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AevTpa

AgvTpo: NpoTUNO IEPAPXIKNC OOUNC.

B  AvanapaoTtaon (IEpapxikwVv) OXECEWV: NMPOYOVOU-anoyovou,
NpOIOTAPEVOU-UPIOTANEVOU, OAOU-PEPOUC, ...

0 E@apuoyec:

B [evealoyika devTpa.

B  Opyavoypaupa enixeipnonc, lepapyia dioiknonc.

B User interfaces, web sites, module hierarchy, devTpa

anogaong, ...

B Iepapxikn opyavwon: Etapeia
TaxuTepn npooBaan o€ Ynohoyi6T@V
dedopeval
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AevTpa: Baoikec Id10TNTEC

O [papnua aKuKAIKO Kdl GUVEKTIKO.

OO0 Ta napakdtw €ival icoduvapuda
yia kabe anAo pn KaTeubuvouevo

ypagnua G(V, E):

G eival devTpo.

Kabe Ceuyapl kopupwv Tou G
ouvOEeTAl JE HOVAdIKO povonaTi.

G eAaxIOTOTIKA GUVEKTIKO.

G ouvekTIKO Kal |E| = |V]-1.
G akukAiko kal |E| = |[V]-1.
G HEYIOTOTIKA QKUKAIKO.

0 A6poioua Babuwv = 2(|V] - 1)
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AevTpa: Baoikec Id10TNTEC

0 Av G devTpo, TOTE KaBe (euyapl KOpuPwv Tou G ouvOEETal
LUE Jovadiko pyovonarl.

B A@ou G OUVEKTIKO, KaBe (euyapl KOpUPwV CUVOEETAl UE
povonarl.

B Av yia kanoio (euyapl Kopupwv eixape dUO evaAAaKTIKA
hovonaria, 6a eixaue KUKAO.
O Av kaBe Ceuyapl kopupwVv Tou G cuvdeeTal UE POVADIKO
povonaTi, TOTE To G eAaXIOTOTIKA CUVEKTIKO.
B S UVEKTIKO YIaTi OAEC Ol KOPUPEC cuvdeoVTal.
B EAaxIOTOTIKG OUVEKTIKO YIATI Ta povondaTia €ival povadikda.
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AevTpa: Baoikec Id10TNTEC

0 Av G €ival eEAaxIOTOTIKA OUVEKTIKO, TOTE TO G €ival
OUVEKTIKO Kal €xel m=n-1.
B Enaywyn yia To nAnBoc Twv akpwyv.
B Bdon n =1, TeTpiyhevn nepintwon (HEPOVWHEVN KOpUPN).
B Bnua: apaipeon akpnc dnUioupyei OUO OUVEKTIKEC
OUVIOTWOEC JE K Kal n—k KOpUQEC.

B Ol OUVIOTWOEC €ival EAAXIOTOTIKA OUVEKTIKEC: AMO ENAYWYIKN
unoBeon €xouv k-1 kal n—-k-1 akpec.

B Apa (k-1)+(n-k-1)+1 = n—-1 akpec ouvoAika.
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AevTpa: Baoikec Id10TNTEC

0 Av G €ival OUVEKTIKO Kal exel m=n-1, ToTE TO G €ival
AKUKAIKO Kal exel m=n-1.
B Av G exel KUKAO, apaipoUPE aKun Kal Nnapapevel OUVEKTIKO.
B Atono, Ogv UNAPXEl OUVEKTIKO ypapnua JeE < n— 1 akuEC.
OO0 Av G gival akukAIkO kal exet m=n-1, Tote TO G €ival
LEYIOTOTIKA AKUKAIKO.

B Apkei va d€i€oupe OTI To G €ival ouvekTIKO (UETA N NpooBnKn
H1ac akpnec ONMIOUPYEI KUKAO JE HovondaTl oTd akpa Tne).

B Av G un OUVEKTIKO, KOBE OUVEKTIKN OUVIOTWOA €ival
aKUKAIKT, apa devTpo (Kal apa exel n,— 1 akKueg).

B Av k OUVEKTIKEC OUVIOTWOEC, N — K aKPEC OUVOAIKA.

