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AvAdOPOUIKEC ZXETEIC

O Avanapacraon akoAouBiag a ekppalovTag a, wG ouvapTnon

a.i, A, ..., ME DEOOPEVEG APYXIKEG OUVONKEG.

B AkoAouBia Fibonacci F,=F,_; + F,,, Fp =1 kal F, = 1.

>uxva F, = 0 kal F; = 1 wG apxIkeG ouvONKeC.
B [cwueTpIKN NPO0dOG HE AOYO A: a, = Ad,_4, Q5 = 1.

B ApiBunTikn Npoodog JE Bnua w: a, = 0,1 + ®, a, = 0.
B ABpoioua n NpWTWV QUOIKWV: a, = d,.; + N, gy = 0.

O AvadpouIKEC OXEOCEIC MPOKUNTOUV «(PUCIOAOYIKA» ano TNV

neplypapn Tou npoBAnuaToc.

B AvaAuon avadpopikwv aAyopiOuwyv, ouvduaoTikn, ...

O «EniAuon» yia unoAoyiopgo n-o0ToU Opou: OXI NavTa sUKOAN.

B [paPMIKEC OXEOEIC JE OTABEPOUC OUVTEAEDTEG.

B >Y&0<€iCc nou npokunTouv anod dlaipel-kal-Baciheue aAyopiBpouc.
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Napadeiyua

O Oi1 Mupyol Tou Avol: #KIVIOEWV WOTE N 0ioKOIl, OAOI OIAPOPETIKOU
HEYEBoOUC, va peTapepBoUV ano aploTepa ota O0eEIa Xwpic KAnolocg
diokocC va Bpebei navw anod kKanoiov aAAo PIKPOTEPO.

B T(n): #kivnoewv via n = 1 diokouc.
B Apxiki ouvBnkn: T(0) =0, T(1) =1, T(2) =3, T(3) = 7, ...
B T(n) =2T(n-1) + 1

T(n) = 2" — 1
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Napadeiyua

O Avadpopuikn oxeon via #nevradikwVv cupB/pwv PNKOUC N UE

aptio apiouo 0.

m ag,=1,a0,=4,a,=17, ...

B KdabBe oupB/pa pnkouc n-1 pe aptio apiBuo 0 divel 4 cupB/pec
MAKOUC n PE apTio apiBuo 0, ye npoocbnkn evoc ano ta 1, 2, 3, 4.
O ‘Etol naipvoupe 4a,_; OUHPB/PEC UNKOUG N HE apTio apiBuo 0.

B KdabBe oupB/pa pnkouc n-1 pe nepitto apiOuo 0 diver 1 cupB/pa
UNKoUC n PE apTio apiBpo 0, ye npoobnkn evoc 0.
O ‘Etoi naipvoupe 5"1 — a,_; (81aQPOPETIKEG) CUKPB/PES HNKOUG N

Jue apTio apibuo 0.
B >uvenwga, = 5"!+ 3a,,, e ay = 1.
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Napadeiyua

O Avadpopikn oxeon yia #0uadikwyv cupB/pwv JAKOUC N Nou

dev nepiexouv 10 00 (dUo ouvexopeva 0).

m g,=1,a0,=2,a0,=3,0a3 =5, ...

B KdabBe oupB/pa pnkouc n-1 xwpic 00 divel pia ocupB/pa pNRKouc n
xwpic 00 pe Tnv npoobnkn Tou Ywnoiou 1.
O ‘'Etol naipvoupe a,; oupB/pec pnkoug n xwpic 00.

B KaBe oupB/pa pnkouc n-1 xwpic 00 nou TeAeiwvel o 1 divel AAAN dia
oUuB/pa pnkouc n xwpic 00 ye Tnv npocOnkn Tou wniou 0.
O ‘'Etol naipvoupe a,., (O1aQOpPETIKEG) OUMB/peC unKoug n xwpic 00.

B >uvenwGga,=0,; + 0,5, HEQy =1, a; = 2.
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PAUMUIKEC AVAOPOUIKEC ZXETEIC
LUE 2TABEPOUC ZUVTEAEOTEC

O Avadpopikn oxeon Coa, + Ciayn 1+ ... + Cra, = f(n)
onou C,, ..., C, oraBepeg, KaAeiTal ypaupikn avadpopikn OXeon He
oTaBepouc ouvTeAEOTEC Kal odnyo ocuvapTtnon f(n).
B Av C,=0ka C, =0, eival Ta&ng k.
B Avf(n) =0, eival opoyevinc.
m x.a,+a,;,=2"0a,-2a,5=0,0,-20,s+ 0,0 =n3

