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1 Ewayoyn

H npotaoiaxi Aoyuxn emitoémnet ™) SLotimwon ol REAETN ETLXELQNUATWY TOV CPOQOUV TTETEQCL-
OUEVO aLOUG “AOYLROV” AVILXELUEVOYV, ONACOY CVIIXELUEVOV TTOU UTTOQOUV VO YOLQOXTNOLOO0UV
oo (A) N pevdn (V). ‘Ouwg mohd ovyvd YeLdLeTol VoL OLUTUTMOOVIE KL VO UENETIOOVE
TQOTACELS OMWS “VIAQYEL Vg PuOKOS aQlOUSS te v WdTTa . ..”7 N “»ndbe un-xevd ovvoho
xeL TV 16T . . .”" TOV AVAPEQOVTOL OF AITELQO CLOLOUG CVTILXELUEVOV IE TIUES SrapopeTinéc!
(o ovVRBWS oM TEQLOOGTEQES) amd A wou V.

TN moedderypa, otn YAWooo TS TEOTACLAXS AOYLXIE HTTOQOUNE VOL EX(PQACOVIE TNV TTQOTAOT
“ndBe oSS Tov ouvéhou S eivou eite dETOG €lTe TEQITTOS” WGVO av 10 S elval TETEQUOUEVO
odvolo. Avmj n medTaon Ba pmogovoe va yoagel ws A;cq(pi V ¢;), dmov 1o p; avuoToly el oV
noBnuotry TEToon “o apLBUGS ¢ elval dQTLOS” KoL TO g; OVTLOTOLYXEL 0TV NoBNUATIXY TEATOON
“0 apBde ¢ elvor meQLTTOS”. ‘OUmS IO VoL EXPEACOVUE TNV TEATOON ““®ABE PUOLRAGS 0RLOUAS Elval
elte dpTLOg €lTe TEQLTTOS” MOETEL VO RATOPUVYOVUE O TOOTAOLAXOVS TOTOVS e ATTELQO UEYEDOC.

H xarnyoonuatinyj Aoyixij (predicate logic W first order logic) mopéyer €va axetd yeviro
TAaoL0 OLOTUTTOOoNS ol PELETNG ETLXELONUATWV. X& OLooONTIXG EN(TEDO, 1) RATNYOQNUOTLXY AOYLXY|
umoet vo BewonBel ooy eTEXTOON TNS TOOTAOLOXNS MOy O “un-hoyird” avuxrelnevo (m.y.
aoLBpovs, ovvola, yoapiuoTa).

‘Onmg ®oL OTNV TEOTAOLAXY] AOYILXY, OL TUTOL TNG XRATNYOQNUOTIXNS Aoyuxng elvor “Aoywmd”
avtixetpeva, eltval dnhady eite aindeic elte Pevdels. ‘Ouwe ol ueTapAntés Toug elval “un-hoyird.”
OVTIXEUEVOL ROl OE CVTES UTTOQOVIE VO, EPAQUGTOVIE TOVS TOO0JEIXTES V %Ol I, OUVAQTIOELS, HOIL
raznyopnuota. "Etol pmwogoipe vo SLoTUmmOoUIE KOl VO UEAETHOOVUE WS TTEOS TNV EYARVQGTNTOL
TEOTAOELS 6TIWGS “%A0e PuOoriS aBNGS eivar dotog 1 meputtds”, Ve (even(z) V odd(z)), “o end-
UeVOS #dBe dQTov PuOLRoU aONOY gival Tteptttds”, Vz(even(z) — odd(suc(z))), “ro dBgotopa
dvo dotiwv eivan dptog”, VaVy((even(x) Aeven(y)) — even(z + 1)), “nd0e un-»evé ouvolo €xeL
TovhdyLotov éva otorxeio”, Ve (z # 0 — |z| > 1), xox.

Mo dAAN onuavTien duvatéTNTo TNS XOTNYOQNUOTIXIS AOYLXNG €lval ) (TUTTLXY) €XpQOION TOV
ovMoylopov g e€eidixevong: Av yvwitovpe Gt “udBe Pn-xeve ovvolo €XEL TOVAAYLOTOV Eval
otoyeio” ,Vr(z # 0 — |z| > 1), now 6m “10 S elvon éva un-»evo ovvoho™, S # B, ovumepaivovue
ot “10 S €xetL Tovhdyotov €va otoyelo” , |S| > 1.

! Kdvovtog »atdyonon 1ov Gomv 08 ®GmoLes TEQUTTHOELS, B0l AVOPEQSUOOTE OE OIVILKE(UEVO. TTOV TALOVOUV UIGVO TLUES
oaMBelog A now W pe 1ov 60 Aoyixd avtixeiueva woL O OVIIXEIUEVO TTOV TOLQVOUV OLOPOQETIXES / TTEQLOOGTEQES
TWES UE TOV OQO Un-Aoyixd aviixeieva.



2 Xuvraxtixzo Ilpotopadmas I'hodooag
H mowtofdbua yhdooo amoteheital ond:

1. Ta Aoyixd ovuPora mov givo:

(a) Ouhoywol ovvdeopol =, V, A, =, ¢ OV EQUNVEVOVTOLL OTIMS 0L OTHV TQOTAOLOXY AOYLX).

(b) Ouvmocodeintes V »ou 3. O mooodeintng V nmopel va BemonBel wg yevirevpuévn ouleven (e
dmeLQovg eVOEXOUEVMS GROVS) ®al 0 TooodeixTng I ws yevirevuévn dudlevsn (ue dmelpovg
gvdexouévmg 6povg). ILy. VrnQ(n) = A, Q(n) row InQ(n) =V, Q(n).

(c) H wdémra =, n omoio pmoel vo BewoenBel emiong (row ovolaotivd Aettovgyel) oov xotn-
yoonuotxd oupfolo.

(d) To onueia otiEng (m. . TOQEVOETELS, ROUNL).

Ta hoywd ovpfora €xouv v idta epunveia / idlo poho og Sheg mEwTORAONULES YADOOES.

2. To un-Aoyixd ovuPola mov giva:

(a) Ou petafintég, mov ovuPolriCovral ouviOws ue ,y, 2, . . . .

(b) Toa xownyoonuomxd ovpufoia / xornyoonuata, Ttov cupuforiCovran ouviibws ue P, Q, R, . ...
Ta xotnyoonuotind ovpola TeQLYQAPOVY OYéaeis Y 1dtdTnTES TWV OTOLYEIWV TOV ““oUUTmOL-
viog” / mediov opLonoy xow Exovv “Aoyixd” amotéheonc. “Eva xatnyoonuotind cupfolro
ue n oplopatae ovoudietal n-puehéc’.

(c) Ta ovvagmoraxd ouppohra / cuvaQToeLs, mov cupfoliCovion ovvnbws ue f,g,h,.... Ta
ouvoTolard ovppora meQLyedpovy meders petaly twv otolyelwv tov “ovumovtog” /
medlov 0QLoUOY o EXouV “un-Aoyixs” amotéheona. "Eva cuvomnoloxd oupforo pe m
optopata ovopdletar m-0€ato.

(d) Ouotabegég, mov ovpPoliCovral ouviBms Ue ¢, d, e, . . . . Ovolootxrd Tpdxretton Yo 0-0€oto
ouvoQINoLand cUpBola ov eV €X0UV 0OQIONATOL RO ETLOTQEPOUV TTAVTAL TNV (OLaL TLUT).

