>Tolxeia MpoTtaoiakng AoyiknG

A1daokovTeG: . AppdTn, A. POTAKNG
EnipeAeia diagaveiwv: A. PoOTAKNG

> XoAn HAekTpoAoywv Mnxavikwyv
kKal Mnxavikwv YNoAoyloTwV

EBviko MeTooBio MoAuTtexveio




MaBnuaTikec MNpoTaoeic

O (MaBnuaTtikn) nportaon: dNAwaon nou UNopeEi va ival
aAnBénc n weudnc (oxi kai Ta duo).

To ovoua pou eival AnunTpnc.
XBec xiovioe oTnv KaoTopid.

O Zepepnc TiIuNOnke pe To NouneA AoyoTteyviac.

>NMEPAa €ival n npwTn HEPA TNC avolénc.

OO AAAa oxi:
B T wpa €ival;

KaveTe nouxia napakaiw.

B >xedov kabe pepa Bpexel (Xwpic To oxedoV;)
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[lpoTaaciakn Aovikn

O [Mpotaoceic cuvdualovTal Aoyika: oUuvBETEC NPOTACEIC.
B Av xiovioel, 6a naw yia oki N 8a nai&w x1ovonoAguo.
B O A €ival kaAoc n o A dev €ival KaAoc.
B Oa kavw padnua oTic 9 kal 8a naiw PnackeT oTic 10.

O ZToIXEIWOEIC NPOTACEIC: NPOTACIAKEG HETABANTES p, G, I
B Baoika dopika oroixeia. Alakpitec Tinec An W (1 i 0).

O >uvduaopoi npoTtacewv Pe (Aoyikouc) cuvOeoUOUC:
-, A, VvV, &, >, .

O MNportaociakog TUnog:
B FEite npoTtaolakn perapAnty p, q, r, ...

B Eite (=), (¢ Aaw), (v y), (@D Y), (¢—> ), (¢ y),
onou ¢, Y NN oXNUATIOUEVOI NPOTACIAKOI TUMOI.

0 Aopun N.T. anoTunwveTal g€ devopodiaypappuda.
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>nuaacioAoyikn Mpooegyyion

OO0 Aovikoi ouvdeouol opifovTtal Ue nivakec aAnbeiac.

O AnoTignon: avabeon Tiuwv aAnBegiac oTic yeTaBAnTEC evoc n.T.

B Ano TIHEC aAnBeiac peTaBAnTwy, devdpodidypapupa, Kal Nivakeg
aAnBeiac Aoyikwv cuvOeopwY, unoAoyiloupe TiUn aAnbeiac n.T.

Pl qg|—p|pPAg|PVg | p>>q | poqg | pDg
AlA|l Y| A A A A ¥
AlY| V¥ | ¥ A Ng N A
YIA|A| ¥ A A ¥ A
Y VY| A| ¥ ¥ A A ¥
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AOVIKN ZUVENAywyn

[0 Av aAnBeuel To p, TOTE aAnBeuel To g :

p—q.

Av peAeTNoeIC TouAaxioTov 30 wpEC,
TOTE 6a EMITUXEIC OTIC EEETAOEIC.

Av giyal o Mpoedpoc Twv HMAA,

TOTE OAoI BaBuoAoyeioTe pe 10.

Av vivw npwBunoupyog,

6a AUow OAa Ta npoBAnuara.

'Ocol edw peoa Oev €ival PoITNTEC
NG ZHMMY, @opave payio.

pP—q
p|q

(=—-pVvq)
AlA A
AlY P
¥ A A
p |y A
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>nuaacioAoyikn Mpooegyyion

O TauTtoAoyikn icoduvauia ¢ = Y
B [1a kaBe anoTiynon, @ kai  exouv idia Tiun aAnbeiac.
B Nx. (pAg >r=p—>(g—r)
0 TautoAoyia @: @ navta A (yia kaBe anoTiynon).
B AvTtipaon @: ¢ navra W (yia kaBe anoTignon).
B AvTipaon @ avv —@ TautoAoyia.
O Ikavonolnoigoc ¢: ¢ O&v €ival avtigpaaon.

B T={Q, ..., ¢ IKAVONOINCIUO: P; A ... A P, IKAVOMOINCIUOG.

