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KatnyopnuaTiknG AOYIKNC

A1daokovTec: . AppaTtn, A. POTAKNG
EnmipeAeia diapaveiov: A. POTAKNG

>X0AN HAeKTpoAOYWV MNxavikmv
Kal Mnyxavikwv YNoAoyioTwyv

EBvikO MeToOB10 MoAuTexvEio




KatnyopnuaTikn Aoyikn

O [MpoTtaoiakn Aoyikn: nAdiolo d1aTuUNWoNG Kal JEAETNC
ENIXEIPNHATWY YIA NENEPACHEVO NANOOC «AOYIKWV AVTIKEINEVWV>,
B «/A\OYIKO GVTIKEIJEVO»: naipvel TINEG aAnBelag, A n W.

B AIQQOPETIKA, «UN AOYIKO QVTIKEIJEVO>», N.X. ApIOUOi, GUVOAQ, ...
O KatnyopnuaTtikn (A MpwTtoBaduia) Aoyikn: nAaicio d1aTunwaong
Kal HEAETNG ENIXEIPNHATWY YIA:
«Mn Aoyika avTikeipeva» (apiOpouc, ouvoAa, ypapnuaTa).
MNpa&eig (ouvapTnoeic) Kal OXEOEIC (KaTnyopnuaTa) JeTa&u Touc.
Aneipo NANBOC AVTIKEIHEVWY: NOCOJEIKTEC.
«Kabe puaikoc aplBpoc ival giTe ApTIOC EiTE NEPITTOC.
«Ynapxel oUVOAO Mou gival UNooUVOAO KGBe cuvOAou».

Tunol KA €ival «AoyIika avTIKEIJEVA» NouU HNopEi va
a@opouV / ava@epovTdal O «Un AOYIKA AVTIKEINEVA>.
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> UVTAKTIKO
NpwToBaduiac NAwooac

O «Aoyika ZUUBOAG»: EXOUV OUYKEKPILEVN EPUNVEIQ,

AEITOUpyoOUV navTa Pe Tov idio TpoOno:

B Aoyikoi ouvdegpol: —, A, V, =, ©

B [lo00dcikTeC: V kail 3
O V (yia kaBe): ouleu&n yia 0Aa oToixeia dopng (duvauel ansipn).
O 3 (unapxel): dialeu€n yia oAa oToixeia dopnc (duvapel ansipn).

B IooTnTa = : eAéyxel TalTioNn.
O AsiToupyei wc katnyopnuaTtikd ocUnBoAo, aAAd evTaooeTal OoTa

«AOYIKA OUHUBOAG» YIATI EXEI CUYKEKPILEVN EpUNVEIa.
B >npeia oTiEnc kal napevOEoeic.

AlakpiTd MaBnuaTika (Avoi€n 2010) >Toixeia Katnyopnuatikng Aoyikng 3



> UVTAKTIKO
NpwToBaduiac NAwooac

O «Mn Aoyika ZuuBoAa»: epunveia kaBopilel AsiToupyia Touc.
B Oplopyoc YAwooag Kal EAsyxoc aAnBeiac anaiTtouv EpUNVEia Toucg
(noAuonuia, ekppaocTikoTnTal).
B MeTaBAnTec X, Y, Z, ...
O Eppnveia kaBopilel nedio opiopgoU YETABANTWV: CUUMNAV.
O EAeuBepec: Tiyn Touc kabopileTal e anoTignon.
O Aesopeupevec: noocodeikTec kabopifouv «oupnepIPopa» Touc.
B >upBoAa oraBepwv C, Cy, Cy, ...
O AvanapiotoUuv GUUPBOAIKA CUYKEKPIMEVEC TINEC GUMNAVTOGC.
O Eppnveia kaBopilel Tiun kabe cupBoAou oTabepdc.
O nMpokeital yia 0-8€0ia ouvapTnolaka cupPBoAa.
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> UVTAKTIKO
NpwToBaduiac NAwooac

