[evVNTPIEC ZUVApPTNOEIC

A1daokovTeG: . AppdTn, A. POTAKNG
EnipeAeia diagaveiwv: A. PoOTAKNG

> XoAn HAekTpoAoywv Mnxavikwyv
kKal Mnxavikwv YNoAoyloTwV

EBviko MeTooBio MoAuTtexveio




Avanapaortaon AKoAouBiwv

T 0

L0 11 0

AxoAouBia: apiBunTikn ouvapTnon Pe nedio opigpou 1o N.

Me yeVIKO (] «KAEIOTO») TUMO 4,: N-00TOG OPOG CUVAPTNOEI N.

Kwodikonoinon oe duvapooesipa Jiac (npayuaTtikng) HeTtaBAnTnc x.

FevvATpia SuvapTtnon (M'Z) A(x) akohouBiac a: A(x) = > 00 5 a,z"

B >UVTEAEOTNC TOU X" aVTIOTOIXEI O N-00TO OPO akoAoubiac a.

B EniAeyoupe didoTnpa TIHWV X WOTE OEIpa va ouykAivel (navral).

B 'Etol Bewpoupe o1l A(X) aneipa napaywyioiun (avaAuTikn).
Napaywyiloupe/oAokAnpwvoupe TNV A(X) wc nenepacuevo abpoioua.

KaBe akoAoubia a avTioTolxei oe povadikn Mz A(x).

s A(x) avTioToIXEl og povadikn akohouBia: a, = (1/n!)AM™(0)

MeTAoXNUATIOPNOC KAl «aAAYEBPIKOC» XEIPIOUOC aKOAOUBIWV Kal
eniAuon Twv NPoBANUATWY NOU KWAIKOMNOIOUV.
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NapadeiypyaTta

O [IZakohouBiagi,1,1,1, ....:1/(1—x)
O TIZ akoAouBiaga, =b A" : b/(1 — Az)
O @2 yia nenepacpevec akohouBiec (unoAoinol opol BewpouvTal 0).

B [> akoAouBiac 0,0, 1, 2, 3,4, 5: x2+ 2x3 + 3x* + 4x> + 5x°
m > akohoubiag a, = C(n, k): (1 + z)”

O T[> akohoubBiaga, = n+1 :

1 00 1 ! oo / 1 0o 00
— UEPEN = n = n—1 _ n
1—z nz:%x (1—:1;) (,;)x) < G-zp ,;)m ,;)(nﬂ)x

B 3 akohouBiag B, = n: B(z) =z/(1 — z)?
O AkoAoubBia nou avTtioToixel oe 'z A(x) = 5/(1 - 4x): a, = 5 4n
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NapadeiypyaTta

0 AkoAouBia avTioToixei e 'z A(x) = 1/(1+x);
B [evikeupevo OUWVUNIKO avanTtuypa (oTav n dev €ival (puaoIKoC):

nn—1)---(n—k+1) .

(A+z)" =1+ 5 v
k=1 :
1 —~ (n+k—1
B EidikoTEpPA, av n QUOIKOC: m =1+ Z ( 2 )a:"’
k=1

B  AnAadn n 1/(1-x)" eival n ' yia cuvduaopouc k anod n avTikeiyeva
ue enavaAnyn (n diavoun k idiwv avTiKEINEVWY O N dlaK. UNOJOXEC).

0 Me BAon YEVIKEUPEVO OUWVUNIKO avanTuyud,

_1_|_§:(_1)(_1_1)"'(_1_k+1) k=1—|—§:(—1)k$k

1+z = k! =

B ApanlZA(x) = 1/(1+x) avTigToixei oTnv akoAoubBia a, = (-1)"
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[pa&eic AkoAouBiwv

O Mpa&eic yeta&u akoAoubiwv:

AiaBaBuion pe ouvteheom c: (car), = cay,
Fpappikog ouvduacuos: (ca + dB), = ca, + df,