O AkoAouBia (n «Auon») Tnc oxeonc npoodiopileTal Hovadika ano
TIMEC kK apxikwV (N d1adoXIkwV) OpwV (apxIkec ouvONKec).
B Av divovTal TIgeC < k opwVv (N pn d1adoxikwv), ynopei > 1 «AUgeIc».,
B Av divovTal TINEC > Kk d1ad0OXIKWV OpwV, NNOPEI Kapia «Auan».
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EniAuon pe MFevvnTpiec
> UVAPTNOEIC

O Ta ypapuikec avadpouIKeEC OXEOEIC HE OTABEPOUC OUVTEAEDTEC
eival (ouvnOwc) eukoAo va unoAoyicoupe TN ' TNC akoAouBiac.
B H akoAouBia nou avTioToixei oTn ' anoTeAei TN «Auon» TNC oxeonc.

O Mapadeypa (nupyol Tou Avol): a, - 20 = 1 pe ao = 0.

B [ia kdBe n = 1 noAAanAaocialoupe ©
anx" — 2 Ap_1T" T
HE XM kal aBpoiloupE: Z n Z n—1 Z

B Av oupBoAio. pe A(x) Tn F'Z TnG a, T
£XOUME TOPA pPia oxeon yia A(X): (A(z) — ag) — 22A(z) = —_—
B XpnoigonoiwvTag a, = 0 kal Alz) = z
AUvovTac wc npoc A(x): (1 —2)(1—2x)
R 1 1
B KAaopdaTikn avaAuon: A — =
@) =1 "1

B «<Auon»: a, =2"—1
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EniAuon pe MFevvnTpiec
> UVAPTNOEIC

O Mapadeypa: a, - 3a,., = 5™t pea, = 1.

hME X" kal abpoiloupeE:

Av cupBoAio. pe A(x) Tn F'Z Tng a, (A(z) — ap) — 3zA(z) = T

[a kabe n = 1 noAAanAacialoupe f: n - n — n—1_n
a,r — 3 Z Ap_1T = Z 5"z
n=1 n—1 n—1

EXOUHE Twpa Pia oxeon via A(x): 1—>5zx
XpnoipgonoiwvTag a, = 1 kai T
AUvVoOVTac ®c npoc A(x): A(z) = (1 == + 1) 1 _ 372
B 1—4x
(1 =52)(1 —32)
— 1/2 1/2
KAaopaTtikn avaAuon: A —
HaTE | @) =5t

«A\uon»: a, = (5" +3")/2
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PAUMUIKEC AVAOPOUIKEC ZXETEIC
LUE 2TABEPOUC ZUVTEAEOTEC

O

Avadpopikn oxeon Cya, + Cia, 1+ ...+ Cra, 1 = f(n)

onou C,, ..., C, oraBepeg, KaAeiTal ypaupikn avadpopikn OXeon He
oTaBepouc ouvTeAEOTEC Kal odnyo ocuvapTtnon f(n).

B Av C,=0ka C, =0, eival Ta&ng k.

B Avf(n) =0, eival opoyevinc.

m x.a,+a,;,=2"0a,-2a,5=0,0,-20,s+ 0,0 =n3
AkoAouBia (N «Auaon») Tnc oxeonc npoadiopileTal Hovadika ano
TIMEC kK apxikwV (N d1adoXIkwV) OpwV (apxIkec ouvONKec).

B Av divovTal TIgeC < k opwVv (N pn d1adoxikwv), ynopei > 1 «AUgeIc».,
B Av divovTal TINEC > Kk d1ad0OXIKWV OpwV, NNOPEI Kapia «Auan».
«Auon»: aBpoiopa opoyevouc Auanc Kal €1d1knc Auonc.

B Opoyevnc Auon: NpOoKUNTElI anO OPOYEVH KAl ApXIKEC oUVOnKeC.

B Eidikn Auon: npokunTel anod odnyo cuvaptnon f(n).
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Ouoyevnc Auon

