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µ   3 

0.

µ µ  µ µ

µ S = { (x, y) : x U, y}, U µ

 ( . . µ ). x  (key – µ

) y µ  (satellite data). 

1-1  µ  µ

.  µ µ ,

 µ  µ µ .

µ , x µ µ

 ( ),  µ µ µ ,

y µ

µ .  – µ  µ

µ  ( . . , , ).

µ , µ  ( . .

µ  µ ). 

µ µ , x µ µ

( ) µ y

µ . µ

µ µ  ( µ  µ

µ ), µ  (µ

 µ ).

µ µ µ .

µ . µ µ  µ

µ µ .

, µ µ  µ µ  (dynamic 

sets) S. µ  µ µ  (

µ µ )

µ  µ

.
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0.1. µ

 (operations) µ  µ µ

: (queries),

 µ , µ  (modifying 

operations),  µ .

µ  (insert) 

 (delete) . µ

 µ  (delete maximum) 

(delete minimum) . µ

µ . µ  (change 

priority) .

 (search) 

 µ µ .  ( µ

µ )  µ

(minimum) µ  (maximum) , µ ,

 µ µ µ  (predecessor) µ µ  (successor) 

.

0.1.1. µ

µ ,

, µ . µ µ

µ µ µ µ µ

 (dictionary data structure)  (dictionary).  

0.1.2.

µ µ

µ µ µ

µ  µ  ( ),

 µ  ( ), , .

µ µ µ

µ µ µ  (priority queue data 

  6 

structure)  (priority queue). 

 µ  (max-priority 

queues)  (min-priority 

queues).

 µ ,

.



1.

 (binary search trees) µ µ

 (µ ) , , ,

 µ , , µ µ µ .

µ , µ µ µ

 (

) µ .

µ ,

µµ .

 µ n  µ µ

µ  – O(log n) – µ µµ µ  – 

(n).

 ( )  µ  (rooted tree) 

µ . µ

. , ,

NULL µ NULL-
1
.

:

x µ . µ y

x, y µ

x, µ y x,

y µ x.

1  µ : NULL- µ

NULL . NULL-

µ  µ  ( µ µ  µ ). 

µ µ

. .

, NULL- .

  8 

 (binary search tree property) µ

µ µ  1.1. 

µ  1.1. µ .

µ , - µ  (inorder) 

. µ ,

µ  1.1, - µ  4, 5, 7, 10, 12, 16. 

µ  µ - µ

µ

µµ .

Inorder-Traversal(x)

if x NULL then

  Inorder-Traversal(x.left); 
print(x.key);

  Inorder-Traveral(x.right); 

, µ µ x, y, z µ µ

, µ µ x.left, x.right, x.par, x.key µ

, , , µ x.

µµ  1.1. Inorder-Traversal(root), root  µ

n , T (n).

. µ µ µ  µ µ .

µµ  µ .

µ n .

µ T µ n+1 . root,

1 µ n – k , 2 k
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( k  0). Inorder-Traversal(root)

 ( ), µ

 (  µ µ

µ µ ),  µ

. ,

.

, (n–k) + (1) + (k) = (n+1) , 

µ

’ ,

Inorder-Traversal(root)

.

µ , µ µ

 Java applet  ( ):

http://webpages.ull.es/users/jriera/Docencia/AVL/AVL%20tree%20applet.htm

1.1.

1.1.1.

,  µ µ k

:

Tree-Search(k)

 x  root(T); 

 while x  NULL and x.key  k do

if key < x.key then x  x.left; 

else x  x.right; 

 return(x);

µ , µ  1.1,  7 

 µ  <10, 5, 7>  7  µ  10 

µ  5.

O(h) ,

h . µ ,

  10 

 µ . µ

µ (1). µ NULL-

( )  ( ).

1.1.2.

 (leftmost) 

µ  µ  (rightmost) µ . µ , -

µ µ µ

. µ  µ

.  µ µ .

O(h).