H eounveia / 0 g6Aog Twv un-hoyirdv cupfohwv xaBoieTon ams ™ cuyReXQIUEVT EQuNVEia

™me mowTofabuLas YAdoos.

2.1 Aopn Ilgotraoraxov Tuvmov otnv Ilgntofdduie I'Abdooa

"Evag dgog elvaun gite pua petafinm, eite pia otabed, ite 10 ATOTELECUO OS OUVAQTNONS OV
EQOOUOCETOL 0 MO HATOOREVAOUEVOVS Geovs. Ot Gpot elval “un-hoyird” aviteipeva, xol Oev
UITOQOVV Vo GUVIEOVTAL Pe AOYLROVS OUVIEGUOUE.

Ou dpot ovvdéovtan / oyxetiCovtal netaly toug eite pe rotnyognuotixd ovppolo eite pe v
woomra. To amotéheoua eivar ov aroutxol timor. Tvmixrd, €vog atouros TUOS amoTelelTOL ElTE
and §0 6POVE OV EAEYXOVTAL VIO LOOTNTA E(TE ANS . GQOVE EAEYYXOVIOL YLOL CUOYETLON PECW EVOS
n-uehovg ®oTnyoeuatos. Ou atopxol TomoL eival “Aoyind” avitxeipeva xo ovotaotind Talovy
TO (810 QOAO e TLS TQOTAOLOXES UETAPANTES.

O\ 1ot g TEWTORABILOS YADOOOS ROTAOREVALOVTIOL ETOAYWYLAA OTTG TOVUS ATOMKOVS TUTTOUS
elte eoUSlovtag ®kAmolov Tooodeixtn oe 10N vrdyovto timo eite ovvdvdloviag o vrdeyo-
VTES TUTTOVS e AOYLXOUS OLVIEonovs (Omwg otnv mpotaotoxy] Aoyirn). Ta faowmd hoyixd domuxd

2 Ta 0-pehj xonyoonuomind. oUpBoko AVILOTOLKOVY OTIC TEOTOCIUES PETAPANTES.



otouyela TV THmMV giva oL atopurol TomoL. O TUOL TS ROTNYOONUATIXS AOYLXIS elval “AoyLrd”
OVTIXEIREVQL.

Ou 6oL 7o oL THmoL 0QICovTaL ETAYWYIXA ROl ETOUEVIS NTOQOVUE VO EPOQUACOVUE (olBN-
UOTLXY] ETTOYOYH YLo VoL amodeiEouvpe Tig WOLGTTES Toug. Toyel n povadixi avayvaoudTTo Tmv
SowVv xat TV Tinwv. Kdbe dpog »al xdbe timog avalietal 0to devOQo-OLdyQaiud Tov.

"Evog uvnuovixds ®avevag yua. vo, QoUUE OV (Lo €XEOon TS TTowTtofdouas yhwooog elval
600g 1 TOTOg elval va dove TL amoTELEOUA WTOQEL vaL EYEL / Ty UmoQel vo mdgeL. Av To amoTéle-
ouo etvan “hoyirs” (mhadn A 1 ), tote mpodxertan yio Timo (av dev €xel ®aBGAoV TOCOdEHTES
%ol AOYLROUG GUVOEOUOVS, Elval RAMOTO ATOULRGS TUTTOS). AV TO OOTEAECUOL ElvaL “Un-hoyixd”,
TOTE TEORELTOL YLOL OQO.

T mapddevypna, to f1(f2(x, y), f1(x,y, 2), x), 6mov 10 f1 eivan 3-B€010 GLVOETOLOXG oVUPOLO
2OLTO fo ival 2-0€010 ouvapmolaxs ovuBoro, eival 6pog. To f1(fa2(z,y), fi(z,y, 2),z) = y elivan
arouxos Tomos. To Jy(f1(f2(z,y), f1(z,y, 2),x) = y) elvon TOmwog alhd Syt atopuxss. To

[Ely(f1(f2(x,y),f1(x,y,z),x) ~ y)] N [Vz(fl(f2(xay)vfl(xayaz)vx) ~ 37)]

elvou emiong tomog.

2.2 Elev0epes nor Asopevuéves Epgavioeis Merapintov

M petafinty epgaviCeton deouevuévy oe vdmolov Timo Gtav eumimrel 0to “medio epaouoyng”
#ATOLOV TOCOdE (%N %o eAevifepn diapopetind. T apdderyna, éotw o tinog Vo Q(z) — P(z).
H nmoot epgpdvion e petofinmic x elivow deougvpévn xouw n devtepn ehetBepn. Ovotootind
mEOrELTOL YL V0 LopoeTIHES ueTaPAntés. Metovopdloviag Ty mEdT, YOAQOUUE TOV TUTO
toodvvapa oav YyQ(y) — P(x).

Kd06e petafinmi mov epgaviCetal ehetbeon mpémel va. amotun0el yio va amogovioiue oye-
T®d ne v T aAndelog Tov timov. AviiBeTa, ol dEOUEVUEVES ENPAVIOELS TV UETAPANTWV dev
YOELATOVTOL QUTOTIUNOM, Aoy O TOCOJEXTNG TOV “OeOUeVEL” THV EUQPAVION TNS UETAPANTIG X
BopiCel v amotiunor te.

"Evog timog ovopdLeton modraon Stav GAeg oL eupavioels HETOPANTOV elvol deoUEVNEVES
(Onhadn dev €xer vaBohov ehevBepes netafANTeS). H muny alnbeiag wog modtaong dev eEaprdran
amd TV omoTiunon TV petapntav me (agov dev €xel eleBeQes neTABANTES) MG HOVO amtd TO
mhaiolo egunveiog g TEATOONS.

3 Eounveio »ar Amotipnon

Kdbe tomog g »ammyoonuatixic hoywiic (w.y. Vz(A(x) — B(z)), Yz(A(x) — B(f(z))),
Ve(g(z,c1) = f(r))) emdéyeton moldv gounveldv avdhoyo pe to Tedio 0QLONOU TWV UETOL-
PANTAOV, T onuaoio / AELTovQyio TV ROTNYOQNUOTIXDV XOL TWV GUVALQTNOLOXMY CUUPBOA®V, ®aBMDg
%O TS TUES TV otaBedv. Me dMa Adyia, ®dBe TUmog amoxtd SLopoQETIXG VAU avdloyo LE
™V eQUNVEID TWV UN-AOYIXDV oVUPBOAmV.

I va eEetdoovpe av évag Timog g mowTofdduag yAdooag elvol alndng 1 Yevdg moémel
ot oYV vo optoouvpe pia dopny (1 goumveia) n omoio ®xaBopilel T0 TAALOLO OTO OmOl0 €QUN-
VEVETOL O TUOS %Ol T1 AELTOVQYIOL TWV XOTNYOQNUATIRMDV Xl oUVAQTNoLoXdV ovpoimv. Tumind,



N eopunvelo xaBoiCel 1o “ovpmav”’ / medio 0pLOPoT TwV UETAPANTDOV, T OXEON TOV AVTLOTOLYEL OE
®dBe noTnyognuatiré cupufolro, T ouvdTnon Tov aviiotolel oe xdBe ouvvaTnoloxs ovupforo,
ROLL TIS TWES TV OTOOEQMV.