B Apa exoupe k = 1 OUVEKTIKN cuVvIoTWOA.
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AevTpa: Baoikec Id10TNTEC

0 Av G €ival JeylOTOTIKA AKUKAIKO, TOTE TO G €ival
AKUKAIKO Kdl OUVEKTIKO (OEvVTpO).

B Av G yn OUVEKTIKO, NPooBnNKnN akPNC HETAEU OUVEKTIKWV
ouUVIOTWOWV OV ONUIOUPYEI KUKAO, avTigpaon!

0 ARNAO ypapnua HE N KOPUPEC KAl TOUAAXIOTOV N AKUEC EXE
TOUAAQXIOTOV £vaAV KUKAO.

0 'Eva ypagnua PE N Kopu@ec Kal < n — 1 akpec dev €ival
OUVEKTIKO.

0 Mn OUVEKTIKO OKUKAIKO ypapnua gival 6acoc.
B JUVEKTIKEC CUVIOTWOEC EVOC dAOOUC €ival OEvTpa.

0 ®dUAAo: kopu®n (devTtpou) pe Babpo 1.
B K3abe devTpo £XEl TOUAAGXIOTOV 2 QUAAQ.
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AevTtpa (ue Pida): OpoAoyia

O Pila : kOuBoc xwpic npoyovo.
B AcvTpo ue pida : 1epapyia

0 Mpoyovol u: koupoi oto (povadiko)
uovonari u npoc pica.

0 Anoyovoil u: kouBol og povondaria
ano u npoc (pUAAQ.

0 Ynodevtpo u : AevTpo anoTeEAOUPEVO
ano u Kal anoyovouc Tou.

AlakpiTa MabnuaTtika (Avolign 2016)
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AevTtpa (ue Pida): OpoAoyia

0 Eningdo u : unkoc povonartiou
ano u npoc pida.
O ‘Ywocg : pyeyioTo €ninedo kKoppou
((UAAOU).
B MeyioTn anootacn uAAou ano pida.
O Auadiko OEVTPO :
Kabe kopupn < 2 naidid
B ApioTepo Kal OeE0.
O KaBe unodevrtpo cival duadiko
DEVTPO.

AlakpiTa MabnuaTtika (Avolign 2016)
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Auadika AevTpa

O #kopupwv yia uyoc = h:

h+1 < #kopupwyv < 2h+1 — 1

B h+1 enineda, > 1 kop. / €nin.

B < 2/ KopuPpeC OTO €Ninedo i .

1+2+ .. +2h=2+t1_1

O 'Ywoc yia #KopupwVv = n:

log,(n+1) - 1 <uwog<n-1
O Teparvo (fulh):

B KaBe kopu®n €ite UAANO €iTe 2 naidid.
O TMAnRpec (complete) :

B 'OAa Ta enineda cupnAnpwpeva (eKTOC I0WC TEAEUTAIO).
O TeAsio (perfect) : n = 2h+1 - 1

AlakpiTa MabnuaTtikda (Avoién 2016)
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MANPEG

0 'OAa Ta enineda cupnAnpwpeva
EKTOC IOWC ano TEAEUTAIO
nou yepilel ano aploTepa
npoc Ta O&&ia.

O n(h): #xkopu®wv yia uyocg h:
2h < (k) < 2h+1 - 1
B TeAeio(h) : 21 -1

B TeAeio(h-1)+1:(2h-1)+1 = 2h,

O h(n): vwoc yia N KOPUPEC:
log,(n+1) = 1 <h(n) <log,n

O 'Yyog : h(n) = Llog, n]

O #QUAwv =[n/2]

AlakpiTa MabnuaTtika (Avolign 2016)
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Inorder

O Evdo-diaTteTtayuevn (inorder) dieAseuon:
B Apiotepo - Pila - Ac€gl.

B KopBoc e€staleTal ETA ano KOUBOUC apioTEPOU UNOOEVTPOU
Kal nplv ano kKoppouc de€iou unodevTpou.
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Preorder

O T[po-diateTtayuevn (preorder) dieAeuon:
B Pila - ApioTepo — A€gl.