Tree-Minimum

 x  root(T); 

 while x.left  NULL do

  x  x.left; 

 return(x);

1.1.3. µ µ

µ µ  (successor) µ

(predecessor) µ µ µ x - µ .

µ µ  µ  suc(x)  pred(x) . µ

µ  µ x.key,

µ µ  µ

x.key. µ µ µ .

µ µ µ .

x µ  ( NULL- ), µ

- µ µ  ( )

x ( . . µ  1.1, µ  10  12 

µ  5  7).

x NULL- ,

x µ  (µ ). µ

, - µ x
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µ  µ . ’ µ ,

 (  succ(x))

µ µ x  ( )

. ,  succ(x) x

x. µ , x

µ µ  ( -

µ ). µ , µ  1.2, µ  8  10 (

),  8 

 ( .  5)  8. µ , µ  12  16.

µ .

O(h), h ,

µ  µ

µ .

Tree-Successor(x)

if x.right NULL then

 /*  µ  x.right */ 

  x  x.right;

while x.left NULL do

   x  x.left; 
return(x);

 y  x.par; 

while y NULL and x = y.right do

  x  y; y  x.par; 
return(y);

1.1.4.

 1.1. µ µ  1 µ

1000 ( ’ ) µ  363. 

 µ

 363; .

1. 2, 252, 401, 398, 330, 344, 397, 363. 

2. 924, 220, 911, 244, 898, 258, 362, 363. 

3. 925, 202, 911, 240, 912, 245, 363. 

  12 

4. 2, 399, 387, 219, 266, 282, 381, 278, 363. 

5. 935, 278, 347, 621, 299, 392, 358, 363.

. µ . µ ,  363 

µ  (µ ) , µ

 µ  (µ ) . µ ,

, µ  µ .

µ µ

µ µ µ  µ .

 1.2. µ x µ NULL- .

 succ(x)  pred(x) ;

 1.3.  (

µ );

T n ;

Tree-Unknown-Operation(T)

 x  Tree-Minimum(root(T)); 

while x NULL do

  print(x.key);

  x  Tree-Successor(x); 

 1.4. x  ( )

, y x. y.key

 µ x.key  µ

x.key.

1.2. µ

 µ

. µ

µ µ . µ

.
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1.2.1.

NULL-

.

. µ  2.1  8 

µ  1.1.  8  µ  <10, 5, 7> 

NULL-  7.  8 

NULL-  7.

k .

Tree-Insert(k)

 y NULL; x  root(T); 

while x NULL do /*  k */ 

  y  x; 

if k < x.key then x  x.left; 

else x  x.right; 

 z  create_new_node();   /* µ µ  */ 

 z.par  y;  z.left NULL;

 z.right NULL; z.key  k; 

if y = NULL then root(T)  z;   /*  */ 

else if k < y.key then y.left  z; 

else y.right  z; 

O(h),

h , O(h)

µ

(1).

µ  µ

 ( . ., 1, 2, 3, 4, …  1000, 999, 998, 997, …) 

 µ (n) – µµ µ

( µ ).

  14 

µ  1.2.  8 .

1.2.2.

µ µ µ µ

. µ NULL-  ( µ

1.3. ), µ . µ

NULL-  ( µ  1.3. ), µ  « »

NULL . µ

NULL–  ( µ  1.3. ), µ  ( µ , µ )

- µ µ

. µ

.

µ z

. µ µ z .

Tree-Predecessor(z) µ µ z -

µ .  µ µ Tree-

Successor(z).

Tree-Delete(z)

if z.left = NULL or z.right = NULL then y  z; 

else y  Tree-Predecessor(z);

if y.left NULL then x  y.left; 

else x  y.right; 

if x NULL then x.par  y.par; 
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if y.par = NULL then root(T)  x; 

else if y = (y.par).left then (y.par).left  x; 

else (y.par).right  x; 

if y  z then z.key  y.key; 

5

4 12

16

10

8

7

5

4 7

16

10

5

4 12

16

10

8

7

-7

( )

-12

( )

5

4 12

16

10

8

7

-10

( )

5

4 7 12

16

8

5

4 8 12

16

10

µ  1.3. µ .  ( )  (12),  ( )

µ  µ NULL (7)  (8) 

,  ( ) µ  µ NULL (10) 

µ  (8) .