O «Mn Aoyika ZuuBoAa»: epunveia kaBopilel AsiToupyia Touc.
B >uvaptnoiaka cupBoAa f, g, h, ..., ye avtioToixo NANBGoC opiouaTWV.
O M.x. f eival 2-8€010 ouvapTnoiako cUuBOAoO.
O Ekeppalouv «npa&eig» PeTa&u oToIxEimv oUuunavToc.
O Eppunveia kaBopilel nedio opiopou, nedio TIHWV, kKal AEIToupyia.
B KaTtnyopnuaTika cupBoAa P, Q, R, ..., He avTioTolxo NANB0OC OPICHATWV.
O M.x. Q eival 2-peAec katnyopnuaTikd cupBoAo.
O Ekeppalouv «OXECEIC» NETAEU OTOIXEIWYV CUUNAVTOC.
O Eppunveia kaBopilel nedio opiopgou kal Aeiroupyia.
B KaTtnyopnuaTika cUpBoAa uhonoloUv «peTaBacn» ano
<N AOYIKO» O «AOYIKO» KOOMO.

O Q(Xx, y) dexeTal duo aToixeia oupnavToc (n.X. aplOpouc), KEAEYXEI»
av oXeTiCovVTal HE OUYKEKPIMEVO TPONO, KAl «anavta» A n W,
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Aopun Tunwv
NpwToBaduiac NMwooac: 'Opol

O 'Opol naipvouv TIUEC OTO GUUMAV.
B MeTaBAnTec X, vy, z, ...
B >71aBepegc, Cy, Cy, ..
B OTiIdnnoTe npokunTtel ano (owoTn) epappoyn ouvapTnolakou
oUpBOAoU o€ dN OXNMUATIOHEVOUC OPOUC.
O TL.x. f(x, y), f(g(x), ©), g(f(x, g(y)), c® f(x, y), ...
O Aopn avanapioraTtal pe devdpodiaypappua,
1010TNTEC anodelkvuovTal He JOMIKN Enaywyn.

O 'Opol dev unopouv va cuvdeovTal JE Aoyikouc aguvdeapouc!
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Aopun Tunwv
NpwToBaduiac NMwooac: Tunol

O ATopikoi TUMol npokunTouv epapuolovTtac
100TNTA N KATnyopnMaTiko cUUBOAO Ge Opouc.
B [.x.x=c¢ f(x,y) =g(c), Q(x, y), R(f(x, y)), ...
B «<Aoyikee» TIHEC A N W, Baoika («Aoyika») douIKA OTOIXEId TUNWV.
O Tunoc:
B ATOMIKOC TUNOC (BAon enaywylkou opiouUou).
B E@appoyn Aoyik®V oUVOEOUWY OE TUNOUC P, Y:
—P,PVY, PAY, P> Y, Do Y.
B E@appoyr nooodelkTwV O TUNO ¢: IXP, VXP.
O Aoun avanapiotaTtal pe devdopodiaypappa,
1010TNTEC anodeikvuovTal JE HadbnuaTtikn enaywyn.

O Tunoi: mign A n W. 'Opol: TIHEC OTO cupnav.
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Aopun Tunwv
NpwToBaduiac NAwooac

EQUPNOYT] TOCOOEIKTOV,
AOYIKAOV 6UVOEGUOMY GE

TLTToL ATOPIKOVG TOTOVG

OTOUIKOL EQUPNOY] 16OTNTOG,
TUTTOL KOTNYOPNURATOV GE 0pOVG

«Aoyiko» Mépog

EQUPUOYT] GLVUPTI|GEMYV
perapintéc, otaepéc

opor

«Mn Aoywko» Mépog
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Napadeiyua

O [MMoia ano Ta napakdtw €ival opol N Tunol (f cuvTakTiko AdaBoc);

B Q(f(c, y), P(x)) g(Q(c, y), P(y))

B Q(f(c, y), P(x)) g(Q(c, y), P(y))

B vx P(g(x)) vx g(P(x))

B vx P(g(x)) (T) vx g(P(x))

B X=yvC x = f(y, c)

B X=yvcC x = f(y, c) (ar)

B vx P(P(x)) x Q(x, ¢;)

B vx P(P(x)) Ix Q(x, ¢;) (7)

B 3x (P(X) v =vx P(X, X)) IX(x =y A QX Y))

B 3x (P(x) v —vx P(X, X)) X(x =y A Q(x, y)) (T)

AlakpiTd MaBnuaTika (Avoi€n 2010) >Toixeia Katnyopnuatikng Aoyikng 9



Napadeiyua

O [MMoia ano Ta napakdtw €ival opol N Tunol (N cuvTakTiko AdBoc);

