEVO>», N.X. apiBuoi, CUVOAQ, ...
O KatnyopnuaTtikn (N MNpwtoBabuia) Aoyikn: nAaioio d1aTunwonc
Kal JEAETNC ENIXEIPNUATWY YIA:
«Mn Aoyika avTikeipeva» (apiBuouc, ouvoAa, ypapnuaTa).
Npa&eig (ouvapTnoeic) kKal OXECEIC (KaTnyopnuaTa) JETa&u Touc.
Aneipo NANBOC aVTIKEIHEVWV: NOCOOEIKTEC.
«KaBe puoIkOC apIBPOC €ival €iTe APTIOC EITE NEPITTOC.
«Ynapyel oUVOAO Nou €ival UNOCUVOAO KGBe guvoAou».

Tunol KA gival «AoyIka avTIKEIgeEVa» NouU UNopei va
agopouV / avapepovTal O «Un AoYIKA aVTIKEIPEVA>.
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> UVTAKTIKO
NpwToBabuiac FAwooac

O «Aoyika ZUPBOAG»: EXOUV OUYKEKPIMEVN EPHNVEIQ,
AEITOUPYOUV NAvTa Pe ToV idlo TpOno:

B AOYIKOI OUVOEDOUOL: —, A, Vv, =, <
B [looodsikTec: YV kail 3
O VWV (yia kabe): ouleu&n yia 0Aa otoixeia dounc (duvauel aneipn).

O 3 (unapxel): d1aleuv€n yia oAa artoixeia dounc (duvapel aneipn).
B >nueia oTiénc kal napevoOEoelC.
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> UVTAKTIKO
NpwToBabuiac FAwooac

0 «Mn Aoyika ZupBoAa»: epunveia kabopilel AsiToupyia Touc.
B Opiopgoc YAwoodac kal EAeyxoc aAnbelac anaiTouv EppnNVveia Touc
(noAuonyia, ekppaoTikoTnTal).
B MetaBAnTeCc X, Y, z, ...
O Eppnveia kabopilel nedio opiopgou PHeTaBANTWV: cupnav.
O EAeuBepec: Tiyn Touc kabopileTal e anoTignon.
O Aeopeupevec: noocodeikTec kabopilouv «OUNNEPIPOPA» TOUC.
B >upBoAa orabepwyv ¢, ¢y, C, ...
O AvanapiotoUv cUUBOAIKG CUYKEKPIPEVEC TINEC CUMNAVTOC.
O Epunveia kabopilel Tiun kabe cupyBoAou oTabepac.
O [MpokeiTal yia 0-6€01a ocuvapTnolaka ocUPBoAa.
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> UVTAKTIKO
NpwToBabuiac FAwooac

O «Mn Aoyika ZupBoAa»: epunveia kabopilel AsiToupyia Touc.
B >uvapTnolaka cupBoAa f, g, h, ..., ye avTioToixo NANBoC opliouATWYV.

O
O
O

M.x. f eival 2-6€010 cuvapTnolakod cUpBoAo.
Ekppalouv «npa&eig» PeTa&u oTolIxEiwv oUPnavTo .
Epunveia kaBopilel nedio opioyou, nedio TIHWYV, KAl AEIToupyida.

B KatnyopnuaTtika ouppBoAa P, Q, R, ..., He avTioToixo NARB0OC oplopuaTwV.

O

O 0O O

M.x. Q €ival 2-yeAEC KaTNyopnUaTIikO cupBoAo.
Ek@palouv «OXECEIC» UETAEU OTOIXEIWV OUUNAVTOC.
Epunveia kaBopilel nedio opiopou kal AelToupyia.
IooTnTa = : eAéyxel TauTion (ASITOUPYEI WG KaTnyopnua),
aAAa €xel OedONEVN EpPNVEIQ.

B KaTtnyopnuaTtika cUPBoAa uAonolouv «geTapacn» ano
«HUN AOYIKO» OE «AOYIKO» KOOWO.