Ag&1a oAiobnon kaTta k Beosic: {O yien =0 E—1

k
(Soat)s = Qn_r YO N>k

ApiaTepr) oAioBnon katd k B€oeig: (S~ *a), = anin

AkoAouBia PEPIKOV aBPOIoHATOV: Yn = 2 1o Ok

AkoAouBia CUPNANPWHATIKWV HEPIKWV aBPOICUATWV: 0, = Y oo Qi
EuBeia diagopa: (Aa), = api1 — ay

AvaoTpogn diagopd (oAicB. euBeiag 1 B€on de8ia): (Va), = a, — a1

SUveENEN: (ax B), = > o fnk
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Baoikec 1d10TNTEC

O [pappikn 1010TNTA:
B H akoAoubBia ca + dB €xel I'Z Tnv c A(x) + d B(x).

B HIE 288, = - 4 - éxel oxohovBio my 4" + 9 - 2"
—47 5 4 £ p
B HII 58— = 5% + =5, €xeL axolovBio my 5- 3" +4 - 7"

O IdioTnTa oAioBnonc:
B H akoAoubBia Ska E)(EI = TNV xk A(x), a(pou

Zanx ZOZE —I—Zan LT

B [.x.0,0,0 0, 1, 1, 1,1, ... €)(€I I'Z TNV x4/(1 X)
0,0,1,2,4,..,6 2"2¢exe 'z Tnv x2/(1- 2x)
B H akoAouBia Ska exel 'z Tnv (A ( () — Z o ;T )
B [1.x. n akoAouBia a, = 2"*3 gxel 'Z TNV
g —1—2z —42°] = 2

—2z
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Baoikec 1d10TNTEC

0 Mepikwv aBpoIioPaTWV: Vn = 2 po Ok
B [lapatnpoupe OTI A, = Y, — Yn g
B Apa A(x) =T (x) = xI'(x) = IN'(x) = A(x) / (1-x).
B [l.x.y,=n+1 €ival akoAoubia pepikwv abpoiopdtwyv TG a, = 1.
O Apaexel 'Z Tnv IM(x) = 1/(1-x)2
B [loia eivain 'z Tng B, = n(n+1)/2;
O H B, anoTteAei de€ia oAioBnon kata 1 Beon TNG akoAoubiag
MEPIKWV aBpOoICUATWV TG Y.
O Apa exel 'Z Tnv B(x) = x/(1-x)3
O Zuveli&n a=B exel I'Z Tnv A(x) B(x).
B O cuvTeAeoThG Tou X" aTo A(x) B(x) gival (a* B)n =D 1 o 0kBn—k
m [loia gival n IS TG akolouBiag a, = Y ,_, 3%2n*
O Ano 1d1otnTa ouveAiEng, A(x) = 1/[(1-3x)(1-2x)]

AlgkpiTa MadnuaTtika (Avoién 2011) FevvATpieC ZuvapTnoeic 7




Baoikec 1d10TNTEC

O IdiotnTa Tng KAipakac:
B H akoAoubia y, = na, exel Mz TI']V [(x) = x A’(x), apou

I'z) =zA(z) = CCZ a,z") = wZnanw = Z(nan)w"’
n=0
1 x
®m H akoloubia d, = a, /(n+1) €xal = Tnv A(z) = —/ A(z)dz
L Jo

oo o0

Alzx) = /A(z)dz— Z/ anz”dz—%zn_l_l nHZZnO—é:l
n=0 "0 n—=
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NapadeiypyaTta

O Moia €ival n 'Z Tn¢ akoAouBiac B = ca + d;
B B(x) =cA(x) + d/(1-x)

O MNoia eival n 'Z Tng akoAouBiag B, = c" a
B B(x) = A(cx)

0 [Moia eival n akoAouBia pe 'z Tnv A(x) = 4x + 2/(1-3x) ;
m ag,=2,a0,=10,a,=23",yian = 2.