O AvalnToupe AUCEIG TAG Hoppnc a, = X, x = 0. 'ETol Bewpoupe Tnv:
Cox" + Ciz" 1+ Cox™ 2+ ...+ Cr_ 12" * 1+ Cz™ % =0
O ... nou &ival lcoduvapn JE TNV XapakTnpIoTIKN e€icwon:
Cox® +CiaF 1 +Cox* 2+ ... +Cr_12+C,=0
B E&etaloupe poOvo TNV NEPINTWON NOU N X.E€. EXEI NpaypaTikeC picec.
O Av n x.€. gxel k pileg x4, ..., X, IOAAanAOTNTAC 1, OpOYEVAG AUON:
a™ = A1z + Agx? + ... + Apa?
O A, ..., A oTraBepeg nou npoodiopifovTal anod apxikKeG CUVONKEG.
B AQouU Ta x; piCec TNG X.€., KABE A, x;" enaAnBeuel TV OLOYEVH OXEON.
O Autn n diadikacia odnyei oTn cuvoAIkn Aucn yid
opoyeveic avadpouikec oxeoelc (n.x Fibonacci).
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Ouovyevnc Auon: MNapadeiypaTta

O a,=4a,,HdeEaq, =2kala, =0:

n=0:2=A, +A, TeAika exoupe A, =
n=1:0=2A, - 2A,

(Opoyevng) Auon a, = 2" + (-2)"

Ava, =1kaia, =2, T0TEQ, = 2"

,—6a,,+8a,,=0pea,=2kaa, =-1.

Moppn (opoyevoucg) Auong a, = A; 2" + A, 4"

O
E N EQC BN

n=1:-1=2A, +4A,
m  (OpoyevAg) Abon a, = 9 27t - 10 40!

XapakTtnploTikn e€iowon x2 — 4 = 0 pe pilec 2 kati -2.
Moppn (opoyevoug) Auong a, = A; 2" + A, (-2)"

A2:1.

XapakTtnploTikn e€icwon x2 - 6x + 8 = 0 pe pilec 2 kai 4.

n=0: 2=A; + A, TeAika exoupe A; = 9/2 kal A, = -5/2.
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Ouoyevnc Auon: NMoAAanAec Pilec

O Av x.e. €xel kanoia pifa x; NOAAGnAOTNTAG M, TUNHA OPOYEVOUG
AUONG NOuU avTIOTOIXEI OTNV X, €ival:

agh’l) = (An™ !+ An™ 2+ .+ A, in+A)L]

Opoyevng oxeon enaiknbeueTal ano kabe A, n™ ' x;" yiaTi X; ANOTEAEI
pia TnC X.€. kal Tn¢ 11, 21, ..., (m-1)-00TNAC napaywyou TnC.

[.x.a,-6a,,+9a,, =0pea, =1kala, =6.

XapaktnploTikn e€iowon x2 — 6x + 9 = 0 pe dinAn pida 3.
Moppn (opoyevouc) Auonca, = A, n 3" + A, 30

n=0: 1=A, TeAika exoupe A; = A, = 1,
n=1: 6 = 3A; + 3A,

(Opoyevncg) Auon a, = (n+1)3"
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Ei1dikn Auon

O ... oTtav n odnyoc ouvapTnon €ival yivouevo NoAU®WVULOU TOU N
LUE EKBETIKN ouvapTnNon Tou n. Oswpoupe odNyo cuvapTnon:

f(n) — (Ctnt + Ct_l’n,t_l +...+cn+ CO),Bn

B Av f(n) €ival noAuwvupo, Bewpoupue ot B = 1.
0 'Otav B dev cival pia TnC X.€., TOTE €10IKN Auon:
oz,(zp) = (Pnf+ P '+ ...+ Pn+ P, ,)3"
O 'Otav B pifa TNC X.£. noAAanAOTNTAc m, TOTE €101KN AuoN:
oz,(f’) =n™(Pin*+ Pon* '+ ...+ Pn+ P,)3"

O P, .. P, oraBepec nou npoadiopidovral woTe n €101kn Auon va
IKavonolei TNV avadpopikn oxeon e odnyo ocuvaptnon f(n).
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Eidikn Auon: MapadeiyuaTa

O a,-6a,_,+8a,,=3n%2-14n + 12.

To B = 1 dev eival pila TnC X.E.

Mopn €181knGg Auong: a,(P) = P, n?2 + P, n + P;

MpoodiopiCoupe Ta Py, P,, P avTikabBioTwvTtag otnv avadpopikn oxeon
Kal EEI0WVOVTAC OUVTEAEOTEC AVTIOTOIXWV OPWV:

Of,’(%p) = [P1n2—|—P2n—I—P3]—6[P1(n—1)2—|—P2(n—1)—|—P3]+8[P1(n—2)2—|—P2(n—2)—|—P3]
= 3Pn® + [—20P; + 3B]n + [26P, — 10P, + 3P;] = 3n® — 14n + 12

'ApC] P1= 1, P2=2, Kdl P3=2.