O

Q(X, y) 6exeTal duo oToIxeia oupnavToc (M.X. apiBPouc), KEAEYXE» aVv
oxeTidovTal HE OUYKEKPIPMEVO TPOMO, Kal «anavta» A n W.
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Aopun Tunwv
NMpwToBabuiac NAwaooac: 'Opol

0 'Opol naipvouv TIUEC OTO cUPNAV.
B MeTtaBAnTec X, Y, Z, ...
B >T1aBepEC C, Cy, Cy, ..
B OTiIdNnoTe npokunTel ano (owaoTn) Epapuoyn ouvapTnoiakou
OUMBOAOU O€ NON OXNUATIOPNEVOUC OPOUC.
O M.x. f(x, y), f(g(x), c), g(f(x, g(y)), c® f(X, y), ...
O Aopn avanapioraTtal pe dsvopodiaypappa,
1010TNTEC anodEIkvUovTal JE OOMUIKN Enaywyn.

O 'Opol &ev pnopouv va ouvoeovTal PUE Aoyikouc ouvdeououc!
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Aopun Tunwv
NMpwToBabuiac FAwooac: Tunol

0 ATopikoi Tunol npokunTouv epapuolovTac
I00TNTA N KaTnyopnuaTiko cuuBoAo o€ 0pouc.
B [lx.x=c f(x,¥) =g(c), Qx, y), R(f(x, y)), ...
B «Aoyikec» Tigec A n W, Baoika («Aoyika») OouIKA OTOIXEIQ TUNWV.
O Tunoc:
B ATOMIKOC TUMOC (Baon enaywylkou opiguou).
B Epappoyn Aoyikwv OUuvOEOHWY OE TUMOUC P, Y:
P, VY, PpAY, P> Y, P Y.
B E@appoyn NogodsIKTWY O TUMNO ¢P: IXP, VXO.
O Aopn avanapioraTtal pe dsvopodiaypapua,
1010TNTEC anodEIKvVUOVTAl JE JABNUATIKN Enaywyn.

O Tunoi: Tiyn A n W. 'Opol: TIMEC OTO cUNNAV.,
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Aopun Tunwv
NpwToBabuiac FAwooac

EQUPLOYT] TOGOIEIKTOV,
AOYIK®V GLUVOEGNOV GE
O TOULKOVS TUTTOVS

TOTTOL

«Aoyiko» Mépog

O TOULKOL EQUPLOYT 16OTNTOC,

TOTTOL KOTNYOPNUATOV GE OPOVS

EQUPLOYT] GLVAUPTI|CEOV
netaPintéc, otaOepég

«Mn Aoywké» Mépog
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Napadeiyua

O [Mola and Ta napakdatw €ival opol N Tunol (f ouvTakTIkKo AaBoc);

B Q(f(c, y), P(x)) g(Q(c, y), P(y))

B Q(f(c, y), P(x)) d(Q(c, y), P(y))

B vx P(g(x)) vx g(P(x))

B vx P(g(x)) (T) vx g(P(x))

B X=yvcC x = f(y, )

B X=yvCcC x = f(y, ) (aT)

B vx P(P(x)) Ix Q(X, ¢4)

B vx P(P(x)) Ix Q(x, ¢) (T)

B 3x (P(x) v —=¥x P(X, X)) IxX(x =y A Q(x, ¥))

B 3Ix (P(x) v —vx P(x, x)) IxX(x =y A Q(x, y)) (T)
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Napadeiyua

O [Mola and Ta napakdatw €ival opol N Tunol (f ouvTakTIkKo AaBoc);

B P(x) v g(x) vy 3x (Q(x, g(y)) v P(g(x)))

B P(X) v g(x) vy Ix (Q(x, g(y)) v P(g(x))) (1)

B 3x Q(x, ¢) vax Q(x, y)

B 3x Q(x, ¢) (7) vax Q(X, y)

B X+y=X=xYy (3+ 1)+ 10

B X+Yy=Xx=xy(arn) (3+ 1)+ 10 (op)

B Ux3Iy(X+y=x*y) vx 3y (P(x) v (Q(X, y) > =P(x)))

B vx3Jy(x+y=x*y)(T) vx 3y (P(x) v (Q(Xx, y) = =P(x))) (T)
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EAsuBepec kal
Aeopeupevec MeTaBANTEC

=

=

AeOUEUUEVN EYPAVION UETABANTNCG: EUNINTEI OE

nedio EPAPHOYNC NOCOJEIKTN.

B [looodsikTne kabopilel Nnwc anoTiyaTal N JeTaBAnTh.