Q¢ mOQAdELYNa, OVOPEQOVIE THV YAMDOOO F?a ™me Oewpiog AgtBumdv. H F?a op(Cetan oTo
ovumay TV uotkdv aodudy IN, tegthaupdvel v otabepd 0, mov amotindral oto 0, To HovobEaio
oVvaETOL®S CUIBOAO ’, OV EQUNVETVETOL 1S N CUVAQTNON TTOV dIVEL TOV ETGUEVO RAOE PUOLROU
apbuov, M. =’ = z + 1, Ta dibgoro ovvapmolard oBuBoo B %ol ®, TOV EQUNVEVOVTOL UE TLS
TEAEELS TS TEACOHEONS HOL TOV TOMATAAOLOOUOU avTioToL o, ONh. DY = T+ Yy R T QY = T -y,
%0l T0 JLUELES ®OTNYOENUATIXG OVUPONO <, TOU €QUNVEVETOL e TNV OXEON “WxpdTEQD”, dNA. TO
x < y alnBeveL avv o puowos  elvol WxEAGTeQOS Tov puotkov Y. "Eva dlho mapddevypa elvan n
yAdooa Y7 me Oswpiag Suvéhmv. H T97 opiteton oe ovumay mov mepléyel oivola mg ototyeio
(7w.x. B pmogovoe vo givol To duvaRoovVoro evig dedougvou ouvilov), row eQLhaufdvel v
otafepd ), mov amoTudTal 0To %eEVE GUVOAO, %ot TO dueAéc romyoonuatind ovpforo C, mov
goUNVEVETOL UE TNV OYEoM “vtocuvoro”, . 10 £ C y aknBevel avv To ovvolo x elvor vVTOGUVOLO
TOV GUVOAOV Y.

Mo evilopggovoa eEA0XNON OTNV EXPQACTIXOTNTO TS TEWTORAOULAS YADOOHS agpod otV
“rwdromoimon” amhwv mpotdoemv g EMnvixig yYAwooog, agol mewto 00I00VUE TV ROTAAANAY
eounveio (M Bempnoovue o dedopévn epunvein).

Moegadetypara. H podon “oha ta Cda umwogouv va wljoovv’” yodpetot otny momtofddua yAdooo
oav Vz(Z(x) — M(z)) 6émov 1o Z(z), M(x) eivon povopehj xatnyoonuatind obufoio mov om-
Advouy avtiotouya 6t To = elvor Lo ®ow GTL To = umopet va. wkfoel. H gpodon “dev umogoiv dha
10, Codar vau hjoovy” yodpetow oav —[Vz(Z(x) — M (z))] = Fz(Z(x) A =M (z)).

H gpodon “o I'idpyog xat 0 Kidotag €xouv v (0o yLoryld ortd ) untépa Tous” YOAmETOL OOV

VeVyVuVw[(M (z,T') A M(y,z)) A (M (u, K) A M (w,u))) = w = y)]

omov M (z,y) duuehéc varnyoonuotizd ovufoho wov dhdvel 6t n z eivow untépa tov y, T eivou 1
otabepd “Tudpyos” »ouw K eivon n otabepd “Kdotag”. Av xonowomowjoovpe ) ovvdomon m(x)
OV EMOTEEPEL TN UNTEQQL TOV , M (Ol Podon umoel va amodobel amhovotepa: m(m(T)) ~
m(m(K)).

H @odon “dha tar wondid tov matépa, nov eivor adépmio Lov” YOApeTaL ooV

Va¥y(( (z, M) Al (z,y)) = Ay, M))

6mov to. dupuehj xoenyooruata I (z, y) won A(z,y) dAdvouy 6Tt 0 x elvou TATEQAS ®al ADEQPOS
Tov y aviiotouya, xou o M eivar otafepd mov dnAavel Tov ohovvia. Me xonon e ouvdeTnong
f(z) mov emotEEpeL Tov TOTEQQ TOV I, 1 (Bl podom Yodgetal amhovotepa Vi (f (M) ~ f(z) —
Az, M)).

“Eotw xommyoonuotixd ovppora A(x), mov dnidvel 6t 1o = elvon avtoxiviyro, G(x), mou
dMhadvel Gt to x elvou mdowvo, xow F(z), mov dnhdver Gt to z elvan yoriyopo. H gpodon “vrdoyouvv
mpdowva awtoxivita” yodgetow ooy Jz(A(z) A G(x)). H godon “1o mpdotva ovtoxivita eivol
yoryooa” yodgetan oav Vz ((A(x) AG(z)) — F(z)). Eniong o tirog YV ((A(z) A F(z)) — G(x))
MAddvel 6T “tor yoryopa avtoxivnto eivon modova” (We PAom T CUYXREXQLUEVY EQUNVELD TV
ROTNYOONUOTLRMDV GUUBOA®Y).



Aocxnon 1. Na anodbdoete Tig maQardtw POAoeLS 0Ty YAWooo e Osmpiag AQLOudv:

1. “O z elvan dpTog aEBRSs™.

2. “O x duoupet axgLpvs Tov y”.

3. “O z eivon mEWTOg 0ELBUSS”.

4, “Kdabe aolbuos €xel modto diowpét”.

5. “KdBe mpwrtog apBudg elvor eite mepLttog eite (oog ne 27.

6. “Av Vo aBuol eivou TEMTOL PETAEY TOUS Rl SLOLQOUV RATOLOV ALQLOUG, TATE RO TO YIVOUEVS
Toug OLoUQEL AVTOV T0 0ELORG™.

Avon. H mpdm godon: even(z) = Jy(z = 2 ® y), émov 2 = (0')".

H devteon podon: D(z,y) = Jz(y = z ® 2).

T v 1lTn odon, BuniCovpe GTL €vag oGS elvol TEMTOS av gival dLAPOQETIRAS 06 TO
0 »ow o 1 »ouw dev €xel AAAOVS OLOUQETES EXTOS G TOV €T Tou »ow T povdda. Emopévag,
prime(z) = = (z = 0) A=(z = ) AVyVz(z 2 y®2z — (2 y Ve =2)).

H tétapm godon: VzIy(D(y, z) A prime(y)).

H néum podon: Vz(prime(z) — (odd(z) V z ~ 2)), émov odd(z) = y(z ~ (2@ y) & 0'), xou
2=(0)".

I v €xtn @odon, BupniCovpe STl dvo apBuol elval TEMTOL HETAEY TOVS AV HOVOAOLRGS KOLVOS
dLapémng Toug eival to 1. Mmootue vo xonowomojoovie to xotnysonua D(z, y) mov exgodlel
OTL 0 = OLOUEEL AXQLB®OS TOV Yy %Ol VO, EXPEACOVUE OTL OL T %Ol Y Elval TOMTOL PETOEY TOVS:
R(z,y) =Vz((D(z,2) AN D(z,y)) = z = 0'). H éxt podon expodleton wg: VeVyVz((R(z,y) A
D(z,z) ND(y,z)) = D(z ®vy,2)). |

Aoxnon 2. Na amodnoete TS PoAoeLs “xndbe portnmg €xel MEQATEL TOVAAYLOTOV €va uddnuo”
%Al “VUIdQYEL oLTNTAS oL deV €xeL MEQAOEL ®aVEVA nddnua” oty mewtofddua yAwooa, agpou
00logTE TNV ROTAAANAY doun).