 O(h)

µ µ µ

  16 

 O(h) µ

µ .

1.2.3.

 1.5. Tree-Delete

1.2.2.

 1.6. µ  µ

NULL µ µ - µ

.

µ NULL,

.

 1.7. µ µ µ n

 (µ Tree-Insert)

- µ .

;

 1.8. µ ;

µ x y, µ x  µ

y µ y  µ x;

, µ , µ .

. .  2  µ  1 

µ  1.4. µ  1.4. . ,  1 

µ  2 µ  1.4. µ  1.4. ,

µ  1.4. .

µ µ ,

µ µ µ  µ

NULL  µ µ  µ  µ µ .
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µ  1.4. µ

µ .

2. µ

µ  ( )

 ( , , , µ , , µ ,

µ , .) O(h) – µµ . ,

 µ µ µ µ

µ . µ  µ µµ

µ . (n)  µ

µµ µ µ .

µ µ  µ µ

µ .

µ µ  (balanced)  (

) O(log n)
2
.

µ  (  – Balanced Binary Search 

Trees) .  ( ,

) µ

 (µ - µ ) .

µ .

,

, , ,  µ ,

µ µ (log n) – µ

µ µ .

,

 (µ - µ ) . , µ

.

2  « » µ

. µ  µ

µ . O(log n)

µ .
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, µ NULL-

µ . , µ  (

) µ µ

. µ µ  ( NULL), µ

µ  ( µ ) µ - µ

 ( µ µ  ( µ )

), , µ

,  ( ), µ

NULL- .

µ  µ  µ

. µ , µ  ( )

 µ  ( µµ ) µ .

, µ

3
.

,  µ µ

(rebalancing operations). µ

(rotations), µ  µ µ .

 µ - µ  ( . . µ

 µ µ )

. µ µ

, µ - µ .

( )  µ  µ µ  µ

.

µ µ µ  ( x)

. ,

( y)  µ

3 µ ,

 µ ,

. µ  ( )

µ .

µ   20 

 µ . µ

.

,  (single rotation)  (double 

rotation). µ , .

 µ  µ .

µ  2.1. µ .

 ( µ  2.1) µ

µ  µ x

( µ  –  « µ » ). µ

 µ  µ  (  « µ »

),  ( µ  2.1. ). µ

 (  « µ » ),

 ( µ  2.1. ).
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µ  2.2. µ .

 ( µ  2.2) µ

µ  µ x

( µ  –  « µ »  µ ).  µ

µ  µ ,

 ( µ  2.2. ). µ

,  ( µ  2.2. ).

µ  2.1  2.2, µ µ µ

4
. µ  µ

, µ .

4 µ :

µ x  µ x,

µ x  µ x.

µ   22 

2.1. AVL

 AVL µ  Adelson-Velskii 

Landis, µ  1962.

 AVL 

µ  1. ,  AVL 

 µ

µ
5
.  AVL  µ

µ .

µ  AVL (log n).

µµ  2.1. h  AVL  µ n .

log(n+1) h  1.441 log n

. µ µ µ µ

. n = 2
h
 – 1 h = log(n+1). 

, h  log(n+1).

µ , T(h) µ

AVL  µ h. (1) = 1 (2)  2. h,

µ

T(h)  1 + T(h–1) + T(h–2)

h–1

h–2 ( h

AVL ). T(h)  Fib(h+1),  Fib(h+1)

(h+1)-  Fibonacci
6
.

5 µ µ

, µ . µ  µ  µ

µ n  µ n = 2h – 1, h . µ µ

µ µ µ NULL .

6  Fibonacci, http://mathworld.wolfram.com/FibonacciNumber.html .
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µ n  AVL µ h  µ

µ  T(h) µ  T(h). ,

n T(h)  Fib(h+1)

µ µ

Fibonacci.