B KopBoc e€staleTal npiv ano KoupBouc apiotepou kal Oe€iou
UnodOEVTPOU.
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Postorder

O MeTa-0lateTaypevn (preorder) dieAeuon:
B ApioTepo - A€€i - Pila

B KopBoc e€staleTal peTa ano KouBouc apioTepou kal OeEiou
UNodOEVTPOU.
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>UuVvOeTIKO (EnikaAunTtov) AEvTpo
(Spanning Tree)

O ‘'EoTw ouvekTikO ypapnua G(V, E):
B KaBe devrpo T(V, E), ye E' < E, nou «KaAunTE» OAEC TIC KOPUPEC
eival emkaAuvnTov (N ocuvOeTIKO, spanning) devTpo Tou G.
B [papnua G CUVEKTIKO avVv €XEl UVOETIKO OEVTPO.
B YNoAoyloHOC evOC OUVOETIKOU devTpou pe AvalnTnon kata MAaTtoc n
Avalntnon kata Baboc.

3%
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>UuVvOeTIKO (EnikaAunTtov) AEvTpo
(Spanning Tree)

O >uvekTikO G pnopei va exel NoAAa cuvOEeTIKa devopa.
B [loTte G €&l HovadIKOo OUVOETIKO OEVTPO;
B Ocewpnua Cayley (1889): K, €xel n"2 guvdeTIKa devdPa

o
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>UuVvOeTIKO (EnikaAunTtov) AEvTpo
(Spanning Tree)

O ‘'Eotw T kail T ouvdeTika devtpa G. Na kabe akpn e € T\ T/,
unapyel akun e’ € T'\ T, T.w. (T'+e) — e’ eival cuvOEeTIKO OEVTPO.
B [1a kabe e ekTOC TOU T/, TO T'+€ nepiexel povadiko KukAo C.
B A@aipoupue onoladnnoTe akun e’ Tou C nou dev avnkel oto T.

O Ynapxel TeTola akun e’ yiaTi kukAoc C dev oxnuaTileTal oTo T.

O H e’ eival diapopeTikn TNC e viaTi e € T.

(T'+e) — e’ OUVOETIKO OEVTPO: OUVEKTIKO, AKUKAIKO OAEC TIC KOPUPEC.

3%
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>UuVvOeTIKO (EnikaAunTtov) AEvTpo
(Spanning Tree)

O ‘'Eotw T kail T ouvdeTika devtpa G. Na kabe akpn e € T\ T/,
unapyxel akpn e’ € T'\ T, T.w. (T-e)+e’ eival OuvOETIKO OEVTPO.
O Ano onolodNnoTe ocuVvOETIKO OevTpo T UNOPOUKE va «UETABOUPE» O€
onolodNnoTe AAAO T’ pe d1adOXIKEC «aVTAAAAYEC» AKHWV.
B Xpeialovral akpipwc |T \ T'| «avTaAAayec» akuwv.
Ano kaBe avraAAayn NpoKUNTEl OUVOETIKO OEVTPO.
B (AlakpITO) oUVOAO ZA £Xel napopola doun Pe (ouvexn) KUpTa ocuvoAa!

o
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[NapadeiypaTta

OO NOo kaBe devTpo PHE N = 2 KOPUPEC EXEI TOUA. 2 KOPUPEC NMou
dev €ival onpeia Konnc.
B Ta @uAAa Ogv €ival onpeia Konnc.

O NOo KGBe CUVEKTIKO YpAPNUA HE N > 2 KOPUPEC EXEl TOUA. 2
KOPUPEC Nou Oev €ival onpeia Konnc.
B Ta QUAAa Tou OuVvOETIKOU OEVTPOU OV Eival onpeia kKonnc.
O Na diaTunwoeTe aAyoplBuo yia TNV eUpeocn 2 KOPUPWV NOU
dev €ival onueia Konng.
B Bpiokouue QUAAa oto devTpo TnG Avad. kaTa MAatoc (i Babocg).
0 ZSUVEKTIKO ypapnua G he n > 4 kopupec. Ndo av 1o G exel
(euyapl OIAPOPETIKWV CUVOETIKWV OEVTPWYV XWPIC KOIVEC AKHEC,
TOTE TO G dev €XEl YePuUPA.
B Mia akpn €ival yepupa avv avnkel ge oAa 1a ZA evOC OUVEKTIKOU
YPa®nuarog.
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Topec, ZuvoAa Tounc
Kal ZUVOETIKA AsvTpa