Avon. OemEove Eva CUUTALY (e TOVS POLTNTES %ot ToL pobrjuarta. Opilovpe xotnyoprjuoto S(z): o x
portis, C(z): 1o = pddnua, P(z,y): o z éxeL mepdoery. "Eyxovpe V(S(z) — Jy(C(y)AP(z,y)))
v —[Va(S(z) = Fy(Cly) A P(z,y)))] = 3z(S(z) AVy(Cly) = —P(z,y))). O

Aoxnon 3. No anoddoete TG POATELS “UOVEVOS LOVOIRAS TTOV Ttailel Eyyopdo dev malel mvev-
0t6” nou “UmAQYEL XATOLOG LOVOLRAS OV TALCEL £(TE TLAVO €(TE RATOLO TVEVOTS GEYAVO IOV OEV
eivou 7o 0aESPmvVo” oty TEWTORAOULL YADGOO, agpov opioete TV ®atdAAnin doun.

Avon. Ty mod pedon, opitovue to xatnyooruata M (x): o z povowrds, I1(z): to z Tvevotd
6pyavo, E(x): 10 z €yxo0do 6pyavo, xou Mailel(z,y): o z mailer y. "Exovue

Vz[(M(z) A Jy(E(y) AMolez, y))) — —32(I11(z) A Haileyr, 2))]
I ) devtepn poedon, opitovue emions Tig otabepés X yua 1o cagdgpmvo xat P yia o mdvo.

Jo3y[M (z) A aielz,y) A (y = PV (II(y) Ay # X))]



Aoxnon 4. Na anoddoete oty YAdooo Ths Oempiag AgBuwv T podon “yio ®de puoird aoLdud
n VAEYEL €vag AAOS (0T m) oL eivol O LOVOILHOS UEYLOTOS UETOED EXEIVV TTOV TO OUTAAOLG
Tovg Ogv EemeQvd ToV oy,

Avon. Xoerolopaote 1o dipuehéc nartnyoonuatixs oupforo x < y mov olnfeveL av xal pévo av o x
elvou wxpdTeog 1 toog Tov y. Exeidn n yYhdooa g Oswiog AgtBudv dmmg opitetal oto BLiio
dev €xel autd 10 JEANES raTYOENUOTIXG CUUBOMO, TO 0pilovie wg eENS:

r<y=zy=zd=2)

Eniong yio evxohia, opiCovue m otabepd 2 = (0')". O nrovuevog tomog eivon
Vnam[(2@m <n) AVE((2® k <n) — (k <m))]

O

Agov xobopioovpe ™ dourj A oto mhaiolo g omotag Ba egunvevdel §vag TUmog ¢, TEEMEL VoL
rofoploovpe TS TWES TV eAeUBEQWV UETARMTAOV (v VITAQYOUV) TTQORELUEVOL VOL ATTOPAVOOUNE
ov 0 Tmog eivo aAndng N Pevdng (Yol T CUYREXQLUEVN OUN XOL TIG OUYHEXRQLUUEVES TLUES TOV
ehevBepmv peTofAnTav). Mo ouvdemon v mov amodidel TWES oTig eheVBeQeS UETAPANTES VOS
Tomov ovopdieton amotiunon. Todgovue A |= ¢[v] av o Timog ¢ ainbever yia / iwavomoLe ol ot
™V amotiunon v oty gopnveio A.

T dedougvn doun A xal amotiunon v, 1 Ty aAqbeLos evog Timov g TowTtofdOuas ho-
yuis xaBopiCeton pe Pdon tov ogtopd ahibetag tov Tarski, o omolog aviiotou el (von emexTEIVEL
roTdMNAaL) Tovg Tivaxes alibelog me mpotaotoxis Aoywiis. O oglopds alnBetag tov Tarski ov-
oL0oTiRd 0QICeL 6T €vag Tomog elvan ainbric omv A yio amotiunon v avv To vonud Tov expodieL
ue. oMiBeto oty A.

Oowopds 1 (Oguopeg AMOerag Tarski). ‘Eotw dowrj A yia tyv mowrofdbuia yAdooa, ¢ timog,
xau v azotiunon oty A. H évvoia “o ¢ alnbever yia v v oty A”, ovuforixd A |= p[v], ooiCetau
avadpouixd ws e&is:

1 A (z = y)[v] aw o uetaflyrés © xarw y amotudvrar oto idio otowyeio Tov ovumaVTOg
(tvmixd, avv U(z) = U(y), 6mOV T ) ETEXTAON TS ¥V TOV TQOXRVATEL XATA TNV EPAQUOVI] TOV
0010U0Y).

2. A E Qz1,...,xq)[v] avww n mleidda mov mooxvmter and v amotiunon twv uetafinrov

X1y ..y Ty OVIXEL OTNY OYEON UE TRV OTOiQ egunvevovue To xatnydonua Q otnv dowj A (tv-

qund, avw (T(x1),...,0(xn)) € Q).

A |= —p[v] aww dev woyier i A |= plv).

A= (4 A X)) v (A = o] xan A F x[ol)

A= (v x)[o] aw (A = lo] 7 A = x[o)).

A= (¢ — x)[v] avy (drav A = v), tote A = x[v)).

A () o )] av (A = $lb] aw A = x[o))

A = Vzp[v] avw yia xdbe o € |A|, woyver out A |= Plv(z|a)] (dnh. avy yia xdbe ororyeio o

O NS AW

TOV OVUTAVTOG, 0 TUTOS P aAnbever otnv A av i eAevbeon uetafintij x amotyundel oto «).



9. A = Fzp[v] avy vadoyer o € |A| térowo dore A |= plv(z|a)] (dnyh. avv vadoyer otowyeio o
TOV OUUTIAVTOS TETOLO DOTE 0 TUTOS 1 aAnbever otnv A av n elevbeon uetafrnrij x amotyundel
010 Q).

Taatneovue 6t Tt medTa do onueion Tov 0ELOPOY xaBoEICovV TTdTE aAnBeveL Vag aToprOs
Timog, ta. onueia 3 - 7 “epaoudtovy”’ Tov mivoxa aAfBEL0S TOU AvIloToLXOU AOYLXOU CUVOECUOU
OTOV OVAOQOULXG 0QLOUG TWV TUTWY, XAl TO. oNueln 8 xal 9 ovolaotird 0Qillovv Tov Too0dE(XTY
Y wg yevirevuévn ovlevEn mdvw og OhoL TO. OTOLYEIDL TOV OUUTTOVTOS, ROl TOV TOC0delT) I wg
vevixevpévn dLdevEn mdvw og Gha T oToLyElo TOV CUNTAVTOC.

O Opioudg 1 pmopel va epapuootel eite pe top-down 196mo (To mo oUVNOLOUEVO RO PUOLO-
hoywd) elte (omavidtepa) pe bottom-up teomo. v top-down egaouoyij, n fooxn Wea eivor
VoL EQPULOUGCOVIE TOV 0QLOUG Prino-frinct PEXOL VoL RoToAREOVIE GE ULt TEOTOLON TNG EMNVIXNG -
uanuoTeng YAMooog (auTis Tov YONOLUOTOLEL O 0QLOMAS) YLt TNV OTOlC UTOQOVUE EVXOAAL VoL
AOPAVOOUUE TEXUNOLWUEVA RO TELOTIXA OTL O TUTOS lval ainbdijc N yevdijs.