O Ynapxel anoTignon nou Ikavonolei (Tautoxpova) 0Aouc
TOUC TUNouc Tou T.
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NapadeiypyaTta

O Ndo p=((pAg)—r)—=((pVe) —r)
ouTe avTipaon (apa 1kavonoinoiyoc) oUTE TAuToAoYid.
B Ikavonoinoiyoc p: p=g=r=AnfNp=g=Akarr=WY,
B  'Oxi TautoAoyia @: r=W kaieitep=A, g =W eite p = y, g = A.

Plag |7 |prgipvg | prqg—r v —r| @
A|lA|A| A A A A A
A|lA|YP| A A ¥ ¥ A
A|lY Al ¥ A A A A
AlY Y| ¥ A A ¥ b 4
YA A| ¥ A A A A
YA Y| ¥ A A ¥ b 4
Y Y Al ¥ ¥ A A A
Y ¥ ¥ ¥ A A A




NapadeiypyaTta

O Nodo ¥ = ((p— q) = p) — p TauToAoyia.

E A = A, TOTEA
VP =R, TOTE plqg | p—mq|p—m>9—p| (p—9 —p) —p
(aAnBec cupynepaoua).
B Avp =W, 1oTE A AlAL A A A
(weudng unobean). AlY| ¥ A A
¥ A A ¥ A
VY | ¥ A Y A

O N&opA (p— q) — g TauToAoyia.

B Kabe n.7. e idia guvTakTIKn HopPn @ A (@ —> W) —> W
(yia kabe @, W) €ival TautoAoyia!
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TauToAovikn Zuvenaywyn

O >uvoAo n.T. T ouvenayeral TautoAoyika N.T. @, T |= @ :

B KabBe anoTignon nou ikavonolei To T IKavonolEi kal Tov Q.
(@ eneTal avaykaia ano unobeosic oto T).

B T|=¢@avwTu{=@} 4N IKAvonoIinaciuo.
B O |= @ (nanAda |= @ ) dnAwvVvel 0TI @ TauToAoyia.
B Av T un ikavonoinoipo, Tote T |= ¢ yia kabe n.T. Q!
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NapadeiypyaTta

O 'Eotw ouvoAo n.T. T = {p; V —pa, p1 A D2, p1 V p3}
[oiec ano TIC NapakaTw aAnbeguouyv;
T = —p1 — (p1 Ap2) T = (p2 V p3) = (p1 A p3)
T k= (p1 Ap2) = ps T k= (p1 V p2) = (-p1 = —ps)
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NapadeiypyaTta

0 T[lolec TQUTOAOYIKEC OUVENAYWYEC aAnBeuouV:
p=> W —o0)FEle=29Y) e W
(p=Y)2oEe—=@W—9) A

(=2 @W—oe)Fe—=>W—9) A
(=2 @Wop))Ele—=9)—2e A
12
y

(g =) = o E=(p— (¥ — )
o= (Y= ¢) E (e = (¥ — p))
~(p—= W= 9) EpA—p A
O [NapaTnpnoe€ic yia TAUTOAOYIKEC OUVENAYWYEC:

B un IKavonoinaigo |= oTidnnoTe
B oTIONNOTE |= TauToAoyia
B TauToAoyiad |= HOVO TauToAoyia
HE pOVO N IKavonoIinoiho |= avTigpaon

AlgkpiTa MadnuaTtika (Avoién 2011) >Toixeia MpoTtaoiakng Aoyikng 11




[d10TNTEC NOYIKWV 2ZUuVvOeopwV (I)

= PANg=qgAp
Avtipetabetikn
pvq=Eqgvp
= : pAl@Ar)=PAgnr
POCETOLPICTIKY
pvgvr=pvgvr
= , PA@VA=(PADY(PAT)
TUULEPIOTIKN
pvgnan=p@Evarpvr)
At apvnon — = p=p
AVTIKOTAGTOON
— g = —
GUVETOYMYNG pP—4="PV 4
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[d10TNTEC NoyikKWV Zuvdeouwv (II)

AmokAelopog pitov  [pv—p=A

AvtiBeToOVaGTPOPY, |p — g=—g — —p

Ecayoyn pPAg—F=p—(q—7)

De Morgan

—(pAgQ=—pV—q
—(pVvg =—pA—q

Apvnon ocvovenayoyns | —(p = g)=p A —q
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Napadeiyua

0 AnAonoinon nNpoTaciakou TUMNouU:

(e A=1p) V (= AY)) V (mp A )

(e A=)V (= AY)V (=0 A=)
(e A=)V (e A (P V1))

(o A=) V =

= (Vo)A (Y V —p)

=PV o

(1 A @)
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Napadeiyua

O ‘'YnonToc dnAwvel: «Aew TNV aAnBegia avv gigal evoxoc».
B [vwpifouphe OTI €iTE A€gl NAvTa aAnBela €iTe navTa YeUaTtd.

