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51 Xewga [gotervopevov Aornoenv, Ly£oto AVoenv

Oépa 1. (a) 75 moudid miyav oe €vo mdexro dOoREDAONS, GOV UTOQOUV VO CUUUETEXOUV OE TQlO
mouyvidta. Elvaw yvootrs 6n 20 and avtd cvppetelyav xou ota 1ol maryvidla, xar 6t 55 amd avtd
ovupetelyav Tovldylotov oe Vo amd T totor oy vidie. H ovupetoyr] oe »dBe matyvidlr xootiter 1
gVEM, %ol 1 ovvolxn elomoagn frov 140 evpw. Na mpoodiopioete Tov abud Twv moudidy mov dev
OUUUETE(YOV O€ HOVEVO TTaLLVIOL.

(B) Xonowomotmdvtog Ty aQxn eY*AELOUOV-0TO*AELOUOU, VoL VTOAOYIOETE TO TA00G TV TEWOTWV ALOLO-
wov mov eivor uxeoteol 1 oot Tov 120.

(v) No vmohoyioete To TA 000G TV QUOLRDY 0LOU®Y oL givo iredTeot 1] toot tov 1000 %o dtongov-
viow oo 1o 4, adhd dev drogovvral and to H xal 1o 6.

Avon. () ‘Eotw A;, @ = 1,2, 3, 10 ovvoho Twv moudieyv mwov ovupetelyoy oto mouyvior . To Tnrovpevo
glvaw (oo pe 75 — |Ay U Ag U Az, 6mmov o 6pog |A1 U Ay U Az| B vrohoyrotel ue epaopoyn me aQynis
EYHRAELONOV-OTTOXAELOUOV.

A6 t0. dedopéva Tov TEOPIMIaTOS, TEoRUTTTEL 6TL | A1 N Ao N A3| = 20, 6t |Ay |+ |Ag|+ |As| = 140,
2o 011

#roududv oe > 2 mouyvidwe = |A1 N Ag| + |A1 N Ag| + |A2 N Az — 2|A1 N A N Az| =55,

a6 To omoio meoxvmTeL 6t | A1 NAg|+|A1NA3s|+|A2NAs| = 95. ATt ™V 01} EYXAELONOV-0TTORAELTROY,
TEOXVITTEL OTL
|A1UA2UA3| =140 — 95+ 20 = 65

Suvenmng 75 — 65 = 10 mwoudid dev CUPETE AV OE RAVEVOL TToLyVIOL.

(B) Kdbe puowmds aptBuds mxpdtepog 1 i0og tov 120 mov dev elvan medtog, €)eL Vo TEGTO TAQAYOVTOL
wxEdTeQO TV 11, %o ouVeENWS amotehel TOMATAAOLO TOVAAYLOTOV EVOS amtd ta. 2, 3, 5, 1 7. Emouévawg,
10 TMiB0C TV TEGTWV aUdY oto avvoho {2,3,...,120} eivou o ue tov mnBApBRo Tov GuvGhov
(119) peiov to B0 Twv 0BGV oV dtogovvtan amd Ta 2, 3, 5, | 7, ovv 4 (yiati o mEonyovuevog
vroloylopdg eEanpel tovg 2, 3, 5, wow 7, wov dLowQouvIoL Ue TOV €0VTS TOVS, oA elvan mowtol). To
Inrovuevo Moy avdyeton 0Tov vToAoytoud Tov Thjboug Twv otoeiwv Tov {2,3, ..., 120} mov €xouvv
¢ dtougét xdmowo and ta 2, 3, 5, § 7. [a Tov vwoloyousd avtov Ba ePOQUACOVIE TV CEY] TOU
EYHRAELONOV-OTTOXAELOUOV.

