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Texvikec AnodEIENC

O

E€avTANTIKN pHEBOOOC: NeEnEpPACUEVOC aplOUOC NEPINTWOEWY.

O

Anodel&n yvia p — q:
B FEuBcwc: aiTioAoyoups OTI oupneEpaocpa q Eneral ano unobeon p.
B AvTiBeToavaoTpo®n: aiTioAoyoUuE OTI N apvnon Tn¢ unobeonc (—=p)
EMNETAl ANO TNV ApvNon ToU CUUNEPAOHATOC (—q).
O IdiotThtap > gq=—-g— —p
O T.x. av n2 aptiog, TOTE n APTIOC.
B Anaywyn oc atono: YNnoBeToupe 0TI =(p > q) = p A —=q
Kal aiTioAoyoUpe avTigaaon.
O M.x. To V2 eival appnroc (MuBayopac).
O Ma6nuaTikn Enaywyn.
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Anoodeiéeic 'Ynapénc

O KaTtaokeuaoTikec anodei&eic unap&nc.
B AAYOpIBUOC KATAOKEUNC Tou {NTOUPEVOU.

O Mn kaTaokeuaoTikeG anodei&eic unapénc.
B Apxn nepioTepwva.
O Av m pndAec 0 n KOUTIA KAl m > n, TOTE KAMNOIO KOUTI EXEI
NEPICOOTEPEC and 1 pnaAec.
B EnixelpnuaTa 100TIPIac Kal KaTapgerpnong.
O KdaBe akukAIkO KATEUBUVONEVO ypaPnua HE «nnyn>»,
EXEl «kaTaBobpa».
O Kabe (un kaTeuBuvopevo) ypapnua €xel apTio apiOpo
KOpUPWV NEPITTOU Babuou.
B [liBavoTikn péBodoc.

O Av kaTl €xel BTk MBavoTnTa va eniAeyei ano (kataAAnAo)
OEIYHATOXWPO, TOTE UNAPXEL.
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MabnuaTikn Enaywyn

O AnodeikvUoupe 0TI «P(n) aAnBeuel yia KABE PUOIKO N = Ny».
B AoMIKN Enaywyn: O0Aa Ta oToixeia (apiBunoiya) aneipou guvoAou
nou opileTal avadpopika xouv 1010TnTa P.
Apxn MaOnpaTikng Enaywyng
O 'Eotw P(n) pia npoétacn nou eEaptartal and puoiko apibuo n.
O Ta vdo P(n) aAnBeuel yia kabBe QuaOIKO N = n,, apkei vdo:
B Baon: 1o P(n,) aAnBeuel.
B Bnpa: yia kabe n = ny, av P(n) aAnBeuel, ToTe P(n+1) aAnBeuel.
Apxn Ioxupng MadnuaTtikng Enaywyng
O Ta vdo P(n) aAnBeuel yia kabe n = n,, apkei vdo:
m Baon: 1o P(ny) aAnBeuvel.
B BnRpa: yia kGBe n = ny, av P(k) aAnBevel yia kabe k € {ng, ..., N},
TOTE P(n+1) aAnBevel.
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'Opol l'ewpueTpikne NMpoodou

O Na Oci€eTe 0TI yia kGBe N > 0, 1+2+...+2n = 20+l — 1,
B [Ipotaon P(n) = «14+2+...42" = 20+l — 1»,
B Bdon: AAnBeteiyian=0:20=1=2 -1,
B Enaywyikn undBeon: 'EoTtw OTI yia (auBaipeTa eniAeypevo) n = 0,
aAnBeuvel P(n), dnA. oTI 14+2+.. 42" = 20+l — 1,

B Enaywyiko BAua: ©do aAnbeusl P(n+1),
ONA. OTI 142+, 42" 4 20+l = on+2 _ 1,

—on+1_1
r].—|—2+22.-._|_2'r:_|_2‘n+1:2n+1_1+2n+1
O No&oyiakaber=1kainz=0,
rr-n‘l‘]._l
l+r+ri+. "= — —
r—1
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Apuovikoi ApiBuoi