B Mnopoupe va anopavBoule av €ival evoxoc;

0 p = «Aeel aAnBeia»
g = «€ival EVOxXoc»
B AnAwon: p < q.
B [lpenel va aAnbeguel OTI:
p<(peq)

Plq|poqg popeoq
AlA|l A A
Al Y| V¥ Ng
YAl V¥ A
Y ¥ A ¥
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Napadeiyua

0 O koopoc XwpileTal 0 EUYEVEIC KAl UN-EUYEVEIC.

B Euyeveic: navra aAnBeia. Mn-guyeveic: navTta YeuaTtd.

0 Kanoioc OnAwVel:

«Av €ipgal euyevne, TOTe N oulUyOC UOU E£ival EUYEVNC».

B FEival euyevnc; H ouluyoc Tou;
O p = «avdpac euyevnc»
= «avOpac Aeel aAnbeia»
g = «ouluyoC EUYEVNC»
B AnAwon: p — q.
B [Ipenel va aAnbeuel oTI:
p<(p—q)

Pl q|p—>q peop—>9)
AlA| A A
AlVY| V¥ y
Y Al A p
Y ¥ A N
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NapadeiypyaTta

OO0 Eival ol dnNAWOEIC: «TO KAAO paynTo Ogv €ival @ONVO» Kal «To
PONVO paynTo dev eival KaAo» 1000UVANEC;
B Jooduvapia K —» =Q KAl ¢ > =K ;

O

«'O,11 dev ouveBN NoTe, €ival O,TI Oev NOBNOCAUE APKETA».

O

Eival To «autn n npoTaon €ival yeudnc» pad. npotaon;
B Mnopsi va eival aAnénc; Weudnc;
0 AciTe akoun:
B Liu, evoTnTa 1.8 (oeA. 33-40), aoknoeic 1.65-1.74.
O Mapadeiyuarta: 1.15,1.16, 1.17, ka1 1.18.
O Aoknoeic: 1.69-1.74.
B Rosen, evotntec 1.1, 1.2, kal (ev pepel) 1.3.
B FEpp, evotnrec 1.1, 1.2, kai 1.3.
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MaBnuaTikn AoyIikn

0 AVTIKEINEVO: BePeAimon TwV HaABNUATIKWV.
B [loTe pia npoTaon Ioxuel / jia anodeién €ival cwoTn;
B >nuacioAoyika: cupnepacua eNETal avaykaia ano unobeoelc.
O Evoilagepel aAAa dev eAeyxeTal (anodoTika).
B >UVTAKTIKG: oTav otnv anodeikTikn diadikacia epapuoloupne owaoTa
OUYKEKPIPMEVOUC KaVOVEC (OUVTAKTIKNG puaonc).
O Aiatunwon JE vonuoouvn — «dNXavioTIKOGC» eAEYXOC.

B ZnToupevo lcoduvapia: owoTEC «OUVTAKTIKA» anodei&eic
BepeAiwvouv (OAEC KAl HOVO TIC) «CNUACIOAOYIKA» OWOTEC NPOTACEIC.
O EykupotnTta - MAnpoTNnTa.
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>UVvTaKTIKN Mpoogyyion -
[TpoTaciakoc AoYIOUOC

O A&wuaTiko Zuotnua (oxl povadiko):
B ASl: o — (Y — )
B AS2: (o= (= x) = (=2 9) 2 (9= X))
B AZ3: (tp = ) = (b = 9) = )

. . P, o=
ANodEIKTIKOC kKavovac Modus Ponens:

Y

=eKIVOVTAC ano a&iwpata (N unoBeoelc, N TUMNIKA
BewpnuaTa), kKai HOVOo PE OUVTAKTIKN avTIKaTaoTaon
Kal MP, anod&ikvUOUME TUnika Bewpnuara.