Ll
Ll

e fffh

Toun (S, V\ S): diauepion kopupwyv o€ 2 cuvoAa S, V \ S.
>UvoAo Tounc 6(S, V\ S): ouvoAo akpwyv PE €va akpo

oTO S Kal To aAAo akpo oto V \ S.

B 5(S, V\S): oAec o1 akpec nou diraoyiouv Toun (S, V \ S).
>uvoAo E’ draoyicel Toun (S, V\S): EENd(S, V\S) = D
Fpapnua G(V, E) ouvekTiKO avyv

E diaoxilel kabe Toun.

B [ia kaBe (un Kevo) S c V, unapxyel
AKHN HE €Eva akpo 0To S Kal aAAo
akpo oto V \ S.

B SUVOETIKO OeVTPO: EAAXIOTOTIKO OUVOAO
akpwv nou diaocxilel kabe Toun. g

rd
4
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EAGX10TO ZUVOETIKO AEVTPO (MST)

[0 2uvekTIKO pn-kateuB. G(V, E, w) pe Bapn w : £ — IR
B Bapog unoypapnuatog T(V, Er): w(T) =3 .cx, w(e)

O ZnToUUEVO: eAAXIOTOU BAPOUC OUVEKTIKO unoypapnua
NOU KAAUNTElI OAEC TIC KOPUPEC.
B SuvekTIKO (€€’ oplopoU) + aKUKAIKO (eAayxioTo) = AevTpo.
B Minimum Spanning Tree (MST, EZA).

0 MpoBAnua ocuvduaoT. BeATIoOTONOINONG
UE MOAAEC KAl ONUAVTIKEC EPAPHOYEC.

B >xedlaopoC GUVOETIKOU OIKTUOU
(0d1koU, TNAEMN/KOU, NAEKTPIKOU)
LUE EAAXIOTO KOOTOC.
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AnAnoTtoc AAyopiBuoc via EZA

O 'Eotw A daooc (oUVOAO aKUWV XWPIC KUKAOUC).
O Akpn e ¢ A sival akgn enavénong yia A av:
B e dilaoyilel yia Toun (S, V \ S) nou dev diaoyilel To A, Kal
B e cival eAayioTou Bapouc peta&u akpwyv 6(S, V \ S).
0 Akpn enav&énonc yia 6acoc A odnyeli R
oc EZA eneira ano |V|-1 Bnuara: K
B Av A 0dooC Kal e akun enavénonc \si\ 2
via A, A u { e } daooc. 10
O e dev dNUIOUpPYEI KUKAO.

B Av A c EZA kal e akpun 2
enavénonc A, Au { e } < EZA.
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AnAnotn EniAoyn: OpBoTtnTa

O 'Eotw dacoc A c EZA kal e = {u, v} akpn enavénong A.
Tote Au { e} c EZA.
B (S, V\S) Toun nou dgv diaokilel A kai diaoxilel n akun e.
B e csAdylioTou Bapouc PJeTa&u akpwyv Tou 6(S, V \ S).
B Eotw TEZAT.w. A T. YnoBetoupe o1t AU{e} T
L

'EoTw p povonaTi u — v oto T, Kal
e’ = {x, y} akun T nou diacyilel

(S, V\S).
B Agpou w(e) < w(e’), kal To
T = (T'U{e}) \ {e'} €ival EZA: a .4 ; S a
w(T") = w(T) + w(e) —w(e) <w(T) ™
B 'Exoupe oTi A c T kail e’ ¢ A. e > =
Apa AC T \{e'} =T"\ {e}

B ...kal Au{e}CT"
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AnAnoTtoc AAyopiBuoc via EZA