B P(x) v g(x) vy 3Ix (Q(x, g(y)) v P(g(x)))

B P(x) v g(x) vy 3x (Q(x, g(y)) v P(g(x))) (1)

B 3x Q(x, ¢) vax Q(x, y)

B 3x Q(x, ¢) (1) vax Q(x, y)

B X+y=X=x*Yy (3+1)+ 10

B Xx+y=x=y(amn) (3+ 1)+ 10 (op)

B vx3dy (Xx+y=X=*Yy) vx 3y (P(x) v (Q(X, y) = —P(x)))

B vx3Iy(X+y=x=*y)(T) vx 3y (P(x) v (Q(X, y) —» =P(x))) (T)
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EAsuBepec kal
Agopeupevec MeTaBANTEC

O Asopeupevn egpavion YHETABANTAC: EYNINTEI OE
nedio EpApHOYNG NOCOdEIKTN.

MooodeikTnNG kabopilel NwWC anoTiuAaTal n YETABANTN.

v (3): ouleu&n (d1aleuén) yia OAeC TINEC oUPNAVTOC.

AeOUEUPEVEC ePpavioeic HETABANTAC X NOU EUNiNTouV OTOV i010
NooodeikTN: «idla» OEOPEUPEVN HETABANTN.

AEOUEUPEVEC ePpaVIOEIC HETABANTNC X NOU EUNINTOUV OE
OI1APOPETIKO NOCOJEIKTN: «DIAPOPETIKECH DECHEUHPEVEC HETABANTEC.

O EAeUBepn egpavion PeTaBAnTnG: 8ev euninTel o€ nedio
£QPpApPoync Kanoliou nooodEikTn.

Mnopei va £xel onoladnnoTe TIUn, N onoia kaBopiletal and anoTignon.
'OAEC 01 EAeUBEPEC epavioelg HeTaBANTAC X: «idia» peTaBANTA.

O Ix(P(x) A Q(x, ¥)) A P(y) kai 3xP(x) A IxQ(x, y) A P(y)
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EAeuBepec kal
Agopeupevec MeTaBANTEC

O EAeuBepn peTaBAnTn av epg@aviceTal eAeuBepn (ToOUA. pia popa),
OIaPOPETIKA OETUEUNEVN.

O T[lpdTaon: TUNOC Xwpic eAeUbepec HeTaBANTEC.
Tiun aAnBeiac npoTaon dev €€apTaTal and anoTipnon.
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EAsuBepec kal
Agopeupevec MeTaBANTEC

O Molec epgavioeic yeTaBAnTwy €ival eAeUBepec Kal
NOIEC OECUEUNEVEC;

B vydx(P(x, f(y)) v Q(x))  vx3y(Q(x) v P(X, y)) —» —Q(X)

B vyax(P(x, f(y)) v Q(x)) ¥x3y(Q(x) v P(x, y)) = —Q(x)

B VXxP(x, y) = vzP(z, x) Q(z) » =VXVYP(X, y)

B VvxP(x, y) > VzP(z, x) Q(z) » —=VxVyP(x, y)

B vXQ(Xx) - VYyP(X, y) UXVYVZ(X >y A Yy > 2Z)—> Iw(X > w)
B vxQ(x) - VyP(Xx, y) UXVYVZ(X >y A Y > 2Z)— Fw(x > w)
B y+X=X+Y y(X + X =X *Yy)

B y+X=X+Yy dy(X + X = x *y)

O MeTovopaoia OAwv ep@avicewv TNG «idiac» petaBAnTtng diatnpei
anapaAAakKTo Tov TUNO: aApapnTikn napaAAiayn.
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EAsuBepec kal
Agopeupevec MeTaBANTEC

O EAeuBepn peTaBAnTn av epg@aviceTal eAeuBepn (ToOUA. pia popa),
OIaPOPETIKA OETUEUNEVN.

O T[lpdTaon: TUNOC Xwpic eAeUbepec HeTaBANTEC.
Ty aAnBeiac npoTaon Osv eEapTaTtal and anoTigynon.

O EAeuBepec petaBAnTec xpeialovral «apxikonoinon».
B 'OAecC ol EAeUBEPEC ePPAVIOEIC PIAc HETABANTAC «apyxikonolouvTal»

otnv idia Tiun (autn nou kabopileTal and anoTipynon).