BV (3): ouleu&n (01aleuén) yia OAEC TIHEC oUNNAVTOC.

B AsOpNEUPEVEC ePPavioslc HETaBANTAC X NOU epninTouV OToV 1810
nooodeikTn: «idla» deopeupevn HeTaBANTN.

B AcOUEUPEVEC ENPAVIOEIC HETABANTNC X MOU EUNINTOUV O€
O1aPOPETIKO NOCOJEIKTN: «OIAPOPETIKEC» OEOPEUPEVEC HETABANTEC.

EAcuBepn epavion JeTaBANTNC: OV suninTel o€ nedio

£PAPUOYNC KANoIlou rnocodEeikTn.

B Mnopsi va £xel onoladnnoTe Tiun, n onoia kadopileTal ano anoTiynon.

B 'OAec ol eAeUBepec eppavioelic NeTaBANTNC X: «idla» PeTaBAnTn.

Ix(P(x) A Q(X, ¥)) A P(y) kai 3xP(x) A 3xQ(Xx, y) A P(y)

AlgkpiTa MabnuaTika (Avoién 2019) >ToIXEia KaTtnyopnuaTikng Aoyikng 11




EAsuBepec kal
Aeopeupevec MeTaBANTEC

O EAeuBepn petaBAnTn av gggpavideTal eAeuBepn (TOuA. pia gopa),
O1aPOPETIKA OECUEUPEVN.

O T[lpoTaon: TUnoc Xwpic eAeubepec peTaBAnTEC.
Tiun aAnBeiac npotaon dev eEapTaTal ano anoTignon.
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EAsuBepec kal
Aeopeupevec MeTaBANTEC

O [Molec eppavioelc HeTaBANTWV €ival eAsUBepeC Kal
nolec OECUEULEVEC;

B vy3x(P(x, f(y)) vQ(x)) vx3y(Q(x) v P(X, y)) = =Q(x)

B vy3x(P(x, f(y)) v Q(x)) vx3y(Q(x) v P(x, y)) > —=Q(x)

B VvXxP(x, y) - VvVzP(z, x) Q(z) » =VxVYP(X, y)

B VvxP(x,y) —» VvzP(z, x) Q(z) » —=vxVvyP(x, y)

B vXxXQ(x) » VYyP(X, y) UXVYVZ(X >y A Yy > 2Z) > IW(X > W)
B vxQ(x) > VyP(X, y) UYXVYVZ(X >y A Yy > 2) > Jw(x > w)
B y+X=X+Y Jy(X + X =X *Yy)

B y+X=X+Yy Jy(xX + X = X *y)

O Metovouaaoia OAwv eppavicewyv TnC «idiac» peraBAntnc diaTnpeEi
anapaAAaKTo ToV TUMO: aApaBnTikn napaAAayn.
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EAsuBepec kal
Aeopeupevec MeTaBANTEC

O EAeuBepn petaBAnTn av gggpavideTal eAeuBepn (TOuA. pia gopa),
O1aPOPETIKA OECUEUPEVN.

O T[lpoTaon: TUnoc Xwpic eAeubepec peTaBAnTEC.
Tiun aAnBeiac npotaon dev eEapTaTal ano anoTignon.

O EAeuBepec peTaBAnTtec xpeialovral «apxikonoinon>».
B 'OAec ol eAeuBepec gugaviosic plac HeETaBAnNTAC «apxikonolouvTal»

otnv idia Tiun (auTtn nou kabopileTal ano anoTignon).

O Aeopeupevec eppavioeic yeTaBAnTwy dsv XpeialovTal
«apyikonoinon».
B [looodeikTng nou TIc deopevel kabopilel anoTignon.

B MeTtaBAnTec nou degpevovTal ano d1IaPOPETIKOUC NOCODEIKTEC Eival
«OI1aPOPETIKEC» (KON Kal av €Xouv To idlo ovoua).
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Epunveia (n Aoun)