“Eotw A;, i =2,3,5,7, 10 0Gvolo TV Quotxdy oto {2,3,...,120} mov €xouvv diawpém to i. [ va
vohoyicovpe to [A1 U Ao U Az U Ay, maparnoodue 6t

|A2|:60 |A20A3|:20 |A20A30A5|:4 |A20A30A50A7|:0
|A3|:40 |A20A5|:12 |A20A30A7|:2
45| =20 [AynAs|=8  [AsNAsn As| =1
A7 =17 |AsN 45| =8  |A3N A5 Ag =1
|A3 ﬂA7| =5
|A5 ﬂA7| =3



Me Bdon ta ToQamdve, amd TV oY EYXAELOUOUV-0TTORAELONOU, TTQOXVTTEL GTL VITAQYOUV
|Ag UA3 UAsUA7| = (60+40+20+17) —(20+124+8+8+5+3)+(4+2+1+1)—-0=93

rolMamAdoia Twv 2, 3, 5, | 7 oto ovvoro {2,3, ..., 120}. Zuvemds to TMiBog TwV TEHTOV AlBUGY Tov
elvau puxpdtegot 1 (oot Tov 120 eivon 119 — 93 4+ 4 = 30.

(v) "Eoww A;, i = 4,5,6, T0 0Uvoho TwV QuOMV Tov eivar uxeotegol 1j oot Tov 1000 xaw €xovv
Staném 10 i, %o Eotw A; 10 (CUUTANOWUATIRG) OUVVOAO TWV QUOIADY TTOV E(VOIL JURQGTEQOL 1 (TOL TOV
1000 %an Sev €xovv dronpém 1o i. To Inrovpevo eivar vo, vworoyicovpe 1o |44 N As N Ag, 1o omolo
oovtan pe 1000 — A4 U A5U Ag| (n 1o6mro moxnimel Bewedvrog Tov AnBdoLOIo Tou CupmANQmUATIXOY
OVVEAOU %Al EQOQUGTOVTAS TOV avtioTolyo vopo de Morgan). Tt Tov vohoylous tov |Ay U A5 U Ag),
eqpaouotovie TV 0N Tov eyrAelonov-amoxielopnov. ITapatnoovue Gtu:

3] = 1000 — [A4] = 1000 — 250 = 750 [A; N As| = |As| — |A4 N As| = 200 — 50 = 150
|A5|:200 |A_4ﬂA6|:|A6|—|A40A6|:166—83:83
|A6| = 166 |A5 N A6| =33

|A_4ﬂA5ﬂA6| = |A5ﬂA6| — |A4ﬂA5ﬂA6| =33—-16 =17
Me fdon ta moQamdvw, amd TV oEX] EYRAELGUOV-0TORAELGUOV, TTQOXRVNTEL OTL:
|A4 U A5 U Ag| = (750 + 200 + 166) — (150 + 83 + 33) + 17 = 867 .

ZUVETMS TO TTAMO0S TV PUOLXDV 0EOUMY TToV gival xedtepol 1 (ool tov 1000 %ot diapovvol amrd To
4, aAhd dev duagovvral and To 5 »ow 1o 6, eivar 1000 — 867 = 133. O

Ofna 2. (a) "Exovue 4 duo PLpiio pe mdayos 10 exarootd »ow 20 dtopogetind petaEy tovg Pipiio pe
ndyog 5 exarootd 1o rabéva. No vmworoyioete 10 TAMB0S TV TEOT®V va yepuioel €vo gL Tov €xEL
unxog 1 pérgo, av €xel onuaotio 1 oelpd ToroBETnong Twv PLAinv oto edpt.

(B) “Exouvpe omn dudbeon pog 10 idua Bprio pe mdyog 10 exarootd xow 20 duapoeTind PeToEY Toug
BpAric ue mdyog S eratootd 1o ®abéva. Na vroloyioete to mAiBo¢ Twv TodmwV va ToroBetnBovv Sha
o, BipAia og 3 dranexQUUEVa, QALY XOVS 2 METOWV TO ROBEVQ, av €YEL onUAoia 1 0gLRd ToTtoOETNOoNS
TV BLpAlwv ot ndBe pdpt.