MST(G(V, E, w))
A + 0
while |A| < |V| — 1 do
YroAoywoe ploo axpn exavEnone e yo A;
A +— Au{e};
return(A);
0 Apxika A = & daooc Kal unocuvoAo kabe EZA.
O Enaywyikd, e akun enavénonc via A:
B Au{ e} daocog kal unooguvoAo kanoiou EZA.
O 'Otav |A| = |V]| = 1, A devTpo, apa kal EZA.
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AAyopi18poc Kruskal

MST-Kruskal(G(V, E, w))
ToaEwvéunoe axpéc oe avEovoa oelpd Pdoove, w(er) < --- < wley,).
A+ 00+ 1;
while |A| < |V| —1and i < m do

if A U {e;} dev €yeL winho then
A+ AU {6,,},
141+ 1;
0 Op6ornTa: av e npocorebei TOTE:
B 'Oyl KUKAOG, apa e, diacyilel pia Topn nou dev diaoyiel To A.
B Auouoa oeipa Bapoug: e, ehaxioTou Bapoug (NpwTn Nou
eAEYXETAI) anO O0&eC akpecC O1aoxiouVv CUYKEKPIPEVN TOWN.
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AAyopiBuoc Kruskal: Mapadeiyua
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AAyopiBuoc Prim

MST-Prim(G(V, E, w), s)
for all u € V do
clu] <~ o0o; plu] < NULL;
cls] < 0; S+ 0; A<+ 0
while |S| < |V| do
u & S : clu] = min,gs{c[v]};

O Op6ornra: S+ SU {u};
® Axun {v, p[v]}: for all v € AdjList[u] do
O Aiaoyilel Toun (S, V\ S). if v € S and w(u,v) < c|v] then
O EAaxioTou Bapouc PETAtU clv] + w(u,v);
akpwv Tou 6(S, V \ S). plv] — u;

if p[u] # NULL then
A < AU {u,plu]};
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AAyopiBuoc Prim: Mapadeiypa

AlakpiTa MabnuaTtikda (Avoién 2016)
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Kavovec ZxnuaTiopou EZA

0 Akun e nou via kanoia toun (S, V\ S), anoTeAei
eAaxioTou Bapouc akun nou diaocyilel Toun (S, V\ S):
B e avnkel o€ kanoio EZA.
[0 AKMN € nou yia kanoiov KUkAo C anoTeAel
LUEYIOTOU Bapouc akun KukAou C:
B Av Bapoc e geyaAuTepo ano Bapoc aAAwv akuwv Tou C,
e OEV AVNKEl o€ Kaveva EZA,
B Av OAec ol akpec Tou C €xouv id1o Bapoc,
e Oev avnkel oc kanoio EXA.
B Evoow unapyxel kukAoc C, anokA&gIOHOG (Hiac)
BapuTepnc akunc C.
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AOKNOEIC

O 'Eotw ypagpnua G pe d1aQopeTika Bapn OTIC AKMEC.
B NOo kabe EZA Tou G nepIEXEl TNV AKPN EAAXIOTOU BAapouc.
B NOo G £xel povadiko EZA.
B  AAnBeuvsl OTI N akun PEYIOTOU Bapouc dev avnkel oto EZA;
0 MetaBoAn (au&non N peiwon) BApoug akunc YETA Tov
UMNOAOYIOWO evoc EZA;
O 'Eotw ypagnupa G pe kukAo C.
B NOoo n akun peyiotou Bapouc Tou C (av eival yovadikn)
dev avnkel o€ kaveva EZA Tou G.
O 'Eotw T EZA yia ypapnua G(V, E, w).
B Na dciete o1 T napapevel EZA via G(V, E, w/2).
B AAnOeuel oTi To T napapevel EZA yvia G(V, E, w+k);

AlakpiTa MabnuaTtikda (Avoién 2016) Aévtpa 30




AOKNOEIC

0 YnoAoylopoc EZA T uno nepliopiohdouc OTI KAMOIEC AKUEC
npenel va (unv) avnkouv oTo T;

0 YnoAoyiopoc EZA T (av unapxel) otav 0eO0PEVO OUVOAO
KopupwV L npenel va gival uAAa Tou T;

0 YnoAoylopoc A Pe peyloTo BApoc;
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