O Opiopoc NpwtoBaduiac FAwooac anaitei epUnveia
«UN AOYIKWV>» CUUBOAWV.
O Epunveia (i dopn) A kabopiler:
B >upunav |A|: nedio opiopou oTaBepwy, HeETaBANTWY, CUVAPTNOEWY,
Kal KaTnyopnuUaTwy.
O |A| €ival To oUvoAO AVTIKEIJEVWY OTA onoia avapePOPACTE.
B OpiouyodC ouvapTnNoOIaKwV CUMBOAWV: «Npd&n» nou avTioToIXoUV.
O Ti «enioTpeper» KabBe ouvapTnaolako ocupBoAo.
B OpiopoC KaTnyopnUaTiKwV CUPBOAWYV: «OXEON>» NOU AVTIOTOIXOUV.
O [OTe KaTnyopnUAaTIKO CUUBOAO «eMIOTPEPEI» A Kal NoTe W,
B Opiopoc TIUNCG Yia kabe oupBoAo orabepac.
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NapadeiypaTa Epunveiac

O T[Awooa Oswpiac ApIOuwv:
B >upnav N (puaoikoi apibuol)
B >T1aBepa O (anoT. oto 0), cuvapTnolaka @ (npocbeon),
® (noAAanAaciaopoc), kai ” (ENOPEVOC (PUTIKOC),
B KATNYopNnuAaTiko < (avT. O oxeon X < y).
O T[Awooa Oeswpiac ZUuvoAwV:
B >upnav duvapoouvoAo cuvoAou U (i ouvoAo PE oToIXEia cUVOAQ)
B >T1abepa G (anoT. oTO &),
B KaTnyopnuaTiko c (avT. O€ oxeon X C y).
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EvaAAayn MNMoocodeikTwv

P(x, y): o x Baupalel Tov y

OAol Baupalouv kanolov
VzIyP(z,y) (01 avaykaia oAol Tov idlo,

MMNOpPEI TOV EQUTO TOUG).
Va:ElyP(y,a:) oAol BaupalovTal ano Kanoiov

(0x1 avaykaia oAol ano Tov
i010, JANOpPEI AnO €aUTO TOUC).

VaVyP(z,y) sho Baupalouv TOUC NAVTEC
VaVyP(y,x) (xai Tov eauTd TOUG).

UnNapxel KAnoloc NouU ToUC
EISUVCUP(J?, y) Baupalel oAouc (kal EauTo Tou).

HxVyP(y, .'1:) UI'I(':Ip)'(EI K(']FI'OIOC nou Tov
Baupalouv oAol (kKal EauTOC TOU).
El:lﬂyP(a:,y) unapxel Ceuyapl (OxI avaykaia
dIAPOPETIKWV) NOU 0 £vaC
EIa:EIyP(y, a:) Baupalel Tov aAAo.

P(X, y): x<vy

KaOe apiBuoc exel Kanolov
LEYAAUTEPO N i00 TOU.

KGOe apiBuoc exel Kanolov
HIKPOTEPO N 100 TOU.

yia kabe Csuyapl apiBpwy, o
£vVaC €ival JIKPOTEPOG N i00C
TOU GAAou.

UNApxel apiBPOC HIKPOTEPOC
N iococ oAwv (KaTw gpayua).
UnNAapxel apiBPoc HeyaAuTEPOC
N icoc oAwv (avw epaypa)
unapxouv apiBpoi Nou o evag
gival HIKPOTEPOC N i00C TOU
aAAou.
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Nopoil Apvnong MNocodeIkTwV:
—Jzp(z) = Ve—p(x)
—Vzp(z) = Jz—p(z)

[NapadeiypaTta

O Aedopevnc epunveiac (n.x. guoikoi apibuoi, ouvoAa, ypapnuaTa),
d1aTUNWON NPOTACEWYV — IOIOTNTWV O NpwTOoRABUIa YAwaooa.

‘'OAoi o1 avBpwnol BaupalouV VzIy(z £y A P(z,y))
KAmolov aAAo. —EIa:Vy(:L' +y— —'P(il?: y))

Yndapxel Kanoioc nou O&v =
zNy(x — = P(x
Baupadlel kavevav aAAo. y( 7Y ( ,y))

Ynapxel kanoioc nou Baupalel Jz(P(z,z) AVy(P(z,y) > z=1y))
TOV €AQUTO TOU Kal JOVOV auTov.
‘OAol Baupdalovtal and kanoiov aAdo.  Vzdy(z # y A Py, x))

Ynapyel kanoioc nou Bauvpadel
OAoug Toug dANouG. JzVy(z # y — P(z,y))