O Aesopeupevec sppaviosic petaBAntTwy dev xpeialovral
«apyikonoinon».
B [looodeikTnc nou Tic dsopevel kabopilel anoTipnon.

B MeTaBAnTec nou degpevovTal ano dIa@OPETIKOUC NOCOJEIKTEC €ival
«OIaPOPETIKEC» (aKOUN Kal av xouv To idio ovoua).
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Epunveia (n Aopn)

O Opiopoc MNpwTtoBabuiac MAwooac anaitei EpUnveia
«HN AOYIKWV>» CUNBOAWV.
O Epunveia (A dopn) A kabBopilel:
B >o0unav |Al: nedio opiopou oTabepwy, HETABANTWY, CUVAPTATEWY,
Kal KaTNyopnUaTwy.
O |A| €ival To oUvoAO avTIKEIHEVWVY OTA onoia avapepOUaaTe.
B Oplopyoc ouvapTNoIaKk®wV CUUBOAWV: «npa&n» nou avTioToOIXOUV.
O Ti «enmoTpeper» KABe ouvapTnolakd ocUPBoAo.
B Opiouoc KATNYOPNUATIKWV CUUBOAWY: «OXECON» NOU AVTIGTOIXOUV.
O MoTe kaTnyopnuaTiko OUPBOAO «enioTpePel» A Kal note W,
B Opiopoc TIPNC yia kabe gupuBoAo oTabepac.
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Napadeiyuata Epunveiac

O TAwooa Oswpiac AplBuwV:
B >yupnav N (Quaikoi apiBpoi)
B >1aBepd O (anoT. oto 0), cuvapTnoiaka @ (npdacbeaon),
® (noAAanAaciacpog), kai " (EnOUEVOC PUOIKOG),

B KATNyopnuaTiko < (avT. o€ oxeon X < y).
O TAwooa Oewpiac ZuvoAwv:
B >upnav duvapoouvoAo cguvoAou U (f ouvoAo Pe aToixeia ouvoAa)
B >1aBepa I (anoT. oTo &),
B KaTnyopnuaTtiko — (avT. O OXEON X C Y).
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EvaAAayn MNoocodeikTwv

P(x, y): o x Baupalel Tov y

oAol Baupdalouv kanoiov (OXl
avaykaia Tov id10, Ynopei Tov
£QUTO TOUC).

oAol BaupalovTal anod kanoiov
‘v’xE!yP(y, a:) (oxI avaykaia ano Tov idio,
MMOPEi anod Tov €auTO TOUG).

VzIyP(z,y)

VzVyP(Z,Y) spol Baupalouv TouC NAVTEC
VazVyP(y,z) (xai Tov eauTd Toug).

UNAapxel KAnoloc Mou Touc
JevyP(z,y) Baupadel 0Aoug (Kal EauTo Tou).

ngyp(y a:) UNApXEl KAnolog NouU Tov
? Baupalouv 6ol (kai €auTtdC Tou).
dz3yP(z,y) Unapxel euyapl (0xi avaykaia

JIa@OPETIKWV) NMOU 0 £vac
EIxHyP(y,a:) Baupdadlel Tov aAAo.

P(x,y): x<y

KGBe aplBuoOC £xEl KANOIOV
HEYAAUTEPO 1) i0O TOU.

KGBe aplBuoOC £XEl KANOIOV
MIKPOTEPO N i0O TOU.

yla kaBe Ceuyapl aplbpwy, o
Evac €ival JIKPOTEPOC N 100¢
TOU AAAou.

undapyel apiBPoc HIKPOTEPOC
N iooc OAwv (KATw epayua).
undapxel aplBpPoc HeyaAuTePOC
N iooc oAwv (avw gppayua)
undapyouv apiBpoi nou o £vac
gival pikpoTEPOC 1) i00C TOU
aAAou.
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Nopol Apvnonc MNoocodeikTwV:
—Jzp(z) = Ve—p(z)

E K‘.P pCI OTIl K(')TI"]TCI —Vzp(z) = Jz—p(z)
NpwToBaduiac NAwooac

O Aedopevnc epunveiac (n.x. pualkoi apibpoi, ouvoAa, ypagnuaTa),
dlaTunwon NPoTACEWY — 1I0I0TNTWV O NpwToRABUIa YAwood.
m ‘Ohoi o1 GvBpwnor Baupalouv  Vzdy(z # y A P(z,y))
Kanoiov aAAo. —JaVy(z £y — = P(z,y))