0 [oia €ival n akoAouBia pe 'z Tnv A(x) = 2/(1 - 4x2) ;
B AvaAuon oe kAaopaTta: A(x) = 1/(1-2x) + 1/(1+2x)
B AkoAoubBia g, = 2" + (=2)"

O Moia sival n akohouBia pe IS Ty A(z) = 222 9o —ldz—1

— (14z)(1+3z)(1—2x)2

: . 1 1 1 2
®m  AvdAluon oe kAGopata: A(z) = Tz T 1382 12z (1—22)2

B AxoMloubBia a, = (=1)" + (=3)" - 2" - (n+1)2"+!

n 1/
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Eqpappoyeg

O ... Twv I'Z €ival NOAAEC Kal onNUAvTIKEC. MeTa&u AAAwWV:
B YnoAoylopoc aBpolopydaTtwy.
B EniAuon npoBAnuaTtwyv cuvOuaoTIKNC.
B EniAuon avadpouikwVv €EICWOEWV.

0 MeBodoAoyia eniAuonc npoBANHATWV:

B AigTunwon Pe Baon pia akoAouBia (n ocuvduaopo akoAoubBiwv) woTe
0 «KA€IOTOC» TUMOC YIA TOV N-00TO OpO va divel Tn Auon.

B YnoAoylopoc TnG 'Z Tng akoAouBiac (pe Baon 1010TNTEC MY).
B AvanTtuypa 'Z kar unoAoylopoc ek@gpaacnc yia n-ooTo 0po.

O YnoMoyiopdg aBpoiopartog 7 3kon—F
B [Z avTioToixng akoAouBiac a sival n A(x) = 1/[(1-3x)(1-2x)]
B AvdaAuon oe kAaouaTta: A(x) = 3/(1-3x) - 2/(1-2x)
B ABpoiopa = g, = 3"+ — 20+l
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YnoAoyiouoc ABpoliocuaTwyv

O YnoAoyioudc aBpoiopatoc > p_ o k?

AkoAouBia a, = n gxel I'Z Tnv A(x) = x/(1-x)?

I810TNTa KAipakag: B, = n? €xel ' Tnv B(x) = x(1+x)/(1-x)3
ABOpoicua avTIoToIXEl oTNV akoAouBia pepIKwY aBpolioPaTwy TNG
akoAoubBiac B, n onoia €xel I'Z Tnv MN(x) = x(1+x)/(1-x)4

_ — [4+ k-1 = (k+3
Xpnoiponoiotpe (1 — ) 4=1+Z< . )xk=1+2( - ):z:’“
2

k=1 k=1
' = — (k+1\ , x = [k + p
.. KOl £XOUIE: (1_“")4_;( 3 ):L' “ou (1—:(:)4_;( i )x
1 2 2 1 1
ABPOIOLG = (n;r )+<n; ):(n+ )6(n+ )n

O Opoiwg va unoloyioBei To aBpoiopa > 7 k°
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[MpoBANuaTa ZuvoudoTIKNCG

[0 ZuvnOeig 2 xpnoigonolouvTal yid TNV Kwdikonoinon Kal eniAucon
npoBANUATWY CUVOUUAOH®V.

B [1a kGBe avTikeiyevo A, KwOIKOMOIOUKE OTOoV €KOETN TNC METABANTAG X
NOOEC (POPEC UMOPOUKE VA TO EMAEEOULE.

O 1+x+x2+x3+...+%xP: ynopoupe va enAeEoupe T0A O, 1, ..., p
(popec (Hnopei aneipo adpoiopa).

O 3eautn Tn ¢aon kwdikonolouvTdl Ol NEPIOPICUOI.

O AnapiBunTtnc via (enIAOyec) avTIKEIJEVOU A.

B AnapiOunTtec via dla@opETIKA avTikeipyeva noAAaniaoialovTal
(kavovac yivouevou) kail divouv M2 yia cuvduaopouc ano n
aVTIKEIPEVA.