 AVL (log n),

, µ , , µ , µ O(log n)

.

2.1.1.  AVL 

µ ,  µ - µ

. µ  µ ,

µ  AVL .

µ  ( )  AVL 

 (  2), µ

. µ ,  AVL 

µ . µ , µ µ  µ

. µ µ  AVL ,

µ µ µ

µ µ µ .

µ µ .

 µ  1. 

µ x ( h+2

)  AVL  ( ) h

h+1 ( µ  2.3). ,

h+1

h+2.

µ   24 

µ  2.3.  µ y

y h+2  AVL x.

 AVL µ .

x

y

A' B

C

x

y

B C

h

h+1

h+2

h+1
h

h+1
( )

( )

x

y

C'B

A

h

h h+1

h+2 x

y

C'BA

h+1
hh

h+1

A'h

h

µ  2.4.  AVL 

h+1. µ , µ

 AVL  C h+1.

µ  2.3.

h+1  AVL x.
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 µ  µ  ( µ  2.4. ). µ ,

 C µ  2.3.

h+1  AVL x.  µ  µ

 ( µ  2.4. ).

µ  µ  µ x

. µ y,

x µ ,  (µ ) h+2,

x  ( µ  2.4).

µ  2.5.  (  ( )  ( ))

AVL h+1.

µ  2.3 z  B1  B2.

µ  2.3 

h+1  AVL x.

y x ( µ  2.3. ),

 µ  µ  ( µ  2.5. ). y

x ( µ  2.3. ),  µ  µ

µ   26 

( µ  2.5. ).

µ  µ  µ x

. µ z (

), x µ ,  (µ

) h+2, x  ( µ  2.5).

 AVL 

O(log n): µ

µ µ  µ - µ

µ  µ .

µ  1  (µ ,  1 

µ ).

2.1.2.  AVL 

µ  µ - µ .

µ  µ µ
7

µ  AVL .

µ µ  AVL , µ

. , µ  µ  µ

µ . µ µ  µ µ µ

µ .

 µ  µ

 1. µ x ( h+2 )

 AVL  ( ) h

h+1 ( µ  2.6). ,

h  µ h–1.

7 µ , µ µ

 ( µ µ - µ ) µ

µ .
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( ) ( )

x

y

CB

A

h
h+1

h+2x

y

A B

C

h
h+1

h+2

µ  2.6.  C  ( )  ( )

 µ h–1  AVL 

x.  AVL µ .

µ  2.7.  ( )  ( )  AVL 

 C µ h–1  µ .

 C µ  2.6.

 µ h–1  AVL x.

µ   28 

h,  µ  µ

( µ  2.7. ). µ  µ

µ x .

h, µ y, x µ

,  (µ ) h+2, x

. h–1, µ - µ

y  (µ ) h+1. µ

µ y.

h–1, h.

 µ  µ  ( µ  2.7. ).

µ  µ  µ x

. µ - µ z (

), x µ ,

 (µ ) h+1.

µ  2.8.  ( )  ( )  AVL 

 µ h–1  µ .
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µ , µ  2.6.

 µ h–1  AVL x.

 C h,  µ  µ

 ( µ  2.8. ). h,

µ , h–1, µ - µ .

 C ( µ  2.6. ) h–1,  µ

µ  ( µ  2.8. ). µ - µ

z  (µ ) h+1.

AVL O(log n): µ µ

µ µ µ

 µ µ .

 µ µ ,

µ  µ - µ , µ

. µ , µ , µ

. µ µ µ

O(log n) .

2.1.3. µ

µ µ  AVL 

µ  Java applet  (  AVL 

):

http://webpages.ull.es/users/jriera/Docencia/AVL/AVL%20tree%20applet.htm

µ , µ  6, 9, 14, 17, 5, 7, 16, 20, 18, 19, 4, 

11 .

. µ  7, 11, 14, 4, 5, 20, 19.

µ  63, 30, 36, 31, 12, 50, 35, 5, 27, 59, 43,  17 

.  36  43.