: " 1 1 1
O Appovikog apiBuog taéng k: Hp =1+ = + 3 S =

O Naodeifete oTiyiakadBen 20,1+ 5 < Hypw <1+n
B Suvenwc 1+ %log2 k< H,<1+log, k
B Avw @payua, npotaon P(n) =« Hon <1+ n»
B Bdon: AAnBeveiyian =0: H; =1 = 140.
O]

Enaywyikn unoBeon: 'EoTw 0TI yia (auBaipeTa eniAeypevo) n = 0,
aAnBeuel P(n), dnA. o1t Hon < 14 n
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Apuovikoi ApiBuoi

O Enaywylko Bnpa: ©do aAnbeuel P(n+1),
ONA. 6Tt Hynt1 < 14+ (n+1)

:Hz’n S 1—I—n

7 Y

Hpt =14 ot b4
an+1 — 2 —— 2n 2n+1 P 2n+1

2" 6p0L < 557
.

7 Y

o

<1 e
= +n+2n+1 il

1

=1+(n+1)

AlakpiTd MaBnuaTika (Avoi€n 2010) Ma@nuaTikn Enaywyn



AlaIpeETOTNTA

O Na Oci&eTe 0TI yia kGBe n = 1, To n3+2n diaipeiTal anod 1o 3.
B Bdon: AAnBevel yia n = 1: To 3 diaipeital anod 1o 3.
B Enaywyikn unoBeon: 'EoTtw OTI via (auBaipeTa eniAeypevo) n = 1,
To n3 + 2n diaipeiTal anod To 3.
B Enaywyiko Bnpa: ©do 1o (n+1)3 + 2(n+1) diaipeiTal anod To 3.
B [lpayparti,
(n+1P+2n+1)=n*+3n*+3n+1)+2(n+1)
=(@*+2n)+3n*+n+1),
onou kai o1 duo opol diaipouvTal ano 1o 3 (0 1° Adyw TNC
ENAYWYIKNG UnoBeanc).
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MAnBapiBuoc AuvapoouvoAou

O NoOo yia kaBe (nenepacpevo) ocuvoAo A PE N OTOIXEId, TO

dUVAPOCUVOAO TOU A €XEl 2" OTOIXEId.

B MabOnuaTikn enaywyn oto n (NAnNBikd apiBud ouvoiou A).

B Bdon: AAnBeuvel yia n = 0: P(Q) = {J} kal |P(D)]| = 29,

B Enaywyikn unoBeon: 'EoTtw OTI yia (auBaipeTa eniAeypevo) n = 0,
aAnBeuel OTI yia KGBe ouvoAo A pe |A| = n, |P(A)| = 2".

B Enaywyiko BApa: ©do YouvoAo A pe |A] = n+1, |[P(A)| = 2n+l,
O A (auBaipeTa eniAeypyevo) ouvoAo Pe n+1 oToixeia.

OQewpoupe x e Akal A, = A = {x} pe |A,] = n.

O KdaBe unooUuvoAo Tou A €iTE NEPIEXEI TO X EITE OXl.

O e kaBe unoouvoAo S c A, avTioTolXouv OUO UNOCUVOAQ Tou A:
To S kKal o S U {x}.

O Apa [P(A)] =2 [P(A)] = 2 - 20 = 2n+1,
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Aaboc Xpwpua!

O Na Bpeite To AdB0G oTOV NAPAKATW ENAYWYIKO OCUAAOYIOUO.

O ©0do yia kabe n = 1, og kKGBe gUVOAO N AUTOKIVATWY,

OAO Ta auToKivNTa £XOUV TO i010 XpwHA.

B Bdon: Ioxveryian = 1.

B Enaywyikn unoBeon: 'EoTtw OTI via (auBaipeTa eniAeypevo) n = 1,
o€ KABE oUVOAO N AUTOKIVATWY, OAQ £XOUV TO i0I0 XpwHa.