B O oguvTteAsoTnC Tou XX orn FZ avTioToixel oTov #ouvduaouwy k
ano n avTikeigeva (Uno ToucC NMEPIOPIOHOUC NOU EXOUHE BEOEL).

B H T2 kwdikonolei OAa Ta evOEXOUEVA TOU NEIPAPATOC KAl
#TpONWV va NpokUWElI KABE eVOEXOUEVO.
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NapadeiypyaTta

O

>uvduaopoi ano n avTIKEIJEVA XWPIC eEnavarnWelc:

B AnapiBunTnc via kabe avTikeiyevo: 14X

B > (1+x)". ZuvTteAeoTnc xk = C(n, k).

>uvOuaopoil ano N avTIKEIJEVA UE anEPIOPIOTEC ENAVAANWEIC:

B AnapiBunTnc via kabe avTikeipyevo: 1+x+x2+x3+... = 1/(1-x)

B > 1/(1-x)". ZuvteAeoTnc xk = C(n+k-1, k).

>uvOouaopoi ano n avTIKEIJeEVA PJE ANEPIOPIOTEC ENAVAANYEIC WOTE
KAQBe avTIKEINEVO va enIAEyEi TouAaxioTov 1 ¢gopa:

B AnapiBunTnc via Kabe avTikeigyevo: x+x2+x3+... = x/(1-x)

B > x"/(1-x)". ZuvteAeoTnc xk = C(k-1, n-1).
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NapadeiypyaTta

O #Auoswv e€iowong z,+z,+z5;+z, = 30 OTOUG PUOIKOUG AV
z, apTiog, BeTIKOG < 10, z, ngpiTTog < 11,3 <2z, <10,0=<z, < 15.
B AX)=(X2+x*+. X1 (x+x3+.. xS+ x4+ +x10) (1 +x+x2+...+x13)
B Zntoupevo diveral ano ouvteAsoTtn x3° nou eival 185.
B O ouvteAeoTnc Tou x39 ornv A(x) &&v TauTileTal UE AUTOV OTNV
A'(X) =2 XX+ ) (XX +x2+ .. ) G+ X2+ ) (1 +x+ X2+ x3+...)

O Keppata 20 AenTwyv, 50 AenTtwy, 1 eupw Kal 2 eupw.
>uvOuaopoi Je ouvoAikn a&ia n Eupw WOTE TOUAAXIOTOV £va KEPHA
ano kabe €idoc.
B KwdikonoloUue oTov ekBeTN TNV a&ia Twv kKepuaTwy (0 AenTa).
B AX) = (x20+x40+ ) (x504x1004 ) (x1004x2004 ) (x2004x4004 )
B To {nToupevo diveTAl ano TOV OUVTEAEOTN Tou x100n
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NapadeiypyaTta

O #d3lavopwyv 2n+1 idiwv pnaAwv o€ 3 JIAKEKPIPEVEC UNMOOOXEC
wOoTE KABe unodoyn va £xel < n PUNAAec.
B HTIZeival A(x) = (1+x+x2+...+x")3 = (1-x"*1)3/(1-x)3
B To {nToupevo diveTal anod ToV OUVTEAEOTH Tou x2+1
B Me npaéeic:

1
o n+1 2n+2 3n+3
Alz)=(1-3z""" + 3z —x )(1—:1:)3
—(1—3 n+1 3 2n+2  ,.3n+3 1 k
( """ 4 3z ") | 1+ k§:1 5 |

B O ouvteAeoTnc Tou x2"*1 gjval

(2n2—|—3) _3(n—2|—2) :@
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NapadeiypyaTta

O T2 yiaTn diavoun 20 papkadopwyv, 6 yavpwyv, 10 npaocivwv, Kal
4 KOKKIVWV, O€ 2 kKaBnynTtec woTe kKabe kabnynTtnc va napel 10
napkadopouc Kal TouAaxioTov 1 ano kabe xpwpa.