Avon. (o) Atoxpivouue Tig €ENG TEQLTTOOELS:

— Noa unv umel oto edgt ®avéva PLpiio 10 exarootdv. ‘Ola ta “Aemtd” PLpAic uwoQovv va, TomoBeTy-
Bovv pe 20! Tpdémoug.

— No prrovy oto pdgu éva Biphio 10 exatootdv zou 18 “hemrd” Bipia yio to omoia viedoyovv C'(20, 18)
emhoyéc. Ta 19 Bipiio (Gha duapoeTind neTald Tovg) prroeovv va, torobetnBovv pe 19! todmovg.
Svvolxrd €xovue C(20,18) - 19! toémous.

— Noa pmwovv oto pdgtL oto edptL dvo (drar) Bipiict 10 exatootdv won 16 (drogpopetind) “Aemrd” BLpio yio
10, omotaL vrdpyovy C(20,16) emhoyés. Ta 18 Biphic pmwogouv va torroBetBovv e 18!/2! tpdmouc.
Svvolxd €xovue C(20,16) - 18!/2! todmovg.

— Noa uwovv oto pdgu Tota (dwa) Bipiia 10 exarootav xan 14 (dropogetind) “hemrd” Pifhia yio o
omola. vrrdpyovv C(20,14) emhoyég. Ta 17 Biphio uwogovv va tomobemnBovv ne 17!/3! tpdmoug.
Svvolxd €xovue C(20,14) - 17!/3! toémovg.

— Noa pmwovv oto pdpr T€ooepa ((0uar) Bihio 10 exarootdv xow 12 (Sdtopogetrd) “Aemrd” Biffhio yio
10, omoia vidpyovy C(20,12) emhoyéc. Ta 16 Bifhic progouv va toroBemBovv ne 16!/4! toémouc.
Svvolrd éxovpe C'(20,12) - 16!/4! toémovs.



‘Oleg Ol TOQOTTAVM TEQLTTWOELS ElvOL apolPolio AmoxAeLONeEVES. AQO EPAOUOLOVTAS TOV RAVOVO TOU
00polonaTog, €Yovie GTL Ol TOOTOL TOTOOETNONS CUVOMXKA Elval:

s () o (). 18 () 12 () 1

18 16 2! 14/ 3! 12) 4!
(B) Mopatneovue 6Tt TO WIROS TWV QAPLHY JEV GUVIOTA TEQLOQLOUS, e TV €vvola 6Tt Aol Tol BLBAlo
YWEOUV O¢ €va QAL Uxovs 2 UETEWV. YTohoyCoure AOLITOV TOUS SLOPOQETIXOVS TEGTOVS Vo, dlavei-
wovpe 10 dro avrieeipevo (“yovrod” Pipiic) xow 20 dropogetind avrixeipevo (“Aemrd” Pipiia) oe 3
droxexQUUEVES VITOOOYES (dpLaL), LE TNV OELOA TWV OVILXELUEVMV OTIS VTODOYES Va €xeL onuaoiol (Ywig
ravévay meoloolopnd). To mnbog TV dloogetindv diavopmy Looutal pe To TABog Tov netabéoewv

10 dwv avimeévov (“yoviedv” BAimv), 20 dtopoQeTirdV avitrelwEvmv (“Aemtadv” BLfMwv), xo 2
Oov avuxelnévov (“diaymoronxav”). To mMjBog avtdyv Tov petabéoewv eiva:

32!
10!12!

INo wepattépw eEdoxnon, vo vroloyioete 10 TAO0S TV SLOPOQETIXDY OLOVOUDY oV dEV aprivouy
®rapia vrodoyy RevN). O

Oépa 3. (a) Na vrohoyioete 10 TAMB0S TV TOOTWV Vo ®oBoouv 20 (SLaveXQLUEVOL) POLTNTES O ULoL
oelpd, 90 Bpaviwv, Mote Vo VITdEYoVV TOVAdYLoToV dV0 ®eVA Boavia avdueoa oe #dbe dVo oLTNTES.