Ztv bottom-up epoaouoyn, xabopiCovue ™ douy A xoL ol amoTipnon v yio Tig eletBeQeg
UETOPANTES TOV ¢, VToloyiCoupe T (UN-AOYIXES) TWES SAWV TV GRWV TOU ( RO €V OUVEYELD TLS
(hoy€g) TWES SAwV TOV OTOUXDV TOTTWV. ATO TIG AOYIKES TIES TWV ATOURMV TUTWV UTOQOUIE
VoL VTOAOYIOOURE TNV TL] OAROELAS TOV TUTOU YONOLUOTTOLOVTAS TIS LOLOTNTES TV AOYIHAIV OUVOE-
OuwV, 6TWS 0TV TEOTACLOXY Aoywry. e avti TV megimtwon, Oewpovne Tov mooodeint V oav
YEVIXEVUEVY OVLEVEN %o TOV Tooodeintn 3 oav yevirevpuévn didleven.

H tiuq ahiBelag wog modraons eEaptdral uévo omd v doun ue fdon v omoia epunveve-
tou (emedn n meotaon dev €xel eheBepeg puetafintés). Emopévag, apot xabopioovue ™ doun,
UITOQOUNE VoL aopovBovpe v o TEotaon eivol aAndng 1 Yevdng (otn ovyxexouuévn dour|) ne
pdon tov Opopd 1. Aéue 6t pa douwnj A elvan uovrédo wog modtaong ¢, »ou yodgovue A = ¢,
av n @ alnbevel omy A.

T eEdoxnom, ag doxudoovne »ot ANV VoL VTOAOYICOVIE TNV TLUY] AABELAS EVAS TOTTOL Yol
dedopévn epunvelo zow amotipunon (4 wog meotaons yuo dedouévn eounveia).

Aogxnon 5. "Eotw A n doun tov axegaiwv aolbudy ue ™ otabed 0, TLS CUVAQTHOELS TOV ETGIEVOU
', g mpdoBeong @, Tov TOAMUTAACIAONOU ® (GTwg TIg YVwECovue) xaL To duehés xoTnydonuo
z < y mov oAnOevEL avV TO = gival IxEOTEQOD 1j (00 Tov y. Na eEetdoete av alnbevel o THmog

(21 @21 @21)® (1 ®x2) < (21 Qx1) ® (21 1) & (71 ® T2)
v v azotipnon v(x1) = —1 xow v(z2) = 2. Enlong va e€etdoete av alnbevel 1 mpodtoon
Yz Vza[(z1 <2) = (71 @21 @ 21) ® (21 @ 22) < (21 @ 21) ® (21 @ 1) ® (T1 ® 22))]
omov 2 = 0", naw 1 TpdTaon
Vrodr[(z1 @21 Q21) ® (21 ®x2) < (21 ®71) @ (71 @ 1) & (71 ® 72)]

Avon. T Tov mEdTO THI0, VIoAoyCovue TS TES Twv 6wV (71 ® 71 ® x1) & (11 ® x2) ®ou
(11 ®@ 1) & (1 @ 71) ® (z1 ® m2) Yoo ™) OvVY®EXQUUEVN omotiunon. Ou Tuég eivalr —3 won 0
avtiotoya. O Timog aknBever agot —3 < 0.



T g do mpotdoels, opilovpe (xdow cuvtouiog) T ovvatioes fi(z1,z2) = (21 @ 1 ®
z1) B (1 ® x2) »ou fo(z1,22) = (1 @ x1) & (1 @ 1) & (21 @ z2). ) cLUVRON Yoy, Elvan
fi(z1, ) = 23 + T129 WO fo(T1, T2) = 222 + z172. TTogonEoOvpe GTL

xi’ + 120 < 237% + iz 21 <2

Anhodn, yioo #aBe T @ YLl TO T2, VIAQYEL RATOLOL T 1 Yol T0 1 (). @1 = 2, pdoto
OTO GUYXEXQLUEVO TALQADELYUC VTN 1 TLUN elvol aveEAQTNT) TS TWWNS TOV Z2) YO TIS OTOlES
(1 @01 @ap) @ (a1 ®an) < (1 @ 1) ® (g @ ay) @ (a1 @ a).

Apa xow ot dvo mpotdoels aknbevouv otn doun| TV axeQaimwv ApLBUWY GITWS TV 0QICOE.

Mmogotue va emalnbevoovpe Gt N Televtaio tpdtaon elvon akndng oty dowy A epaousto-
VTog ToV 0pLouS alBetag Tov Tarski pe top-down todmo (deite Gt OTLS TEONYOVUEVES TEQLTTHOELS,
N €QAQUOYN TOV 0QLoROV 1jtav bottom-up). "Eotw v o avboigeta emAeynévn amotiunon omy A.
Ioyvel 61

A= Voo 3z (fi(z1, 22) < fa(z1,22))[V]

ovv yLoL ABe ax€Qouo aQLBUsd arp LoyveL OTL
Al Jzi(fi(z1, 02) < folz1, a2))

ovV YLoL ABe axEQOLO aLBUS arg VITAQEYEL AREQALOS ALOUOS (v DOTE Vol LoYVEL OTL
A= filar, a2) < fa(ar, az)

Modypatt Lo xdBe anéoato aQLOUS ap oYeL 6TL af + o < 202 + ajaz av SiohéSovue oav
a1 €VOV OTOLOONTTOTE aXEQOLO QRLBUG WxEGTEQO M (00 TOUL 2. ad

4 Izavomowmowpotnra 2ot Eyzveotnra

OL €vVOLES TNG LXOVOTTONOLUOTNTOS AL TNG EYXUQGTNTAS OTNV ROTNYOQNUATIXY Aoyixt] ogiCovton
TOQOUOLO. UE TLS AVTIOTOLYES €VVOlES OtV meotaoloxy] Aoywn. H névn duagopd eival 61l oty
RATIYOONUOTLXY AOYLRY] EUTAERETOL %ol M €vvola TS douns / epunvelag exTog amd Ty Evvold TG
QITOTLUNONG.

Oa Aéue 6t wo amotipnon v o wor dedouévn doun A weavomorel €vov TOHmO © avv O ¢
ainBevel yia m v omv A. Zvpfolrd yodgovue A E p[v]. H v wavomoel éva ovvolo tommv
T omv A avv woavomotei 6ha ta otoryeia tov T'. "Evo. odvoho timwv T elvow ieavomoujoiuo ov
vrdeyer doun A xauw amotiunon v oy A mtov txavomrolovv to 1.

Av 10 p elvan mpdtaon (1 to 1" eivon €val 0GVOLO TTEOTATEWV), 1| IXALVOTTOLNOLUGTITOL TOV ¢ (TOV
T avtiotoya) eEaptdran pévo and ) douy A. Ze avty ™y mepimtmon yodgpouvue A = ¢.

“Evag timog ¢ eivan (hoywd) éyxvoos M Aoyixd alnbrjc av troavomoteiton omd ®d0e dopn A xow
%A0e amotiunon v oy A. Mia Tedtaom ¢ elval Aoyird €yruon oV LXOVOTTOLE(TAL At ®ABe dour
A. Ou €yxvQol THTTOL OVTLOTOLYOUV OTLS TOWTOAOYIES TG TQOTOOLOXNS AOYLRNG, OOy EXPOALOVV
TEOTACELS IOV elval aAnBeic aveEdTTa amS TN ouYREXQLUEVY dOUT] XOLL OTTOTIUNOM.