B Yndapxel Kanolog rnou dgv 5
xVy(x —P(x
Baupadel kavevav ailo. y( FYy— ( ,y))

B Ynapxel kanoloc nou Baupadel Jz(P(z, x) A ‘v’y(P(a:, y) = & = y))
TOV £QUTO TOU Kal HOVOV auTov.
®m 'O)ol BaupdalZovTal and kanoiov dhho.  Vady(z # y A Py, x))

B Ynapxel kanoloc nou Baupadel
6Aoug Toug dAAouc. JaVy(e # y = P(z,y))

B Yndapxel kanoiog nou dev Baupalel kavevav. JrVy—P(z,y)
B Acv undapxel kavévag avlpwnog nou  —dzVy(z # y — Py, x))
va Tov Baupalouv OAol o1 GAAol. VzIy(z # y A =Py, z))
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Ekppaosic EAANVIKNC o€
NpwToBaduia Nwooa

O
O

AnNAEC YAWOOIKEC OOUEC OUVNOWC ENAPKOUV.

KaBe avTikeiyevo pe 1810TnTa P Va(P(z) = Q)

exel 1010TnNTa Q.

B O enopevog kabe nepitToU apiBpou eival aptiog. Vz(odd(z) — even(z'))
even(z) = Jylz =2 y) omov 1 = 0" »wou 2 = (0')'
odd(z) =dy(z =2y & 1) = = (0)

m  KdBe noAAanAdoio Tou 4 givar aptiog. Vz(Jy(z =4 Q y) — even(x))

Ynapxel avTikeipevo pe 1810TnTa P

Kai 1010TNTa Q 32(P(z) A Q(z))

B Acv €ival 0Aol ol apTiol

noAAanAdaacia Tou 4. Elx(even(a:) A —Ely(x =4Q® y))
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Ekppaosic EAANVIKNC O€
NpwToBaduia Nwooa

=

O

O

Ynapxel povadiko avTIKEINEVO

he 1810TnTa P.

Yndapxel peyioto (eAaxioTo) Tz(

oToixeio ye 1d10TNTA P. dz(

B Yndapxel povadikoc puUOIKOC Nou (
gival gikpoTepoc Tou 1.

To abpoioua dUo NEPITTWV
gival apTioc.
O x diaipei akpiBwgTovy: Dz, y)=d2(y=2Q 2)
O x €ival pIKpOTEPOG N idogToUu y: z <y = J2(y =z @ 2)
O X gival npwToC apiBpoc:
prime(z) = (z £ 0)A(x £ DAVYVz(z = y®2z —> (y = xVz = 1))

VaVy(odd(x) A odd(y) — even(z @ y))
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Ekppaosic EAANVIKNC O€
NpwToBaduia Nwooa

O KabBe aptioc HeyaAUTEPOC TOU 4 ypapeTal WC abpoioua
U0 MEPITTOV NPWTWYV APIBPWV (sikaoia Tou Goldbach).
Vz((even(z) ANd < z) —
— Jy3z(prime(y) A odd(y) A prime(z) Aodd(z) Az =y & 2))

O Ta kabe @uaikd apiBuo (€oTtw n), unapxel aAAoc (€oTw m) nou
gival o YeyioToc HETA&U ekeivwv nou To dINAACIO TOUC dev Eenepva
Tov apXiko (dnA. To n).

Vnam(2@m < nAVEQ2®k<n—k<m))

N wodvvapo Vnim(P(m,n) AVk(P(k,n) = k < m))
omov P(m,n)=2@m <n
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Ekppaosic EAANVIKNC O€
NpwToBaduia Nwooa

O Eppunveia ye oupnav OuvapgooUuvoAO NENEPACHEVOU OUVOAOU S,
2-UEAEC KaTnyopnuaTikO cupBoAo Q ue epunveia Q(x, y) =xc vy,
Kal oTaBepa ¢ NOU EPPNVEUETAl WC TO KEVO UVOAO (J).