B Enaywylko Bnua: ©do o kabe ouvoAo n+1 auToKIVATWY,
OAa €xouv TO idI0 XpwHa.
O ZuvoAo pe n+1 autokivnra: A = {ay, a5, ..., A, Oy

O Anod enay. undBeon, Ta n NPWTA AUTOKIVNTA £XOUV 010 Xpwua,
Kal N TEAEUTaia auTokivnTa £xouv id1o Xpwua:

idLo yowpo idLo yowpa
{a17a27"' 7an;an+1} {a17a27-" )anyan+;}
O A@ouU oUVOAO N NPWTWV Kal OUVOAO N TEAEUTAIWV QUTOKIVATWV
EXOUV KOIVa oTolxEia, OAa Ta auTok. aTo A €xouv idio xpwual
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Aaboc Xpwpua!

O Enaywyiko Brua: ©do os kGBe gUvoAo n+1 auToKkIVATWY,
OAQ €XOUV TO idI0 XpwHAa.
B 3>UvoAo pe n+1 autokivnTa: A = {ay, 45, ..., G, Or 41

B Anod enay. undBeon, Ta N NPWTA AUTOKIVNTA £xouV idI0 Xpwua, Kal
n TEAEUTAiIa auTokivnTa £xouV idlo Xpwua:
idLo yowpa (dLo yowpo

{ralaa2)°°' 7an;an+1} {alara%"' )anaan+f}

B A@oU oUVOAO N NPWTWV KAl CUVOAO N TEAEUTAIWV QUTOKIVATWV
EXOUV KOIVa OTOolIXEia, OAa Ta auTok. aTo A €xouv idl1o xpwual

O Tan =1, Ta duo ocuvoAa dev €xouv Koiva oTolxeia!
O Edw toxuel oT1 P(1) kai 611 P(n) —» P(n+1) yia kabe n = 2.
B Acv ioxuel 0TI P(1) —» P(2): autd kabioTa oupnepaocpa apBaciuo!
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PoAoc Enaywyiknc YnoBeonc

O Kanote xpnoigo va anodeifoupe 1oxupoTepn npdTaon P'(n).
B Eival duvaTo va gnv 1oxuel 0TI P(n) —» P(n+1), aAAd
va loxuel P'(n) —» P'(n+1), yia ioxupoTepn npotacn P'(n).
O ZZkakiEpa TAENC N JE HAUPO OTO KEVTPO: TETPAYWVN OKAKIEPA HE
2N x 20 TETpAYWVA, OAA AeUKQ €KTOC ano €va paupo OTO KEVTPO.
O N.d.0. yia kaBe n = 0, Acuka TETPAYWVA OKAKIEPAC TAENC N HE
Haupo OTO KEVTPO kKaAunTovTal anod nAakidia oxnuaTog L
(N enikaAunTopeva).

n=~0

. IMThokiowo
:H oynuotog L

n=2

n=1

S
I
o
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PoAoc Enaywyiknc YnoBeonc

O Baon: P(0) 1oxUel (dev undpyouv Aeukd TeTpaywva).

O Enaywylko Bnua:
B >KaKIEpa TA&nc n+1 pe paupo OTO KEVTPO:
EVWOoN 4 oKakKIEpWV TAENC N JE HAUPO OTO KEVTPO,
3 jaupa yivovTtal Aeukd, 1 paupo PETAKIVEITAlI OTO KEVTPO.

Il
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PoAoc Enaywyiknc Ynobeonc

O Baon: P(0) 1oxUel (dev undpyouv Aeukd TeTpaywva).

O

Enaywyiko BRua:
B P(0) > P(1), P(1) > P(2): 3 véa Aeuka kaAunTtovTal pe 1 nAakidio.
O P(2) > P(3);
B Acukd Oxl YEITOVIKA, HETAKIVAOEIC ennpealouv 01aTa&n nAakidiwv!
B Xpnon enaywylkng unobeong oxl npo@aving!
O AuokoAia Aoyw nepiopiopgou OTI HAUPO OTO KeEVTPO!