AV avTIXATAOTHOOVUE Tl LEQN WOS TOWTOAOYIOS (0T YAMOOO TS TQOTOOLARNG AOYIXNG) UE
TUmovg TS TEwTofdOuas YAwooag, To arotéheona eival évag Aoywd €yrvpog timog. o mapd-
dewyua, o Timog

VeIy(Q(z,y) A P(z,y,2)) = [VeVyVzP(z,y, z) — YxIy(Q(z,y) A P(z,y,2))]

glvail hoyird €yxv00g emeldr] TEOXUITEL Ot TV TowTohOYiO ¢ — (1) — ) avTraBLoTOVTOS GTTOU
¢ 1o Vz3y(Q(z,y) A P(x,y, z)) »ow 6mov 9 to VeVyVzP(z,y, z).

“Evo. obvoho timwv T ovverdyetar Aoyixd €vay timo o av xd0e donrj A »al amotipnon v oty
A mov wavortotel 1o T' twavortoLel xo to . Zuppolxd yodpovue T = ¢. H évvola g hoyirng
OUVETOYWYNS elvor avtiotolyn He TV €Vvola TNS TAVTOMOYLRNG OUVETTOYWYNS. XONOLUOTOLMOVIOS
a6 To GUUBOMONG, Yodgouue ) = ¢ yio vo dnhdoovpe 6Tl 0 ¢ eival hoyind §yxvpog. ‘Omws %ot
omv mpotaotaxyj Aoy, wyver 6t T = ¢ avv T'U {—p} dev eivoun teavorounjoLpo.

Yrdyovv U0 PaoinéS NOQPES OLORNOEMV OYETIRES e OWTES TIS €VVOLeS: (a) va amodelEovpe
ot €vag Timog elvan hoywrd €yrvpog xou (f) va dratvrdoovue piot doun mov avomoLel 1j dev 1xo-
vomotel €évav dedopévo timo / mpdtaon. H modtn xatnyopio aoxioewv AIVETOL ETE TAQATNQWOVTAS
OTL 0 TOTOS TQORVITEL ALTTS PLOL TOVTOAOYIOL TG TEOTAOLAXNE AOYIRNG LE XATAMNAN OVTIROTAOTAON
elte epapuolovrag Tov 0plons aindelog tov Tarski yio cvBoipeto emAEYUEVY EQUNVETDL ROl OTTOTI-
unon. Lo ) devtepn noTnyoQic AorCEWY, TEOOTAOOVUE VA, AVTIANPOOUIE TO OVOLOOTIXG VONUAL /
Pooxn 1ot oV EXPEALEL O TUTOS (7). AodidoVTds ToV oTal EMVIXA YLt RATTOLES OVVNOLOUE-
veg dopég). O timog ainBevet Yo TLg SOUES TOV LROVOTTOLOUV T TV LLGTNTOL ®aL OV ahnBevEL
YLOL TLG VTTGAOLTTES.

Aoxnon 6. No amodeiEete 6tL o tomog (V- — —1p) — (¢ — Jzg) elvan hoyird €yxvoog.

Avon. O 1imog mpoxvmtel and Vv Tavtoloyia (a — b) — (=b — —a) avuxablotdvias 6Tov a to
Yz wouw 6mov b to —1p, xou xonopomoldvrag 6t ~Izep = Vr—p (VOpog dovnong moCodERTOV)
%Ol TO VORO ™S duThic dovnong. O

Aoxnon 7. No amodeiEete 6L o tomog YV (p(z) < Jy(z =y A ¢(y))) eivow Moyird €yxvoc.

Avon. "Eotw avbaipeto emheynévn douri A »ow avbaipeta emheyuévn amotiunon v omyv A. Egoo-
uoCovtog Tov 0gLoud aliberag tov Tarski €xovue:

(A EVa(p(r) < Jy(z =y Ap(y)))[v]) avv
(v %dBe a0 € |A| woyier A E (p(a) > Jy(a =y A p(y))))
Va € |A], [AE ¢(a) avw (38 € |A]: A |E (a = B) »a A |E o(B))] avv
)

avv

Av A = p(a), t6te Btovue S = a nou §xovpe A = a =  ro A = ¢(8). Av A - ¢(a), 16te
dev vrdyetL B yua o omoio va oyvet towtdypova A = a = B xa A |= ¢(8). Eropévag, o timog
elval hoyd €yrvQog. O

Aoxnon 8. Na amodeiEete 6t o tmog Jz(P(z) — Q(x)) — (VoP(z) — JzQ(z)) elvon hoywrd
€Yy1VQO0C.



Avon. Agrel va deiovpe 6t yiow xdbe douq A, xdbe amotiunon v omv A mov 1ravomolel v
Jz(P(z) — Q(x)) wavomoel xaw v (VzP(z) — JzQ(z)). Me dha Adywa, 6tav alnbever 1 (1),
alnBever xouw n (2).

A Jz(P(z) = Q(z)) (1)

A= (VzP(z) — JzQ(x)) (2)

Me Bdon tov opiopud alibetag tov Tarski, ) (1) aAnBever avv vrdoyer a € | A| tétolo dote
A E P(a) —» Q(a). Me Bdon tov oguopé alibetog tov Tarski, n (2) alnbevel avv dtav A =
VzP(z), téte A = JzQ(x).

"Eotw Mowntév 6t vrdoyer o € | Al tétowo dote A = Pa) = Q(a) waw 6 A = Ve P(z).
[Mpémel va deiEovpe 6t A = JzQ(z). Enedii A = VzP(z), wydel 6 A = P(a). Aga agot
A E P(a) = Q(«a), wytel 6t A = Q(ar). Anhadij yia T ovyxexouévn g « € |A|, A = Q(«)].
Emopévas woyver A = JzQ(x). 0

T Tov delteQo TUMO AoHNOEWY, TEEMEL VAL ETONUAVOUPE OTL 1] gounveia xaBopilel av Evag
Tomog elvon adnOng M oyt T wopdderypa, N mpdtaon VzIy(y < x) aknbever 0tovs axépalovg
aoBpove, alld dev aknBevel otovg uotovs apLBuovs Yot to 0 elval o PrEATEQOS PUOLHAS
0LOuos.

Aoxnon 9. Na Poelte wa doun mov travomolel xoL uoe dopry wov OeV AVOTOLED TV TEATOON
VavVyVz((P(z,y) A Qy, 2)) = Q(z, 2)).

Avon. H dedouévn mpdtaomn BupiCer apnetd v petapotixn wdmra. Iodynatt, n mpdtaon txovo-
mole o av Bewenoovpe pLot BNty doun (.. puotrol, axéatot, ontol aLBuol) 6ov To roT-
véonua P(z,y) expodlel 6TLTo & elvol juxGTeQo 1 (00 TOL Y %ot To ®ornyoonua Q(z, y) exgodlet
6T t0 T eivon ureoTteo Tov y. H modtaon yodgetaw oav VeVyVz((z <y Ay < z) = = < z) »ou
ainBevel yua 6Aeg TLg aoLBUNTIRES dONES.

H modtaom dev wavomoteiton av to xatydonua. P(z, y) alnBeiel avy to x gival iuxdétepo i
{00 ToV Y %o To raTnyoenue Q(x, y) aknbevel avy to x eivan peyoliteo 1 (oo tov y. H mpdtaon
yodgeton oav VeVyVz((z <y Ay > z) — x > z), »ol dev alnBevel o zopio aounuxri doun
(. 2 <4AN4>3ald 2 2 3). |

Aoxnon 10. No Poeite wo doun mov KAVOTTOLED XAl ULe, doUr] TOU SEV LXAVOTTOLEL TNV TOATOON
VaVy(P(z,y) V P(y, T)).