Ynapxel kanoiog nou dev Baupalel kavevav., dxVy—P(z,y)
Aev unapyxel kavévag avBpwnog nou  —dzVy(z # y — Py, z))
va Tov Baupalouv 6ol o1 aAAol. VzIy(z # y A =Py, z))
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[NapadeiypaTta

O AnAec YAwOoOIKeC OOUEC oUVNOBWC ENAPKOUV.
O KaBe avTikeiyevo pe 1d1otnTa P Vz(P(z) = Q())
exel 1010TNTa Q.
B O endpevog KaBe nepitTou apiBuou eivai aptiog. Vz(odd(z) — even(z'))
even(w) — H‘y(lﬂ =2® y) Smov 1 = 0" no 2 = (0'Y
odd(z) =Jy(z=2Q@y)d1) = = (0)
B Ka6e noAanAdaio Tou 4 eival aptiog. Vz(Jy(z = 4 ® y) — even(z))
O Ynapxel avTikeigevo pe 1d1otnta P
kKai 1010TNTa Q Jz(P(z) A Q(x))

B Aev gival oAol ol apTiol

noAAanAdaaoia Tou 4. dz(even(z) A —Jy(z = 4 Q y))
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[NapadeiypaTta

OO0 Yndpxel yovadiko avTIKEIUEVO
pR= g J2(P(z) AVy(P(y) = y = z))

ue 161oTnTa P.
O Ynapxel peyioto (eAaxioTo) dz(P(z) AVy(P(y) —> y < z))
OTOIXEIO PE 1010TNTA P, dz(P(z) AVy(P(y) = = < y))

B Yndapxel ovadikog puUOIKOC Nou

gival pIkpoTEPOC TOU 1. Jz(z <1AVy(y <1—=z=y))
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[NapadeiyuyaTta: ApiBuoi

B :i?/ C(I] |ec"|) ;)'Ir(ljopq(.] ouo neprTTav VazVy(odd(z) A odd(y) — even(z @ y))
O O x diaipei akpiBagTovy: D(z,y)=T2(y=z® 2)
O O x €ival pyikpotepog N icogTou y: z<y=dz(y=z @ 2)
O O x €ival npwToc apiOuoc:
prime(z) = (z # 0)A(z # 1)AVyVz(z = y®2z = (y = xVz = 1))
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[NapadeiyuyaTta: ApiBuoi

LATHITEALE AR
0 Oeiog Mempos

0 KaBe apTioc yeyaAuTepOC Tou 4 ypagpeTal wc abpoioua B b
U0 MEPITTWV NPWTWYV ApPIBUWV (sikaoia Tou Goldbach). et
Vz((even(z) A4 < z) —

— JyJz(prime(y) A odd(y) A prime(z) A odd{(2) Az =y @ z))

[a kGBe puoiko apiBuod (€oTw n), unapxel aAAoc (€oTw m) nou

gival 0 PeyIoToC NETAEU ekeivwv nou To diNAAacio Touc Oev Eenepva
Tov apxiko (dnA. To n).

Yndm(2@m < nAVEQ2Q®k<n—k<m))
N wodtvapo VnIm(P(m,n) AVE(P(k,n) = k < m))

6mov P(m,n) =2 m <n
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[MapadeiypaTa: ZuvoAa

0 Eppnveia pe oupynav OUVApoouUVvoAO NENEPACHEVOU OUVOAOU S,
2-UeAEC KATNyopnHaTiko cUPBoAo Q pe epunveia Q(x, y) = xc vy,
Kal oTaBepd € NouU EPUNVEUETAl WC TO KEVO oUVOAO (D).

B Yndpxel ouvoAo nou nepiexel (WG unoouvoAa) kaBe auvoro. JxVyQ(y, )
= L . L
SmooiNOND, 10w cours 100, @66 AVa(@(e,0) 5 =0
B [1a kaBe Ceuyapl CUVOAWYV UNAPXElI KOIVO UNOCUVOAO MNou €ival To
HEYAAUTEPO dUVATO (TOUN CUVOAWYV).
VaVy3z[Q(z, z) A Q(z,y) AVuw(Q(w, z) A Q(w, y) = Q(w, 2))]
B [1a kaBe (euyapl CUVOAWV UNAPXElI KOIVO UNEPOUVOAO Nou €ival 1o
gAaxioTo duvaTo (Evwon cuvoAwv).