B Ynapxel oUvoAo nou nepiéxel (wg unoolvoAa) kabe alvoro. JxVyQ(y, x)
. s . s
Unooivono, ow sautd 100, Qe:¢) AVE(Q(e ) = = 0
B [ia kabe Ceuyapl ouvoAwV UNApxXEl KOIVO UNOCUVOAO MNou gival To
HEYaAUTEpO duvaTo (TOUN CUVOAWYV).
VaVy3z|Q(z, z) A Q(z,y) AVw(Q(w, z) A Q(w, y) = Qw, 2))]
B [ia kabe (euyapl oUVOAWV UNApPXEI KOIVO UNEPCTUVOAO MoU €ival To
gAaxioTo duvaTo (Evwan CUVOAWV).

VaVy3z[Q(z, 2) A Q(y, 2) A Vw(Q(z, w) A Qy, w) = Q(2,w))]
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> nuaacioAoyikn Mpooeyyion

O A |= ¢[v]: otnv gpunveia A, n anoTipynon v enainbeuvel
(N 1kavonolei) Tov .
B AnoTignon v kaBopilel TIHEG EAEUBEpWV PETABANTWY TOU ¢ KAl HOVO.
O A |= ¢ : o @ ikavonoleiTal ano kabe anoTignon oTnv €punveia A.
B O ¢ aAnbnc otnv A | n epunveia A anoTeAEi HOVTEAO Yia ToV .
O |= ¢ : o @ IkavonoleiTal o€ KaGBe epunveia.
B O ¢ cival (Aoyika) €ykKupog (avTioTolxo TauToAoyiac).

B TauTtoloyiec «divouv» Aoyika EYKUPOUG TUMNOUG PJE CUVTAKTIKN
avTikataoTaon.

O EykupOoTnTa / IKAvonoinoiyoTnTa / aAnBeia ¢ eAEYXETAI PE
gpappoyn Tou oplopou aAnbeiac Tou Tarski.
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Opiouoc Tarski

O Epunveusl Aoylkouc ouvOETHOUC Kal NOCOdEIKTEC.
O OpiCel 0TI evag Tunoc ¢ aAnbeuel (og Yia gpunveia A, yia gia
anoTignon V) avv To vonua Tou ekppalel pia aAnbeia otnv A.
O Hevvoia A |= @[v] opileTal avadpopika wc €ENC:
B Al=(x=y)lv]avv (v(x) = v(y) ).
A |= Q(Xq, ooy Xp)[V] avv (((V(X1), .. V(X,)) € Q1).
A |= —y[v] avv ( dev 1oxuel 0TI A |= w[v] ).
Al=(wax)vlavv (A = ylv] kai A |= x[v] ).
Al=(pvx)lvlavw (A |=ywlvl A |=x[v]).
Al=(p > x)[v] avv ( 0Tav A |= wlv], ToTE A |= X[V] ).
Al=(y o x)vlavy (A |=yl[v]avv A |[= x[v] ).
A |=vxy[v] avv ( yia kabe a € |A|, A |= w[v(x|a)] ).
A |=3Ixy[v] avv ( unapxel a € |A] TeTolo woTe A |= wlv(x|a)] ).

AlakpiTd MaBnuaTika (Avoi€n 2010) >Toixeia Katnyopnuatikng Aoyikng 24



NapadeiyuaTa

O Aev akoAouBoupe Tov popuaAiopyd Tou opiopou Tarski,
aAAd Tnv ouacia Tou.
O EAEyxoupue av npoTtaon aAnbeUsl 0 OUYKEKPIHEVN EpunVeia.
B AnAd «anokwdikonoloUpe» TNV NpoTacn (0TNV CUYKEKPIHMEVN
EpMNVveia) kal EENYOUHE NEIOTIKA av aAnBeuel n oxl.

O AAnBeUouv ol NnapakaTw NpoTacelc oTn OoUN TWV PUOIKWYV
via ¢ = 0 kal P(x, y) =x <y; TNV OOUN TWV AKEPAIWV;
(o) VaVy(P(x,c) A P(c,y) = P(z,y))
(B) Vz(P(z,c) — = = ¢

B (a) aAnBeuel og Qpualkouc Kal akepalouc, (B) povo o pualkouc.
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NapadeiyuaTa

O AiveTal OUyKekpIdEVN npoTaon kal {nteital doun nou
va (KnVv) TNV IKavonolei.
B Aopun nou Ikavonolei NapakaTw NPoTACEIC TAUTOXPOVa:

Ve[Q(c, z) = Jy(z = f(y))] —Jz(f(z) =¢)
O Aokipaloupe puoikouc, Hec = 0, Q(X, y) =x <V, kal f(x) = x+1.
Ve[z > 0 — Jy(y =z — 1)] —Jdz(z +1 = 0)

B NOo napakdatw npotaon dev €ival Aoyika EyKupn NEPIYPAPOVTAC
epunveia Tnc FAwooac 6. ApiBuwv nou dev TNV IKAVOMOIEI.