_H

"
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PoAoc Enaywyiknc YnoBeonc

O ZZkakiEpa TAENC N: TETPAYWVN OKAKIEPA WE 2" x 2N TETpAYWVA,
OAa AEUKQ €KTOC ano eva paupo (onoudnnoTe).
O N.d.o. yia k@be n = 0, Aeukd TeETpAYWVA OKAKIEPAC TAENC N
kKaAunTtovTal and nAakidia oxApaTog L (un enikaAunTopeva).
B [Ipotaon P'(n) ioxupoTepn ano apxikn P(n).
B Baon: P’(0) ioxuel TETpIPEVA.
B Enaywyikn undBeon: yia (auBaipeTa eniAeypevo) n = 0, aAnBeuel OTI
AEUKQA TETPAYWVA ONOIACBNNOTE OKAKIEPAC TAENC N KAAUNToOVTAl
and nAakidia oxnuaroc L.
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PoAoc Enaywyiknc Ynobeonc

O

> KaKIEPA TAENG N+1: 4 OKAKIEPEG TAENG N (TeETApTNHOPIA).

B 1 pye paupo TETPAYWVO O€ avTioTolxn B€on.

B 3 pe pyaupa TETPAYWVA O AKPA, WOTE VEITOVIKA KEVTPIKA
TETPAYWVA O OKAKIEpaA n+1.

Ano enaywyikn unoBeon, Aeuka TETPAYWVA OE TETAPTNHOPIA

kaAunTovTal and nAakidia L.

NEa Aeuka TeTpaywva oxnuaTiouv L: kaAunTovTal ye nAakidio.

Al




PoAoc Enaywyiknc YnoBeonc

O No&o. yiak@ben = 1,
S—1+2+ —I—n<2
"2 22 on —

B  Enaywyikn unobeon S, < 2 dev ouvenayetal oT1 S, < 2.
O EukoAoTepo vO (enaywyika) OTI yia kabe n = 1,

1 2 n n+ 2
Sn:— —_— e o o —:2—
2+22+ +2” n
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Napaderypa Ioxupnc Enaywync

O NoOo kaBe Tunua TouA. 18 @oitnTwy diapepileTal o opadec
4 1 7 @OITNTWV.
B [1a kaBe uOIko n = 18, unapyxouv QUAIKOI K,, A, n = 4K, + 7A,.
O Baon: enaAnBeuon yia n = 18, 19, 20, 21.
O Enaywylkn unobeon: yia (auBaipeta eniAeypd.) QUOIKO n = 21,
IOXUEl OTI Yia KaBe puolkd m, 21 < m < n:
B YNApxouVv QUOIKOI K, Ay M = 4K, + 7\, .
O Enaywyiko Bnpa: ©d0 unapxouv QUOIKOI K, .1, A, q:
N+l =4K ., + 7\, ..

B Enay.unoBeonyian - 3, Kal K,,1 = K3+ 1 KAl A, = A58
=n—3

A(kn_3+ 1)+ TAnz = (dkp_3 + TAu_3) +4=n+1

O Apkei Baon yia n = 18; MNati n = 21 ornv undbeaon;
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Kai AAAo AdaBoc!

[0 ©d0o oAol ol puaikoi apiBpoi gival apTiol(;)!
B Bdon: ioxvel 0TI To 0 €ival apTioc.
B Enaywyikn unoBeon: yia (aubaipeTa eniAeypevo) Quaoikdo n = 0,
IoXUEl OTI yia KGBe m, 0 < m < n, To M €ival apTioc.
B Enaywyiko Bnpa: ©do 1o n+1 €ival aprioc.
O Enaywyikn unoBeon: To n kai 1o 1 €ival aptiol.
O Apa n+1 apTiog, w¢ abpoiopa duo apTiwV!
O Anodesi&n BAuatoc dev toxuel yia n = 0!
B Xpnoiponolei 0TI To 1 €ival apTioc Xwpic anodeién (oTn Baon) Kai
XWPIC va euninTel oTNV enaywyikn unobeon!
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