(B) No vtohoyioete To TA{B0S TV TEOTWV va. potpdooupe 30 (dua xovtdvia oitlong og 5 POLTNTES, DOTE
®rdBe ol Vo TdEEL TOVAAYLOTOV 3 %o To oAU 10 ®ovmtdvia.

(v) Na vroloyioete 10 mMiB0g Twv TEOTMV var xotaveipovue 40 pormtég og 4 dLapoQeTIHd E0TLATOQLOL
DOTE RAVEVO, EOTIOTGOLO VO UNV UElVEL AOELD, OV M ®oTavoun ®OBOQITEL %ol TN OELRd e TNV Omoiol oL
POLTNTES YEVUOTICOVV.

Avon. (o) Yrdpyouvv 20! diapopetinés netabéoeis tov (droxexouuévmv) gormtdv. To xdbe tétola
uetdOeom, deopnevovpe Eva Boavio Yo xdbe gortnTyy, xot dvo xevd Bpavia avdueoa oe ®dbe CevydoL
gorTnTdV tov xdBovtow og dadoynés B€oelg, oivoro 20+ 19 -2 = 58 Bpavia. Arouévouv 90 — 58 = 32
(un drarenguéva) Boavia, To omolo dtavépovron otig 21 dtonexQUUEVES “UmodoyES” mov oynuotiCer m
UETAOEON TV POLTNTAV. AUTS YIVETAL NE

32+21-1\ /52) 52!
32 - \32) 32120
dLapoeTnovs Tedmovs. Epaouoloviog Tov ®ovaevo Tov YIVOUEVOY, TTROXUITTEL GTL TO TAT00S TwV dLopo-

QETLXWV TQOTWV elvouL:
ol 52! 52!

321200 T 32!

(B) Motpdtouvpe amd 3 xovmdvia og xdBe goltnty, deopevovrag €tol 15 xovmdvio ouvolud. Avtd
YIVETAL PE EVOV TOOTO, Aoy TC, ®OUTTOVIOL eV elval daxexouuéva. Amougvouy 15 dua xovmdvia yia
vo draveunBotv oe S portntég (dtarernQUuéves “vmodoy€s”) wote xdbe portnig vo. TAQEL TO TOAD 7
rourdvia. To mABog TV Tedmwy va dtaveunBouv 15 OLa xouTtGvIaL 0€ 5 JLAREXQLUEVOUS POLTNTES ELVLL
C(15+5—1,15) = C(19,4).

AT auTég TLS dLovouEs TEEMEL Vo (VITOAOYICOVRE ROl VL) POLQECGOVNE TIG ALAVOUES GOV RATOLOG
ot alpvel 8 1 mepLoodtepa xovmovia. [Tapartneovue 6T Evag To TOAD poLTNTNS UToQEL Vo TdQEeL 8



1 TEQLOOGTEQX, ROVTTAVIQL [l var vohoyicovpe AoLtdv To TA00S TV SLoVOUDV GTTov ®ATOLOS POLTNTNG
maipvel 8 M) TEQLOOGTEQN ROVTTGVLOL, ETAEYOUE TOV (POLTNTI| TTOV TTALIQVEL 8 1) TEQLOGAGTEQN ROVTAVLAL (ALVTO
yivetan pe 5 LapoeTIroUs TOOTTOUS, G00L EIVOL OL POLTNTES), TOV lVOuUE 8 ROUTTGVLAL, Xatl OLOLVEUOVUE TaL
VRGO 7 HOUTOVLAL OTOVS S5 oltnNTES XwEig mepLropLopovs. Erouévmg, 1o mAfog autdv tmv dtovoudv
glval 5C(7T+5—1,7) = 5C(11,4).