VedyQ(z,y) — JyVzQ(z,y)
O Av Q(X, y) =x <y, unoBeon aAnbnc kalr gupnepacua Weudec!
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NapadeiyuaTa

O >uvoAoBewpnTIKN €punVveia NE KaTnyopnuaTiko cupBoAo Q(X, V)
nou CI)\I’]GEl'JEI AvV X € Y (dnA. To GUVOAO Yy NEPIEXEI WG OTOIXEIO TO GUVOAO X).

O Na opiocete To ocupnav |A| woTe va aAnBevel n 11 ano TIg
napakaTw NPOTACEIG Kal va pnv aAnBeuel n 2N,
AYWVzr—Q(x,y) VaVylx =y & Y2(Q(z,z) & Q(z,9))]
B [ia va aAnBevel n 11, apkei va undapyel 0To oupnav guvoAo nou
Oev neplexel (wWC OTOIXEIO) Kaveva oUVOAO MOU AVvnKel 0TO cUpnav.
O AuTO aAnBeuvel av n.x. I < |A].

B [ia va unv aAnBeuel n 21, apkei va unapxouv oTo cupnav duo
dIa@OPETIKA GUVOAQ NoU va neplexouv (w¢ oTolxeia) Ta idia akpIifwc
oUvoAd TOU ouphnavToc.

O . [Al ={9, {{G}}, {9, {D}} }
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NapadeiyuaTa

O EAaxioTo Kai hgeyloTo nAnGoc oToixeiwyv piac OodNC Nou anoTeAE]
HMOVTEAO YIA TIC NApAKATW NPOTACEIC:
B Ox3Jy(xzy) |A|>2

vxvy(x =y) |Al=1

UXxIyIZIW(X Y AX#ZAX = W) |A] > 2

JyIzIW(Y #ZAZZW A Y # W) |A| >3

|
m
n
B vuxvyvw(x=yvy=wvx=w) |A4] € {1,2}
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Aoyikn EykupoTnTa

O Noo |= ¢(c) > IxP(x)

B Oeswpoupe aubaipern doun A. A |= @(c) - IXxP(X) ...

B ...avvoTtav A |= ¢(c), unapxel ae|A] T.w. A |= ¢(a).

B Ioyuel, apou ¢ aAnBeuel yia OTOIXEIO ONOU EXElI anoTiuNBEi C.
O NoOo |= IxVyP(x, y) —» VYyaxP(x, y)

B ‘EoTtw auBaipetn doun A. A |= IxvyP(x, y) —» VyaxP(x, y) ...

B avv otav (i) unapxel ae |A| T.w. yia kaBe Be|A|, A |= P(a, B),

TOTE (ii) VIO KGBe ye |A], unapxel de|A] T.w. A |= P(J, y).
B Ioxuel, apou via kaBe ye |Al, A |= P(a, y) Aoyw unoBeonc.

AlakpiTd MaBnuaTika (Avoi€n 2010) >Toixeia Katnyopnuatikng Aoyikng 29



Aoyikn EykupoTnTa

OO Noo |= IxX(P(x) > Q(x)) —» (¥YXP(x) —» IxQ(x))

B Ocswpoupe aubaipeTn dopun A. Mpenel vdo:
O Av (i) unapxet ae|Al: A |= P(a) - Q(a),

ToTE (ii) av yia kabe Be|A], A |= P(B),

ToTe (iii) unapxel ye|Al: A |= Q(y).