Avon. H mpdtaon ainbevel oe omoradnmote aptbuntixy dopn (.. guotrol, aréQaol, onrol aLb-
uoi) émov to ramyoonue. P(z,y) expodler 6t 1o = glivow wxdtego 1 (oo tov y. H medtaon
amoutel yio ®dbe dvo agBpoic z,y eite x < y elte y < .

H mopdtaon dev iwavomoleitan dtav to xomydonua P(z,y) expodler 6t x < y. Téte dev
LoyveL .y, on 2 < 2V 2 < 2. Entong n mpdtoon dev 1xavomoleltol oty dopy] Twv avOQmmmy
Gtav o rornyoonuo Pz, y) expodlel 6t o z elvon mpdyovog tov y. O AGyos elvor 6t vdoyouvy
dvBpwmol mov dev oYETICOVTOL e OYEON TEOYSVOL - ATOYGVOU. ad

Aoxnon 11. No yodyete pio wpdtaon g momtofdOuas YAMOOUS TOU LXOVOTIOLETOL OV KOl UWGVO
av 1 doun) IOV YONOLUOTOLELTAL YLt TNV €QUNVELD TNS €YEL TOVAdLOTOV dV0 OTOoLyEld.
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Avon. Avo tétoleg mpotdoels eivon JxIy(x % y) wouw VaIy(x % y). a

Aoxnon 12. Na dei€ete 6t dev elvan hoyrd €yrvpog o tomog VrIyQ(x,y) — IyVzQ(x,y) me-
plypdpovtag wo eounveia mg yAwooag e Oeswpiag AQLBUMY IOV VAL PNV TOV LXOVOTTOLEL.

Avon. Egunvevovue to ramydonua Q(z,y) cav z < y. H vnéBeon expodlel 10 yeyoves 6ty
200e QuorS aELBUS T VIAQYEL PUOLROS OLOUGS ¥ UeYOAUiTEQOS Tov. AVTO elvow alnBeta ().
umopovue vo Béoovue y = = + 1). AvtiBeta dev vtdEyEL RATOLOS PUOLRGS OELOUGS Y OV VO ElvoLL
UeYOMITEQOS até GAoVS dMovs. Zuvendg o timos VoeAyQ(z,y) — yVzQ(z,y) dev elvon hoyird
EY®VQOS OOV JEV LOYVEL VIO TY) CUYXEXQLUEVY) EQUNVETCL ad

Aoxnon 13. "Eoctw mpwtofdOua YADooo mov megLéyel €va dLeAeS natnyoonuotiké ovuporo P
%ol €va opporo otabepds ¢. No meplyQdPete (Lol EQUNVELD TTOV Vo LKOvoTToLEL ®a TLS d¥o TEOTA-
oelg zIy(P(z,c) A P(c,y)) »ouw Vo (P(z,c) — Jy(P(z,y) A P(y,c))).

Avon. M doun Tov LxovortoLel xat Tig do mEoTdoels elival ov onroi aplbuol, ue to P(z,y) va
gQUNVEVETOL OOV T < Yy %ol 1] otaBeQd ¢ va elval omotoodmote oNtog auds (my. ¢ =0). O

5 Kavovizi [Hooodeixtinny Moogn

Kdbe timog g mowrtofdOmas YADOOOS WUmwoQel LoodUvaumo  vo  YOOEl OTH  poQpn
Q171Q2%2 . .. Qurne(T1, T2, ..., Ty) 6mov 10 Q; € {V,3} dMhdver mooodeixtn, 10 ; IMADVEL
ueTapINT, not 10 (1, %9, ..., Ty) EIVOL TUTOS TS TEWTORAONLOS YADOOoAS Grov dev eppavi-
Covton mooodeintes (avolrTdg THOS). Auti 11 HoEpY OVOUALETOL 2avovixt] TOG00eIXTIXY UOQQT].
AmodewvieTtal 6T Yo, ®dBe TUo TS TEWTOPAOULOS YADOoOS, VITdE)EL AoYLXd, LGOdVVAIOS TUTTOS
O€ RAVOVIXY TOGOOELRTINY) LOQY].

AQETEC POQECS YOELALETOL VAL VTTOAOYIGOUE TV ROVOVIRY TTOGOJELRTLXY LOQPY] EVOS TUTOV. €
TETOLES TEQLITWOELS, YONOLUOTOLOVUE TOVS VOUOUS dQOVNONS TTOOOELXTMDV, TOVS VOIOUS KATOVOUNS
TOCOJELXTMV, KOL TOVS VOUOUS UETARIVIONG TOCOJELKTMV.

Ou véuot dvnong mocodertdv 0pitovy ot “Vap = Iz wow 6 ~Ixrp = V- (ne amhd
AGyLO, M dEvnon tov mocodeintn “yio #dBe” elvor 0 TOCOdERTNG “VIAQYEL”, RO 1] AQVNON TOV
mooodeintn “vrdeyel” elvar o mooodelxtng “yio ®dbe”). Av BewEnoovue TOV TOCOdEXTN “yliol
%d0e” wg yevixevpuévn GUCEVEN %o TOV TOo0dEXT “UTtdQyEL” wg YEVIrEVUEVN SLALeVEN, oL vApoL
dEVNONG TOCOOELXTMV UTOQOVV VoL BewENBoUV ™S YEVIREVUEVT Lot TV véuwv de Morgan.

OL vépoL ®atavopis TooodELXTOV 0QICoVV GTL 0 TOo0JElXTS “YLoL AOE” KATOVAUETOL OTNV
0UCeVEN (g yevirevpuévn oUCeVEN) %o 6TL 0 TOCO0dE(RTNG “VTTAQYEL” ROTOVEUETAL OTNY JLACEVEN
(wg yevirevpuévn dtdleven). Tvmnd, Yz (p(z) Ap(x)) = Vap(x) AVzp(x), won Iz(p(z) Vip(z)) =
Azp(x) V Ixeh(x).

Ou vépou petoxivnong mooodelxtdv, 0piovy Tt ovppaivel GtV €vog TOCOJEMTNG UETARLVEL-
Tou (oS TV VITGOEON M TO CUUTEQOONC WLOG CUVETAYWYNS) EXTOS TG ouvemaywyns. Etol av
ueta Nt z dev epngpaviCetal elevbepn otov TUmo @, TOTE:

Vap(z) = ¢ = Jz(P(z) = @) Jzip(z) = ¢ = Vz(Y(z) = )
p = Yoy(z) = Va(p — p(z)) ¢ — Jry(z) = (e — P(z))
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Q¢ UVNUOVIRGS ROVEVAS YLOL TOUS VOUOUS UETOXIVIONG TOCOJELXTMV, 0 TOC0deixTNG aAAAleL amd
Y oe 3 »ow aviiotpoga dtav ayxd epapudletal oty vadbeon (m.y. Vo (x) — ¢ = Jz((z) —
©) ). AVtiBeTaL 0 TOOOJEIRTNG TOQAUEVEL OUETAPANTOS GTOV 0QYLRA EPAQUATETAL OTO CUUTTEQOUONCL
(x. o = Voy(z) = V(e — p(z))).