B Aiavoun ortov 1° ka®nyntn (cupwva Pe NeplopIOPoUC) kKabopilel Ti
0a napel o 2° kabnynTN¢ KUE povadiko TPono.
B Apkei va dlatunwooupe Tn M2 yia Tov 1° kabnynTn.
(X+XZHX3+XHX2) (X+X2+...+X2) (X +X2+X3)
B To {nToupevo diveTal ano Tov cuvTeAeoTn Tou x10 nou €ival 15.
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NapadeiypyaTta

O 100 (pn diakekpipevol) eniBaTec KaTteBaivouv os 4
(OlaKeKpIPEVEC) oTaoslc. [evvnTplia ZuvapTnon oTav:

0 Aegv unapxouv NEPIOPICHOI.
B #akepaiwv AUCEWV TNG z,+2,+25+2z, = 100 pe z4, 25, 25, 24 = 0.
B (1+x+x2+x3+..)% = 1/(1 - x)*
B ZnTtoupuevo divetal ano ouvteAsotn X199 nou sivar C(103, 3)
O #emiB. 3" oraon = #emfP. 21 oraon = #emP. 1" graon.
B [lpenel z, = z;+K, K = 0, KAl Z3 = Z,+A = z;+K+A, A = 0.
B #akepaiwv AUCEWV TNG 3z;+2K+A+2z, = 100 pe z4, K, A, z, = 0.
B (104 X)) (1 +x2+ x4+ X100 (1 +x+Xx2+... +x100)2
B Zntoupevo diveral ano ouvteAsoTtn x19 nou eival 30787
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EkBeTikeC MevvnTpIEC ZUVAPTNOEIC

O ... via npoBAnuaTa diata&swv.
B AIGKEKPIPEVA AVTIKEIPEVA O OIAKEKPIUEVEC BEOEIC.

B AvalnToUPE TOV OUVTEAEOTN TOV OUVTEAEOTH Tou xK/k!
(oualaoTikG noAAanAacialoupe ToV OUVTEAEOTN Tou XX e k!)

B AappBavoupe unown O1aTta&sic oTov OXNUATIONO TWV AnNapiBunTwy.

O Ailata&eic k avTIKEIJEVWY ano n Xwpic enavaiAnyn.
B P(n, k) = C(n, k) x k!
B To P(n, k) npokunTel w¢ ouvTeAeoTnC Tou xK/k! oTo (1+x)"

n n k

" /n . n! . nl x
(1+$)nzz(k)w :Z(n—k)!k!x :Z(n—k)! k!
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EkBeTikeC MevvnTpIEC ZUVAPTNOEIC

00 i

O ExBetikn MevvATpia Zuv. E(x) akohouBiag a: E(z) = > 0° ( a, %
B >uvTeAEOoTNC Tou X"/n! avTIOTOIXEI O N-00TO OPO akoAouBiac a.

O «EkBetikn» yiaTi otnv akoAouBia 1, 1, 1, ... avTIOTOIXEI N
EkOeTikn I'Z (EZ) ex Aoyw TNC TQUTOTNTAC:

o_1. % x? 3 ===
€ = +ﬁ+§+§+‘“—nzom

n

B EkBeTikOC anapiBunTNC via HeETaBeosIc n dlaPop. avTIK.: " = n!‘fb—!

B EkBeTIkOG anapiBunTig yia MeTaBEoeig n idiwv avTikeiyévwv: " /n!
B ElrZ yia petaBeosic n avTikelpevwy o€ k opadec pe idla avTikeipyeva
pue nAnBapiBpo opadwv ny, Ny, ..., N :
A A Tk " n! "
nq! . no! =— n_k' E n!. .. ng! E nil. .. ng! !
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NapadeiypyaTta

O ErZ via diavoun k OIGKEKPIMEVWYV AVTIKEIMEVWYV OE
N OIOKEKPIUEVEC UMOOOXEC XWPIC NEPIOPICHOUC Kal
XWPIC va exel onuaocia n osipa oTic unodoxEC.
B Jooduvapa, ErZ yia diata&eic k ano n ge anepiopioTeC snavgl)\nmaq.