µ   30 

2.2. -

-  (Red-Black trees) µ .

 Bayer  1972, µ µµ

-  (Symmetric Binary B-trees).  Guibas  Sedgewick µ

µ µ

 µ .

µ -  ( - )

:

(1) µ µ .

(2) µ .

(3) NULL- µ .

(4) µ  µ  ( µ ,  µ

µ ).

(5) µ ,  µ µ µ

µ  µ µ .

- , µ  (4) 

(5). µ  (4)  (5), 

µ µ µ x, µ  µ bh(x),

µ  µ µ  µ x µ  µ µ

. µ , x  µ  µ  µ

. , x  µ  µ

µ µ µ  µ .

, - , µ x

 2 ( µ

µ ).

µ

-  µ n (log n).

µµ  2.2. h -  µ n .
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log(n+1) h  2 log(n+1) 

. µ µ µ

µ µ  ( . µµ  2.1). 

µ , h bh  µ  (

).  (4)  (5) h  2bh.

 µ µ , bh

(µ ) µ  ( µ NULL- ), µ n

-  µ  µ bh

n  2
bh

 – 1 bh  log(n+1)

µ h  2bh.

 AVL - .

 µ  AVL  µ n  µ

µ -  µ µ . ,

µ -

.

, µ , , µ , µ

 (µ - µ )

O(log n),  µ -

µ .

2.2.1. -

µ  ( NULL)  (µ - µ ) .

µ µ  1  µ  1.

µ  (1), (3),  (5). 

 (5), µ  µ

µ  µ µ  µ .

(2)  ( ) µ  µ

 µ - µ . ,  (2) 

µ  µ  ( .  2.1).

µ   32 

µ µ  (4), 

µ  µ µ

µ  µ .

 (4)  µ .

z µ y

µ . µ µ y ,

 µ µ µ  (4) µ  (

y) µ . x w y ( . µ  2.9  2.10). 

x  µ

- . µ  µ µ w.

µ  2.9. y ,  (4) 

µ  x, y w. µ

 (5)  µ - µ . µ ,

µ - µ x µ .

w y  ( . µ  2.9 

y x. y x

µ ),  (4) µ x, y, w.

µ x µ , , µ

µ  ( x , .  2.1). µ y w
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µ  µ .  (5) µ  µ

µ  µ x µ µ  (

 µ µ ). µ µ -

µ µ  µ  (4) µ x

. µ µ - µ ,

 µ µ µ µ .

µ  2.10. y  µ ,  (4)  µ

 ( µ  (x, y)  (y, z) , ( ))

 ( µ  (x, y)  (y, z) , ( )).

 (5) µ .

w y µ ( . µ  2.10 y

x. y x µ ), 

 (4)  µ  µ x

( µ ). µ  (x, y)  (y, z)

,  ( µ  2.10. ). µ  (x, y)  (y, z)

,  ( µ  2.10. ).

 (4). ,  µ µ

µ µ µ

 (5). , µ

µ   34 

µ  µ  (4) 

.

-

O(log n): µ

µ µ µ  (µ - µ

).  µ  1 µ

 ( ).

µ . ,  µ µ µ µ µ

µ .  (5). 

 (5) 

. ,  (4)  « »

µ µ µ µ .

.

2.2.2. -

µ µ  (µ - µ ) .

µ  (4) (  µ

µ µ ),  (5) (  µ

µ ),  (2) ( µ

).  (2) µ

µ .  (4)  (5) µ

 (µ µ ).

µ  µ

 µ . -

)(log nO . µ  µ - µ

 ( µ ) )(log nO , µ

µ  ( )  2,  µ

µ .
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2.2.3. µ

µ µ -

µ  Java applet  (

 R-B ):

http://webpages.ull.es/users/jriera/Docencia/AVL/AVL%20tree%20applet.htm

µ  µ µ  AVL 

.

2.2.4.

 2.1. Relaxed -

-  (2). ,  relaxed 

-  µ  µ .  relaxed -  µ

. µ µ  µ . µ -

; µ ,

µ .