B |- @ : @ eival TunNiko Bewpnua.

]

O

B T |- @ : @ anodeikVUETAlI TUNIKAG ano unoBeoeic T.
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0 — (¥ = @)
(o= W =x) = (e=9) = (= X))
(2 = =) = (0 = ¥) = @)

Tunikec Anodei&eic

0 Tunikn anodeiEn vyia |- @ —» @

1. (p>{(ep->)>0)> (0= (- @) > (p—@))
AZ2 pe (@, @), (@, @ > @), Kal (x, @)

2. o> {(@—>@)—>0) A2l pe (@, @), (¢, @ - @)
3. (¢p>(p—>@))—> (9> ) 1, 2, MP

4. ¢ > (@ > @) A2l pe (@, @), (Y, @)

5. ¢ 3, 4, MP
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0 — (¥ = @)
(o= W =x) = (e=9) = (= X))
(2 = =) = (0 = ¥) = @)

Tunikec Anodei&eic

O Tunmkn anodei&n via —@ |- (=@ —» @) —» w

1. (¢ > =) > (¢ > @) > y) A23 pe (@, W) kai (Y, @)
2. =@ > (= > —Q) A2l pe (@, —@) kal (Y, —y)
3. =@ YnoBeon

4, =Y —> =@ 2, 3, MP

5. (=Y > Q) >y 1,4, MP

B [lola ano Ta NapakdTw APOKUMNTOUV AMeoa ano agiwuarta;
" 0-0Q
B x> X-oX)
B o> (y->X)
B (0> ) {(¢—>y)—>—-0)
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0 — (¥ = @)
(o= W =x) = (e=9) = (= X))
(2 = =) = (0 = ¥) = @)

Tunikec Anodei&eic

0 Eival owotn Tunikn anodsiEn via @ |- (- - —y) - @

1. W YnoBeon
2 Y- (=p—-> y) A1 pe (@, w) Kal (Y, —)
3. Q> Y 2,1, MP
4. (0> Y)> (=@ —>-Y)—>@) A3 pe (@, @) Kal (y, —y)

B To Bnua 4 sivar Aadog!!!
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0 — (¥ = @)
(o= W =x) = (e=9) = (= X))
(2 = =) = (0 = ¥) = @)

Tunikec Anodei&eic

0 ZwoTn Tunikn anodsi&n via —y |- (=@ —» =) > @

1. —y YnoBeon
3. > W 2 1, MP
4. (=@ > ) = (=@ »> =@) > @) AZ3 pe (@, @) Kal (Y, —y)

B Me xpnon Tou |- ¢ - —— PNopoUpe va anodeiEoupe
Kal OTl Y | = (= —> —) —> @
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Tunikec Anodei&eic

O ©Oewpnua Anaywyng: TU{pltFyp S TEo —
O ©. AvmiBetoavaoTpopng: T'U{p} - - & T U{y} F —p

B Tunikn anodeién via |- ¢ > —@

O.Anay. ®.A
@ —= T &N @ = ene —p

O TNavoo |[-(p—>x)> (> KX->w) > (@—>w))..
B ... .apkeivdo{p-o>x, 0> (Xx—->w), o} |- .

1. o YnoBeon
2. © - (x - y) YnoBeon
3. x>y 2,1, MP
4, @ > X YnoBeon
5 x 4,1 MP
6. W 3,5, MP
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> UVTAKTIKN VS
>nuaacioAoyikn Mpooegyyion

ZnuaoioAoyikn MNpooeyyion zuvTtakTikn MNpooéyyion
— TauToAoyia: |= @ — TUNIKO Bewpnua: |- @
— TAQUTOA. cuvenaywyn T |= @ - anodei&n e unoBeoeic T |- @
— IKAvonoInaipo T -ouveneg T: FoTEFopua T F—p
— un Ikavonoinoipyo T — avTiQaTiko T: o T F pnon T F =
Vo T F @
— av T pn 1KavonoIinoipo, - av T avTiQpdTIKo,
TOTE T |= @, yia KGBE . TOTE T |- @, yIa KaBE .

O Eykupdtnra: VT, Yo, TFep=TEp
O OAnpotnta: VT, Vo, T =ep=TF
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