Vay3z[Q(z, 2) A Q(y, 2) A Vw(Q(z, w) A Q(y, w) = Q(z,w))]
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[MpoTaocic kal Katnyopnuara

O Tunoc p(x) ue eAevBOepn peTaBAnTn X opilel GUVOAO

A, = {a e |A]: @(a) aknBeuel aTnv A }
P(x): 1810TNTAa oToIXEIWV TNC dounc (Onwc kaTnyopnuaTa).
[MpoTaon Y: 1810TNTAa TNC idiac TNC dounc.

0 Na opioete €101 Ta {0} ka1 {1} (xwpic otaBepa 0, cuvapTnon ).

X €ival OUBETEPO OTOIXEIO TNC NPOOBeDNC: VY(X+Yy = V).

H dopn €x&l OUOETEPO OTOIXEIO YIa TNV NpooBeon: IXVy(x+y = y).
X €ival oUDETEPO OTOIXEIO TOU NOA/HOU: Vy(Xxy = V).

H dopun £xel OUOETEPO OTOIXEIO YIA TOV MOA/HO: IXVY(Xxy = y).
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>nuaacioAoyikn Mpooesyyion

O A |= ¢[v]: otnv epunveia A, n anoTignon v enaAnBeuel
(N Ikavonolegi) Tov .
B AnoTtignon v kaBopilel TIpeC eEAsUBepwY PETABANTWV TOU (P KAl HOVO.
O A |= ¢ : o ¢ ikavonolsiTal ano kabe anoTiunon oTnVv punveia A.
B O ¢ aAnbncotnv A N n eppnveia A anoTteAei HOVTEAO Yid ToV .
O |= ¢ : o ¢ Ikavonolgital o€ kabe gpunveia.
B O ¢ cival (Aoyika) EyKUpoOG (avTioTOIXO TAuToAoyidac).

B TauTtoAoyiec «divouv» AOYIKG EYKUPOUC TUNOUC PE OUVTAKTIKN
avTikataoTaon.

O EykupoTnTta / IkavonoinoigotTnTa / aAnbela @ eAEyXETAl PE
gqappoyn Tou opiopou aAnbeiac Tou Tarski.
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Opioyoc Tarski

[0 Eppnveuel Aoyikouc ouvOEOHUOUC Kal MOCOOEIKTEC.
O Opilel 0TI €vac Tunoc ¢ aAnBeuvel (o€ yia epunveia A, yia gia
anoTignon v) avv 1o vonua Tou ek@palel pia aAndeia otnv A.
O Hevvoia A |= @[v] opileTal avadpopika wc €ENC:
B A= (x=y)lv]avw (v(x)=v(y)).
A |= Q(Xq, ..y Xp)IV] avV ( (V(Xy), ..., V(X)) € Q1).
A |=—w[v] avv ( dev ioxuel oTI A |= wlv] ).
Al=(wAax)v]avv (A |=ywlv] kal A |= x[V] ).
Al=(pvx)lvlavv (A |=wlvlnA [=x[v]).
Al=(p - X)[v] avv ( oTav A |= yw[v], ToTE A |= X[V] ).
Al=(y o x)vlavw (A |[=ylv] avv A |= x[Vv] ).
A |=vxyp[v] avv ( yia kaBe a € |A], A |= wlv(x]a)] ).
A |= 3xy[v] avv ( unapxel a € |A| TeTolo woTe A |= wlv(x]a)] ).
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[NapadeiypaTta

0 Aev akoAouBoupue Tov popuUaAIouO Tou opicguou Tarski,
aAAd Tnv ouaia Tou.
0 EA€yxoupe av npoTacn aAnbeuel 0€ CUYKEKPIPEVN EPUNVEIa.
B AnAd «anokwdikonoloupe» TNV npotacn (oTnV CUYKEKPIUEVN
gpunveia) kal EENYOUHE NEIOTIKA av aAnBeuel n oxl.