Apkei vdo av 1oxuouv Ta (i) kai (ii), T0TE 10XUVEel kKal To (iii).
Aoyw (i): unapxel aelAl: A |= P(a) —» Q(a).
Aoyw (ii): A |= P(a).
Apa A |= Q(a).
>uvenwc, av loxuouv Ta (i) kai (ii), unapxel oToixeio
Tou |A]| yia To onoio aAnBeuel To Q oTnVv gpunveia A.
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AoYIKN Zuvenaywyn

O ‘'Eotw o1 Tunol (1) vx(f(x) = x & Q(x)), kai
(2) VX(f(x) = x) & ¥YxXQ(x).
(a) Na BpeiTe noloc TUNOC CUVENAYETAl AoyIKa Tov aAAo, Kal
(B) vdo o1 TUNoI dev €ival Aoyika icoduvapol.
B 0O0J50 (1) |= (2) (aAAa OxI To avTioTPOPO).
B ‘'Eotw aubBaipern epunveia A. Ano opiouo Tarksi, apkei vdo:
O Av (i) yiakabeae |A], A |=f(a) =aavv A |=Q(a),
ToTE (ii.1) yia kabe B € |A], A |=f(B) = B avv
(ii.2) yia kaBe y € |Al, A |= Q(v).
B AIGKpIVOUME 2 NEPINTWOEIC:
O Ioyuel (ii.2), dnA. yia kaBe y €|A], A |= Q(y) avy,
Aoyw (i), yia kaBe B €|Al, A |= f(B) = B, avv ioxuel (ii.1).
O Aev ioxuel (ii.2), dnA. unapxel O €|Al, A |= =Q(d), avyv,
Aoyw (i), unapxel O €|Al, A |= f(d) = O, avv dev 1oxuel (ii.2).
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AoYIKN Zuvenaywyn

O 'Eotw ol Tunol (1) vx(f(x) = x & Q(x)), kal

(2) ¥X(f(x) = x) & ¥YXQ(X).
(a) Na BpeiTe noloc TUNOC CUVENAYETAl AOYIKA TOV AAAO,
kal (B) vdo ol Tunoil dev €ival Aoyika icoduvapol.
B Eppnveia A nou enaAnBeuel Tov (2) aAAa oxi Tov (1).
B [A]l ={q, B}, f(a) = q, f(B) = a, ka1 Q(a) ¥, Q(B) A.
B A povTtelo yia Tov (2):

O A= -vx(f(x) = x) kat A |= =vxQ(x)
B A OxI govTeAo yia Tov (1):

O Yndpxel oToixeio Tou |A|, To @, yia To onoio

f(a) = a aAAa Q(a) dev aAnBeuel.
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Kavovikn MooodeikTikn Mopon

O Ta kaBe TUnNo ¢, HNopoupE va Bpoupe Aoyika
1000UvVapo TUNO ¢* = Q121Q2x3 . . . Qunxy @' (21, ..., Ty)
onou Q. Noo0dEIKTEG Kal P(Xy, ..., X,,) AVOIKTOC TUMNOC.
B ¢* anoTeAei Kavovikn MoocodeikTikn Mop®pn (KMM) .

O Ta unoAoyiopo KMM, xpnolgonoloUpE:

B NOpoUC peTakivnonc Vrp(z) = ¢ = Fa(y(z) = ¢)
NOCOJEIKTMV (HOVO Jzep(z) = o = Vz(p(z) = @)
av x 8gv gpgavieral @ = Yrip(z) = V(e — ()
eAelBepn oTov @): o — Jzp(z) = Jz(p — ()

B Nopoug apvnong —Jzp(z) = Ya—p(z)
MOCOJEIKTWV: —Vzp(z) = Jz—p(z)

B NOpoUC KaTavounc Vz(p(z) A p(z)) = Vep(z) AVry(z)

MOCOJEIKTWV:: dz(p(z) V ¢¥(x)) = Jzp(z) V Jzy(x)
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Kavovikn MooodeikTikn Mopon

O Na Bpeite pia KMNM Tou TUNOU

Ve (P(z,y) = ~32Q(z, z)) = (VxR(z) A VyS(y))
= Vz(P(z,y) — -32Q(=, 2)) = Yw(R(w) A S(w))
= Vw|Vz(P(z,y) — -32Q(z, 2)) = (R(w) A S(w))]
= Yw|Vz(P(z,y) = V2=Q(z, 2)) = (R(w) A S(w))]
= Vw3z[(P(z,y) = Vz2—=Q(z, 2)) = (R(w) A S(w))]
= Vw3z|[Vz(P(z,y) = ~Q(zx, 2)) = (R(w) A S(w))]
= Vw3z3z[(P(z,y) — =Q(z, 2)) = (R(w) A S(w))]
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