Eidikn Auon: a,P) = n?2 + 2n + 2
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Eidikn Auon: MapadeiyuaTa

O a,-4a,,+ 3a,,=(n+1) 2"

= 7(zzo)

To B = 2 dev eival pila TnNC X.€. (N X.€. €x&l pilec 1 ka1 3).

Mopon €1dIkAg Auong: a,(P) = (P;n + P,) 2"

MpocodiopiCoupe Ta P, P, avTikabioTwvTag oTnv avadpouikn oxeon Kal
e€EI0WVOVTAC OUVTEAECTEC AVTIOTOIXWV OPWV:

= [Pin+P3]2"—4[Py(n—1)+ P)| 2" ' + 3[Pi(n—2) + P3| 2"

=[n+(F -2 =(@n+1)2"

Apa Py = -4 kai P, = -12.
Eidikn Avon: a,(P) = —(4n + 12) 2"
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Eidikn Auon: MapadeiyuaTa

O a,-4a,,+4a,,=(n+1) 2"
B To B = 2 givai pifa TnC X.€. noAAanAoTnTac 2.
B Mopopn €dIkng Auong: a,(P) = n2(Pyn + P,) 2"
m [IpocdiopiCoupe Ta P, P, avTikabBioTwvTacg oTnv avadpouikn oxeon Kal
e€EI0WVOVTAC OUVTEAECTEC AVTIOTOIXWV OPWV:
oP) = 2 [Pin+P] 2" —4(n—1)% [Py (n—1)+P,) 2" 1 +4(n—2)% [P, (n—2)+ P,] 22
= [6Pin+ (2P, — 6P)|2" = (n + 1)2"

®m ApaP, =1/6 kal P, = 1.
B Eidikn Auon: a,P) = (n3/ 6 + n2) 2"
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Eidikn Auon: MapadeiyuaTa

O a,-6a,_,+9a,,=(n?+1) 3"

To B = 3 eivai pila TNC X.£. noAAanAoTnTac 2.

Mopon €181kng Auong: a,(P) = n? (P, n2 + P, n + P3) 3"
MpoodiopiCoupe Ta Py, P,, P avTikabBioTwvTtag otnv avadpopikn oxeon
Kal EEI0WVOVTAC OUVTEAEOTEC AVTIOTOIXWV OPWV:

o) = 2 [Py + Pyn + Py]3" — 6(n — 1)° [Pi(n — 1)* + Py(n — 1) + Py] 3"
+9(n — 2)* [Pi(n — 2)* + Py(n — 2) + P3| 3"
= [12P,n? 4 (=24P; + 6P))n + (14P, — 6P, + 2P5)] 3" = (n? + 1)3"

Apa P, = 1/12, P, = 1/3, kai P; = 11/12.
Eidikn Auon: a,(P) = n2(n%/12 + n/3 + 11/12) 3"
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>UVOAIKN Auon

O YnoAoyiCoupe Tnv €181k Auon (YEVIKN Hop@n Kal TIHEG TwV P, ).
OO0 YnoAoyiCoupe TNV OPOYEVH AUON XWPIG TILEG yia Ta A, .
L]

Mpoacdiopifoupe Ta A, ano To aBpoiopa €181KNG KAl OJOYEVOUG
AUOEIC YyIa apXIKEC ouvBnKec.
B Auon nou Ikavonolei avadpopuikn oxeon (€1d1kn Auon) Kail

TIC apXIKEC ouvOnkec (opoyevnc Auan).
B Mop@®pn ouvoAlkng Auonc Oev eEapTaTal anod apxXIKeC oUVONKecC.
B Movo ouvTeAeaTeC A, OJOYEVOUC Auonc eEapTwvTal

ano apxikec ouvoOnkec.
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>UVOoAIkN Auon: MapadeiyuaTa

O a,-6a,,+8a,,=3n?-14n+ 12 pea, = 1 kai a, = 4.
alP) =n? +2n4+2 uwon o) = A4, 2" + A, 4™
n=0 aP +alV =2+ A4, + A4, =1=nq,
n=1 o+l =5+24,+44,=4=o
B A =-3/2kalA,=1/2
B 2uvoAlkn Auona,=n?2+2n + 2 -3 2" 4 2 4n-1
O a,-4a,, +4a,,=(n+1) 2"pea, = 0 kai a; = 2.
alP) = (n®/6 +n?) 2" nar ol = (A;n + Ay) 2"
n=>0 oz(()p)—l—oz(()h)zAzz():ao
n=1 agp)—I—agh) =T7/3+2A;1 +24,=2=
B A, =-1/6katA, =0
B >uvoAikn Auon a, = -(1/6) n 2" (n2 + 6n - 1)
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