0 AAnBeuouv ol NapakAaTw NPOTACEIC OTN OOUN TWV PUOIKWV
via c = 0 kal P(x, y) = x <y; ZTnV OOUN TWV AKEPAIWV;
(o) VzVy(P(z, c) A P(c,y) = P(z,y))
(B) Vz(P(z,c) > = = ¢

B (a) aAnBeusl og puOIKoUC kal akepalouc, (B) HOVO O PUCIKOUC.
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Aovikn EykupoTnTa

O Na €€eTaoeTe av ol NapakaTw NPOTACEIC €ival AOYIKA EYKUPEC:
() JzP(z) vV IyQ(y) — Jz(P(z) A Q(z))
(ii) Vz(P(z) A Q(z)) = Va(P(z) Vv Q(z))
O 'Ot pia npoTtaon dev €ival Aoyika eykupn anodEIkKVUETAl PE
«avTinapadslypa» (epPNVeia Nou dev TNV IKAVOMOIE]):
B [ia tnv (i), puoikoi apiBuoi, P(x) dnAwvel 0TI X ApTIOC,
Q(x) dnAwvel OTI X NEPITTOC.
O Aoyikn eyKupoTnTa anodEIKVUETAl UE epapuoyn opiopou Tarski.
B [1a auBaipeTn epunveia A, npotaon (ii) dnAwvel oOTI:
av yia kabe orvoixeio a € |A|, A |= P(a) kai A |= Q(a),
TOTE YIa KaBe aToixeio a € |A], A |=P(a) 1 A |= Q(a).

B AuTO aAnbeuel yia kaBe doun A.
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Aovikn EykupoTnTa

0 NoOo |= IxVyP(x, y) —» VyaxP(x, y)
B 'Eotw auBaipetn dopun A. A |= IxVyP(X, y) —» VYy3axP(x, y) ...

B qavvoTav (i) unapxel ae |A] T.w. via kabe Be|A|, A |= P(a, B),
ToTE (ii) yia kabe ye |A|, unapxel de|A| T.w. A |= P(9, V).

B Joyuel, apou via kabe yve |Al, A |= P(a, y) Aoyw unoBeonc.
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Aovikn EykupoTnTa

OO NOoo |= Ix(P(x) —» Q(x)) » (¥xP(x) —» IxQ(x))

B Ocwpoupe aubaipeTn dopn A. Mpenel voo:
O Av (i) unapxeli ael|Al: A |= P(a) - Q(a),

ToTe (ii) av yia kabe Be |A|, A |= P(B),

ToTe (iii) unapxel ye|Al: A |= Q(y).

Apkei voo av 1oxuouv Ta (i) kai (ii), ToTe 1oxUEl Kal TO (iii).
Aoyw (i): unapxel ae|Al: A |= P(a) — Q(a).
Aoyw (ii): A |= P(a).
Apa A |= Q(a).
>uvenwc, av ioxuouv Ta (i) kat (ii), unapxel aroixeio
Tou |A| yia To onoio aAnBeusl To Q oTnVv epunveia A.
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Aovikn EykupoTnTa

O Na dlepeuvnOETE av 0 NApAKATW TUMOC €ival AOYIKA EYKUPOC:
VzP(z,z) AVzVy(P(z,y) A Ply,z) = z = y)| = ~JxVyP(z,y)
B Av oxeon P €ival avakAaoTIKn KAl QVTICUPUETPIKN
TOTE oxeon P Ogv exel «EAAXIOTO OTOIXEIO».
B Aev €ival Aoyika eykKupo, n.X. QuUalkoi Je P(x, y) = x <.
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AOVYIKN ZUVENAywyn

O ‘'Eotw ol Tunol (1) vx(f(x) = x & Q(x)), kai
(2) vX(f(x) = x) & ¥YxQ(X).
(a) Na BpeiTe noloc TUNOC CUVENAYETAl AOYIKA TOV AAAO, Kal
(B) vdo ol Tunoil dev €ival Aoyika 10oduvapol.
B 0Odo (1) |= (2) (aAAa OxI TO AavTiOTPOPO).
B 'EoTtw auBaipetn gpunveia A. And opiopo Tarksi, apkei vdo:
O Av (i) yiakaBe a e |A|l, A |=f(a) = aavv A |= Q(a),
ToTe (ii.1) yia kaBe B e |Al, A |=f(B) = B avv
(ii.2) yia kaBe y € |A], A |= Q(y).
B AIGKPiVOUUE 2 NEPINTWOEIC:
O Ioyxuel (ii.2), dnA. yia kaBe vy €|Al, A |= Q(y) avy,
Aovyw (i), yia kaBe B €|Al, A |= f(B) = B, avv ioxuel (ii.1).
O Aev ioxvel (ii.2), OnA. unapxel 0 €|Al, A |= =Q(d), avy,
Aoyw (i), unapxel 0 €|A|, A |= f(d) = 6, avv dev 1oxuel (ii.2).
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AOVYIKN ZUVENAywyn

O ‘'Eotw ol Tunol (1) vx(f(x) = x & Q(x)), kai
(2) vX(f(x) = x) & ¥YxQ(X).