xr

B EkbBeTikoc anapiBunTtnc via kabe unodoxn: 1 + T + o 4 37 +-.-=e

B ExOemikn M'X: e™ kai o ouvteAeoTnc xK/ k! gival nk
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NapadeiypyaTta

[0 To idlo ye neplopioho kKapia unodoxn va unv peivel kevn (k = n):
B EkbBeTikOC anapiBunTtnc via kabe unodoxn: e* - 1
B ExkBetikn MX: (ex - 1)"

B >uvteAeoTtng Tou xK/ k! €ival icog pe Z(—l)e (n) (n—0O)*
O E@appuoyec: =

B [Ipoypappa HEAETNC 4 pabnuaTtwy yia 7 nUEPEC wOoTE KABe padnua
va JeAeTNOEl TouAayxioTov 1 nueEpa.
O <«Alavoun» 7 dlak. nUepwv o€ 4 diak. pabnuaTa woTe Kaveva

HaBnua va Punv PEIVEL KKEVO>,

O #«Olavoywv»: 47 — 4x37 + 6x27 — 4 = 8400

B Avafeon 20 peTanT. @oITNTWV O 5 epyaoTnpla woTe KABe
gpyaoTnplo va dexBei TouAaxioTtov 1 goITnTn.
O #«avabeoewv»: 520 — 5x420 + 10x320 - 10x220 + 5
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NapadeiypyaTta

O #nevradikwv cuhB/pwv UNKOUC N JE apTio nAnboc ano 1:

B EkbBeTiKOC anapiBunTnc yvia kabsva ano Ta ynoeia 0, 2, 3, 4:
562 £B3

L T
1+E—|—§+§+"'=6
B EkBeTikoc anapiBunTnc via yngio 1:
1+w2+w4+x6+ S te”
2! 4! 6! 2

B ExkBerikn M2: et(ex + eX)/2 = (e>* + e3x)/2
B >uvTeAeoTnc Tou x"/n! givar (5" + 31)/2
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NapadeiypyaTta

O #nevradikwv cuphB/pwv UNKOUC N HE apTio NnANBoc 1 kal nepITTo
nAnBoc 0 onou Ta 2, 3, 4 eygavifovtal TouAayioTov 1 gopa.

EkBeTIKOC anapiBunTnc yvia kabeva ano Ta yneia 2, 3, 4: ex -1

EkBeTiKOC anapiBunTnc yia ynoeio 1: (eX + eX)/2
EkBeTikOC anapiBunTtnc yia ynoeio O:
r 2z 25 =z ==
nta ettt T T

EkOeTikn IN'Z: (eX - 1)3 [(ex + e™X)/2] [(eX - eX)/2]
> UVTEAEOTNC Tou X"/n! €ival
(5N - 3x4n + 3n+1 — 2n 4 (-2)0 — 3x(-1)" - 1)/4
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NapadeiypyaTta

O

ErZ yia diavoun k OIaKEKPINEVWY AVTIKEINEVWV OE
N OIOKEKPIUEVEC UMOOOXEC XWPIC NEPIOPICHOUC Kal
OTav €XElI ONUAOCia N OsIpa OTIC UNOJOXEC.

Eneidn exel onuaocia n osipa o€ kabe unodoxn, KaTta To oXNUATIoONO
Tou anapiOunTn, noAAanAaocialoupe To xK/k! pe k!

O eKOEeTIKOC anapibunTnc yia kabe unodoxn €ivat:

2 3 4 5 1

+1= po 1312 14T 1517 .=
1! 2! 3! 4! 5! 1—=x

H (E)I'Z eivar 1/(1 = x)"
To {nToupEevo diveTal anod Tov ouvTeAeoTn Tou xX/k!, nou sivai:

(n—l—/]:— 1) — (n(:fz)!l)!
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