TN vo epapuéoovpe Tovg VOROUS PETOXIVINIONS TOCOJERTWV, 1] TOCOJEELYUEVY UETAPANTY
dev mpgmelL va epgaviCetol eleviBeon® otov voTimo otov omolo apyrd Sev epaEUStETaL O mO-
000ging (aTdg elvor 0 VTOTHTOS ¥ otV daTimmwon Twv vouwv). Evéow dev 1oyver xdm t€tolo,
ueTovoudovpe TG deOUEVUEVES UETAPANTES YONOLUOTOLDOVTOS GUUBOAL TOU OEV EPPOVICOVTOL OTOV
Timo uéyol exelvn ™ onyw]. ‘Otav ohoxAnowOel avti 1 dLodiraoic, NTOQOUNE ATTQGOAOTTO. VO
EPOOUOCOVUE TOVS VOIOUS UETOXIVIIONG TTOCOOELXTHV.

lNo mopddetyua, av B€hovpe vo VTOMOYIOOUUE TNV ROVOVIXY] TOCOJEIXTIXY] NOQYPN TOU
Yy(S(z,y) A (P(x) — VzQ(z))) nerovoudlovue ™ deougvuévn epgpdvion g z oto Q(z) oe
z. To amotéheopa eivon Vy(S(z,y) A (P(z) = VzQ(z))). H navovizy mocodetxtiny wo@rj eivol:

Vyvz(S(z,y) A (P(z) = Q(2)))

"Eotw o timog (VzQ(z) — Ve P(x)) — VzQ(x). Ou 10e1g dLapoQeTineS OEOUEVUEVES EMPOVI-
OELS TNS UETAPANTIG & OVTLOTOLYOUV OUOLOOTIXG O TQELS OLOLPOQETIRES JEOUEVUEVES NETOPANTES
emeldn xdbe enpdvion deouevetor amd dagoeTind mooodeixty. I'ia vo foolie v xovouuxy
Too0deWwTINY] oY, netaoynuatiCovpe tov tomo o (VzQ(z) — YyP(y)) — VzQ(z) petovoud-
Covtag Tig Vo TeheVTAlES OEOUEVUEVES EMPAVIOELS TS UETOPINTIS = OF y %ol z avtiotowyo. H
ROAVOVLXY] TTOOOOELXTIXY] LOQMY] TTQOXVITTEL EVXOACL KOl ELVOLL:

Vz3yvz((Q(xz) — P(y)) — Q(z))

Meouxd axoun mopadelyuoto:

VeP(z) — JzQ(z) =VzP(z) — 32Q(2) = JzI2(P(z) — Q(2))

Vz[(Q(z) AVyP(z,y)) = 3zL(z, 2)] = Vz[Vy(Q(z) A P(z,y)) — JzL(x, 2)]
=Vzy[(Q(x) A P(z,y)) — IzL(z, 2)]
=Vzy3z[(Q(z) A P(z,y)) — L(z, 2)]

Vz[Q(z) = Vy(z = y A Q(y))] = Vavy[Q(z) — (z = y A Qy))]

3 “Eoto 6t BEMOVLIE VoL EQAQIGCOVIE TOV OVTIOTOLXO VOO Petomivijong mooodewtdv oto P(x) — VzQ(x). H epgd-
vion g = oto P(x) eivon eheviBepn xou oto Q(x) deougvudvn. Av epooudooupe o vopo omevbeiag, Ba wdoovue
Vz(P(x) — Q(z)) omov dev vmdoyouv ehevBepec uetofintés. O mpdtog timoe eixe wio eEhevBeon uetafint,
evdd o devtepog eivar medtaon. Elvar govepd dtt ov dvo timol dev elval ®ot avdyxn wwodvvauor. H toodvvaun
uoo@n moorvntel avtvodlotdviag 1o Ve Q(x) ne YyQ(y) »xou uetaxivdvrog tov tooodeixm). To omotéheoua. givon
Vy(P(z) = Q(y)). Iopompeeiote 6t n T eEarolovdel vo mogouéver eEAeBeEn 0 owTd Tov THMO.
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Vz(P(z) — S(z,y)) = (AyP(y) = 32S(y,2)) =V (P(x) = S(z,y)) —» (QwP(w) — 32S(y, 2))
=Vz(P(z) — S(z,y)) = YwIz(P(w) — S(y, 2))
= JoVw3z[(P(z) — S(z,y)) = (P(w) = S(y,2))]

VeP(z) — Vy(S(z,y) — ~(V2Q(y, 2)) =VzP(z) — Vy(S(w,y) = F2-Q(y, 2))
=VzP(z) — Yy3z(S(w,y) = —Q(y, 2))
= JxVy3z[P(z) — (S(w,y) = —Q(y, 2))]

Aoxnon 14. Na deiEete 611 M ®ovoviry TOCOOEWMTIRY HOQPY €VES THmOUV Ogv elval povoduxn.
YnodeEn: E€etdote tov timo Vo P(z) — YyQ(y).

Avon. O timog Ve P(x) — YyQ(y) nmoQel .00dUvaua Vo, YOOPED 08 RAVOVIXY] TTOCOOELXTIAY HOQYN
ue dvo toomovs: Vydz(P(x) — Q(y)) »ou JxVy(P(z) — Q(y)). Aga 1 %AVOVIXY] TOCOSELXTIAN
oY €VAS TUmOU OeV elvol rovodiry. a

Aoxnon 15 (Teitog Nopog Meraxiviong Ilocodeixtdv). No arodeiEete 6 o timog (Vo (z) —
@) < Jz(P(x) = p), dmov N ueTaInT = dev epgpaviCeTal eEAe¥BeQEN 0TO @, elvor Aoyind §yxvQOcg.

Avon. T avBaipeto emAeypévn dopn A xou amotipnon v omv A moémet va detEovue 6t ot (3)
»ou (4) elvan looduvapeg dtav 1 netofinmy z dev eugpaviCeTon ehevBepn oto :

A= (Vo (z) = 9)[v] )
A= Fz(¢(z) = 9)[v] 4)

Oa delEovpe mpwta 6L M (3) ovvermdyeton Aoywd TV (4). Me fdon tov oglond alfelog Tov
Tarski, n (3) aAnBever avv
av A E Vzi)(x)[v], 161 A = ¢[v]

"Eotw A |= Vzip(x)[v], nhady yua »dbe a € |A|, to 9 (a) aknBever omv A. Téte ahnBever
%L 10 p[v] aveEdomro amd My amotiunon ™S neTafANmic , apov n z dev eppavieton eheibeon
oto . Erouévag, woyder n (4) yuotl n ovvemaywyr €xel ahnbéc ovumépaona. Av A B Ve (x)[v],
vrdoyel @ € | A| yuo to omoio 1o () dev alnBevel oty A. Aga, toyveL n (4) yiati vidoyet Eva
oToLYE(0 TOV OVUTOVTOG, YLC, TO 0TTOto OeV aAnBevEL 1) VITGOEO TNG CUVETOLYWYNS.

ITpémer va delEovue »ow o avtiotpoo, dMhady| 6t n (4) ovvendyeton Ty (3). Me Pfdon tov
oplopd aiBetag Tov Tarski, n (4) adnBevel avvy

av vrdeyet a € |A| tétowo dote (av A | (a), 1618 A = )

Avvmdgyer a € |A| tétoro dote A = (), 1o p aveEdomrta and my amotiunon g uetafAnmis =,
oo N x dev epgpaviteTon ehevBeon oto . Emouévmg toyxvet 1 (3) yroti n ovvemoywyn €xel olnO€g
ovumépaoua. Av yo xdfe o € |A|, A K (), n (3) woydel yati 1 vrdbeon g ouVETOYOYTS
(OMA. 0 vrotomog Vi) (x)) elvon Yevdijs. a
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