Telxrd, 1o MO0 Twv dtavopudv 6mov xdBe portnTig malgvel TovAdylotov 3 ko 1o ToAv 10 xovmdvia

elvoL:
19 11 19! 5-11!
- = — — =222
( 4 > 5( 4 ) 154! 74! 6

(y) YmohoyiCovpe tovg dtopoQeTinoig Todmovg va dtaveipnovue 40 diapopetind aviixeinevo (portntés)
oe 4 dloxenQLUEves VodoyES (E0TLATAQLAL), IE TNV OELQA TV OVILXEWUEVWV OTIS VTTOJOYES VoL €XEL ON-
uaota, dote wopio vrodoyn vo unv ueivel xev. Emdéyovue ne P(40,4) = % =40-39- 3837 1pomoug
TOV TEMTO PoLTNTN O€ ®AOe e0TLOTAOLO (TECOEQLS oLTNTES cuvolxd). "Etol eEaopaliCovpe 611 »ovéva
eotLaTopLo Oev Ba peivel ddeto. Ot vitdhoLtol 36 OLTNTES RATAVEUOVTOL OTA 4 £0TLOTAQLOL XWQIS TTEQLO-
QLOUOVS. Aov N OELRd TWV POLTNTAV EYEL onuacio, avtd YIveTol ne % = % TOOMOVS. ATt TOV
RAVOVA TOV YLVOUEVOV, TO TA00S TV TROTmV elvat:

40! 39!
36! 3!

Oépa 4. Ze €vo viovhdmt vdeyouvv 10 Cevydola mamovtoudy (rdbe Cevydol amoteleiton and €vo de&l
o oo €va 0QLoTEQRS TaoUTol, xo xdBe Cevydol eivon dtopopetind amd omotodimote dAlo). Av
emAEEOVIE TUYOLO 8 TTOUTOUTOLOL, TTOLXL 1) TTLOAVOTHTOL VO, UNV EMAEEOUIE ROVEVA CEVYAQL TOTTOUTOLMDV %Ol
mola 1 mBavoTTa vou emAEEovpE Eval axQL®g Cevydol TOmOVTOoLGV;

Avon. “Oleg oL duvatés emhoyég 8 mamovtoldv amtd 20 diapoeTird mommovtoa eivan C'(20, 8). T v
TOMTN TEQIMTWON, 61OV deV BELOVIE VO EMAEEOVIE ROVEVOL CEVYAQL TOTOVTOLDV, ETAEYOVUE TEADTA TOL
8 Cevydora amd ta 10, amd ta omoio Ba StahéEovpe €val TATOUTOL, ROl EMELTOL £VOL TOTOVTOL At ®ROOEVAL
and ta 8 Cevydoa. H emhoyn tov 8 Tevyapudv amd ta 10 yivetow pe C(10, 8) 1oémovs. Xt cuvéyeLa,
yier #aB€va amd To. 8 Cevydola €xovpe 2 emhoyéc (cototepd 1 deEld mamovtol), ondte vrdoyowy 28
TEOTOL GUVOMXA VoL EMAEEOVIE EVaL TATOUTOL 06 ®oBEva amd ta 8 emheyuéva Cevydolo. AQa vrtdQyouv
28C(10, 8) TodmoL ouvohnd va emAéEovpe 8 momovTola o Tor 20 HOTE SAaL VoL OVIROVY O LOPOQETIXG.
Cevydoia. H Tnrovpevn mbavotnto elivor:

2810 97.101.12! 27
28 — 0 = 3~ 00915
20 20! 19-17-13

T v devtepn mepimTwon, dmov BEhovne va emhéEovpe axQIfds Eva Cevydol mamovToldv, EmAE-
youpe mpata avto To Cevydol (ne 10 Tpdmovg), ot ouvEyeta emléyoupe Ta virohoura 6 Levydoua (omd Ta
9 dabéoa, pe C(9,6) Todmous) amd Ta omoio O SIAAEEOVIE EVOL TOTOVTOL, %ol TEMOG EMAEYOUE EVal
TOTOVTOL 0mtd #atO€vaL omtd ToL 6 emheyuéva Cevydoto (ne 28 todmoug). Yrdoyouv howrdv 10-26-C(9, 6)
TEOTOL GUVOAMXA VaL emAEEovpe 8 mamovtoLa amd Tor 20 dote dvo (axQLBg) vo avixrouy oto ido Cevydot.
"Erou ) Inrovpevn mbovstnta eivor:

10 - 26 2 728
3161 — ~ 0.42
20 191713 04208



Oéna 5. "Exovue n B€oeig otig omoieg Ba nabnoovv k + m roheopévor, k (dromexQLuévol) dvOopeg xou
m (damenQUEves) yovaires, n > max{k + m,2k}. Mg 1600VS dLOPOQETIXOVE TOGTOVS UTOQOUV VoL
20Oo0VV oL xadeopévol av Oev nrropovv va xdBovior dvdpes oe duthavés B€oels (dnh. avdueoo oe
o avdpeg mpémel vao pecohafel Tovhdylotov pioe B€on mov eite eivan xevny eite xarahopfdveTor and
yovaixa) ov:

1. ouv woheopévol xdBovron og pic oelQd;
2. oi roheouévol xdBovion og €va xuxrhxd Teaméll; No Bemenoete mg dLopoQEeTInd ToL eVOEXSUEVA O
A va ndBetal 0eEld tov B nat o A va xdBetal aplotepd tov B.

Avon. (1) Ag paviootolpe 6t €xovpe n (OLeg rop€xhes mov Ba tomoBeTnBovv ot n BETELS, ®ou GTL
aQywd divovue og ®dBe dvOa ®al og ®AOe yuvaira amd wia xa€xrho. Avté yivetol e povadinsd Teomo,
ooV oL ®OQEXAES OeV elval dLarexQLUEVES. ATTouEvouv 1 — k — m noQ€xAeg, ol omoieg Ba mapapeivouv
adelec. Ymdgyouvv % OLapoeTIHES NETABEDELS VIO TIC YUVOXES ®al TG Adeles naéxnhes. Kdbe
Tétolo uetdBeon opiCel n — k + 1 duamenguéveg B€oelg otig omoleg umopel vo tomoBetBet €vog dvdpag
70 oAU, “Etol ixavomoLeltol o weQLogLonss vo uny xdoovton dvo dvdpeg oe dumhaveég B€oets. O aplBuds
TV dLopoQeTIR@V JatdEewv Twv k avdpwv otg n — k + 1 dioxerouuéves BEoelg eivol % O
ouvoM®AS aplONOS TV TEOTWV Vo aBooUV oL RAAEOUEVOL 0T OgLpd OIVETOL AG TOV ROVAVOL TOU
YLVOUEVOU %ol elvol (060G te
(n —Ek)! (n—Fk+1)!
(n—k—m)! (n—2k+1)!

(2) Avtiotoryo vwohoyiCeton 0 0QLOUGS TMV JLOPOQETIRDV TEOTIWV VAL XABNOOUV Ol XKOAEOUEVOL O€ VOl

RUAMKG TOOTTECL. Ol HoVaOLXES OLOPOES ElVOL OTL OL XUXMARES UETOOECELS TWV 1 YUVOLXMOV KOL TWV

n — k —m ddelwv ragexhov eivoul % (TropartnENoTe OTL amd pio ®urhxy) HeTdbeon TEoxrUmTOuV

n — k OL0pOQETIHES YOOUMRES LETAOETELS, (it Yia ®AOE EMAOYT TOV TOMTOV OTOLYEIOV OTN YOOUULRY

HETAOEON), %o OTL #AOe nvvxhxn petdbeon opilel n — k dtoxexouuéves BEOELS OTIS OMOlES UTOQEL VOl

toroBetnOel €vag dvég(tagk'g? oAU, “Etot ot dwogpopetivés duatdEels twv k avdowv otig n — k dlome-
n— :

roLuéveg BEoelg elvon (n—2k)l» #OLO OUVOMRAS aLBUGS TV TEOTWV Vo ®0BNoOUV OL XAALECUEVOL O€ €Val

rUrhxo TeomECL dtvetal gival (0og te

(m—k-=1)! (n—kK)!
(n—k—m)! (n—2k)!