(a) Na BpeiTe noloc TUNOC CUVENAYETAl AOYIKA TOV AAAO, Kal
(B) vdo ol Tunoil dev €ival Aoyika 10oduvapol.
B Eppnveia A nou enaAnBeuel Tov (2) aAAd oxi Tov (1).
B |A| = {a, B}, f(a) =a, f(B) = a, ka1 Q(a) W, Q(B) A.
B A povtelo yia Tov (2):

O A= -UXx(f(x) = x) kat A |= =vxQ(x)
B A Oxl povTeAo yia Tov (1):

O Ynapxel oToixeio Tou |A], To @, yia TO Onoio

f(a) = a aAAa Q(a) dev aAnbBeuel.
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AOVYIKN ZUVENAywyn

0 AivovTal TpEIC NPOTACEIC:
(o) VaVyVz[P(z, y) A P(y, 2) = P(z, 2)]
B H oxeon P sival peTaBartikn.

(B) VzVy|P(z,y) A P(y,z) = = =y]

B H oxeon P €ival avTIOUPHETPIKA.

(v) VzIyP(z,y) — JyvVzP(z,y)
B Av kKaOe oroixeio P-oxeTileTal ue KAMNOIO OTOIXEIO,
unapyel oToixeio pe to onoio P-oxerifovral 6Aa ta oToixEia.

O {(a), (B} I=(y)
B 'Oy, n.xX. Quoikoi JE P(X, y) =x <.

O 1(a), (v)}[=(B)

B 'Oy1, n.x. av P(x, y) aAnBeguvel navra.

O {(B), (v) } = (a);
B 'Oy, n.x. oupnav = {0, 1, 2} kai P(x, y) aAnBeuvel yia {(0,1), (1,2)}.
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Kavovikn MNocodeikTikn Mopon

O Ta kaBe Tuno ¢, HNOopPoUNE va BpouuEe Aoyika
I000UVAMO TUNO ¢* = Q1x1Q2Ts ... QnTyn @' (z1,...,%,)
onou Q. NogodeikTeC Kal ¢'(Xy, ..., X,,) AVOIKTOC TUNOC.
B " anoteAsi Kavovikn MoocodeikTikn Moppn (KMM) ¢.

O Ta unoAoyiopo KMM, xpnoigonoloUpE:

B Nopouc peTakivnonc Vzp(z) — ¢ = 3z(y(z) — ¢)
NocodeIKTWV (HOVO Jzip(z) = o =Vz(3(z) — @)
av x Ogv gp@avileral © — Yzip(z) = V(o — ¥(x))
eAeuBepn oTov @): ¢ = Jzp(z) = Fx(p = Y(z))

B Nopoug apvnong —dzp(z) = V()
MOCOJEIKTWV —Vrp(r) = dz—p(x)

B NOPOUC KaTavounc Vz(p(z) A (z)) = Vze(z) A Vzyp(z)

N00OBEIKTRV: Sa(p(z) V (=) = Top(s) V Toy(a)
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Kavovikn MNocodeikTikn Mopon

0 Na Bpeite pia KMNM Tou TUNouU

Ve (P(z,y) = —J2Q(z, 2)) = (VzR(z) A YyS(y))
= Vz(P(z,y) = —32Q(z, 2)) = Yw(R(w) A S(w))
= Vw[Vz(P(z,y) = =-32Q(z, 2)) = (R(w) A S(w))
= Vw[Vz(P(z,y) = V2-Q(z, 2)) = (R(w) A S(w))
= Vw3z[(P(z,y) = V2—Q(z, 2)) — (R(w) A S(w))]
= Ywdz|[Vz(P(z,y) = Q(z,2)) = (R(w) A S(w))]
= Vwdz3z[(P(z,y) = Q(z,2)) = (R(w) A S(w))]
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