 2.2. - µ  µ n

. n  2, 

µ .

 2.3. µ µ

 µ  ( µ µ NULL- ) - .

 µ µ ; -

µ .

3.

 (multi-way search trees) 

.

( )  µ  (rooted tree) µ

. µ .

, NULL- NULL .

µ  x µ k , x.c[1], …, x.c[k], k  2, µ

k – 1  µ µ , x.key[1] < x.key[2] < … < 

x.key[k – 1]. :

µ  µ x.c[1]

 µ x.key[1].

i = 2, …, k – 1, µ

 µ x.c[i]  µ x.key[i – 1]  µ

x.key[i].

µ  µ x.c[k]

 µ x.key[k – 1].

x.key[i] x.key[i+1]

µ

x.c[i].

. µ µ  3.1.

µ  3.1. µ .
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 µ µ  µ

µ ,  µ . µ

 µ  µ µ  µ µ µ  µ

µ  µ  µ . µ , µ

µ  10
3
 µ µ µ  10

9
 ( µµ )

 µ  3 ( NULL- ).

µ µ µ µ

µ  µ  ( , ,

, .)  µ . µ

µ  µ  µ µ  ( . .

µ µ , DBMSs).

, µ µ x,

µ µ x.nc, x.key[i], x.c[i] µ µ µ

x, i- x (1 i x.nc), i- x (1 i

x.nc+1).

3.1.

3.1.1. - µ

µ - µ  (inorder)  µ

. - µ  µ

µ x, µ  µ  (x.c[1]),

µ  µ  (x.key[1]),  µ

 (x.c[2]),  (x.key[2]), .  µ

 (x.key[x.nc]) µ

 (x.c[x.nc+1]).

µ µ - µ

x.key[i] µ  µ

x.c[i]  µ x.c[i+1], i = 1, …, x.nc.

, - µ

.

  38 

µ µ - µ .

µ , µ µ µ  3.1.

Inorder-Traversal(x)

if x = NULL then return; 

 for i  1 to x.nc do
  Inorder-Traversal(x.c[i]); 

print(x.key[i]);

Inorder-Traversal(x.c[x.nc+1]);

3.1.2.

. µ  µ k  µ

µ x. µ µ x.nc+1 

x . µ  µ

 µ x.nc+1  ( µ  µ :

 µ  µ  µ

x.key). µ  µ .

’ , x k, µ

 x. , k  µ

x.key[1], µ  µ x.c[1] ( µ

 µ  µ x.key[1]).

µ , k  µ x.key[x.nc], µ

 µ x.c[x.nc+1]. , µ  (µ )

i, 2 i x.nc, x.key[i-1] < k < x.key[i], µ  µ

x.c[i]. µ µ

µµ x.key.

µ ,  ( µ )  30 µ  3.1, 

 (  30 > 24), 

µ  (27, 32) (  27 < 30 < 32),  30.  ( µ )

 20,  (11 < 20 < 24), 

 15 (15 < 20), µ NULL- .

 µ µ

. µ µ µµ
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. ,

µ µµ .

M-Tree-Search(x, k) 

i  1; 
while i  x.nc and k > x.key[i] do

 i  i + 1; 

if i  x.nc and k = x.key[i] then
return(x, i); 

if x.nc = 0 then return(NULL); /*  x NULL-  */ 

else return(M-Tree-Search(x.c[i], k)); 

 3.1. µ  µ .

µ µ µ  ( - µ )

µ ;

. .

3.2. ( , )-

 ( , )- µ  µ

. ,  2  2 .

( , )- ( ),( ba -tree) :

(1)  ( µ ).

(2)  2 .

(3) µ

.

 = 2  = 4, µ  (2, 4)- .

µ  (2, 4) µ  3.2. 2a

( µ  µ - µ  –  µ

 µ µ  µ ), µ -  (B-

tree). µ  3.2 -  = 4 ( µ

 3  4 ).

32a  ( µ µ  2/3), 

µ
*
-  (B*-tree). µ  3.2. 

*
-
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 = 4. - µ

µ µ .

µ  3.2. µ  (2, 4)- .

 3.2. µ µ  µ µ

-  ( )

.

.  µ µ  µ

µ  µ ;

NULL- ;

3.2.1.  ( , )-

µ  ( , )- µ

µ .

µµ  3.1.  ( , )-  µ h n ,

2
h–1

 – 1 n
h
 – 1

. µ µ h

 ( ) µ  – 1  ( ).

, µ :

1 + 2(  – 1) + 2 (  – 1) + … + 2
h – 2

 (  – 1) = 1 + 2(  – 1) (
h – 1

 – 1 )/(  – 1) = 2 
h–1

 – 1 

,  2 µ  1, 2 µ  2, 

., 2
h – 2

µ h–1, µ  ( )  (

– 1) .
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µ µ µ h

µ  – 1  ( ). , µ

:

(  – 1) + (  – 1) + 
2
(  – 1) + … + 

h–1
(  – 1) = (  – 1) (

h
– 1) / (  – 1) = 

h
– 1 

µ  0 ( ), µ  1, 
2

µ

2, ,
h–1 

µ h, µ  (  – 1) .

µµ  3.1, h  ( , )-  µ n (log n)

µ :

1
2

1
log)1(log

n
hn

,

 ( , )- µµ  ( .  3.1.2). 

( , )- µ

µ

.

µ µµ ,

(( / log )log n). µ

µ µ µ ((log /log )logn).

3.2.2.

µ  3.3.  (2, 4)- µ  3.2 µ  50. 

µ NULL-

( µ ) .  (
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µ - ) µ NULL-

( µ  3.3). µ  µ

 ( .  (1)  µ ).  

 µ µ

(2)  (3). µ , µ  µ +1  ( ), 

µ  (overflow). ,

µ  µ µ

(split) µ µ µ . µ

2/)1(  («µ » )

« » µ .

 µ 2/)1(  µ  µ 2/)1(

 « » µ . 12/)1(  µ +1 

µ  µ 2/)1(  « »

µ  ( µ  3.4).

µ  3.4.  (2, 4)- µ  3.3 µ  30. µ

(24, 27, 30, 31) .  « » µ

 (24, 27)  « » µ  (31).  30  (15, 23) 

µ . µ µ  (15, 23, 30).

µ  µ

µ . µ

 µ  µ .

, µ  µ  µ µ

.  1. 

µ

(1).
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( , )- (log n)  µ (log n)  (µ

 µ µ ).  

3.2.3.

µ µ µ .

µ NULL- , µ

NULL-  ( µ  3.5). , µ  ( µ

µ ) - µ

 ( µ  3.6).

µ  3.5.  17  (2, 4)- µ  3.2.

NULL- µ  56.

µ  3.6.  15  (2, 4)- µ  3.5.  12

( µ  15 - µ )  15

NULL- µ  12.  

 µ µ µ µ

µ  ( NULL- ), µ

µ ,
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µ . ,

µ  µ  1. 

, µ  (  (1)) ’

.

µ  µ µµ  (underflow) 

µ  µ  – 2 

( , µ  – 1). µµ µ  µ

µ µ  (sharing µ  – tranfer) 

 (fusion  merging).  

µ - µµ

µ  ( +1 ),

µµ µ

µ - µ

µµ µ  ( µ  3.7). µ

µµ µ µ µ

µ . µ  µ µ .

µ  3.7.  21  (2, 4)- µ  3.6 

µ  21 µµ  ( ).

 ( µ  (24, 27, 31) µ  3.6)  3 µ µ .

23  21  24  23 µ - .

µ - µµ µ  – 1 

 ( ), µµ µ  µ

µ - .

 « » µ - µ

 ( µ  3.8). , µ µ
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 (  – 2) + 1 + (  – 1) = 2(  – 1)  – 2 (  2 ).

 µ µ µ -  1 

 µ µ  (µ µ µµ µ - ).

µ  3.8.  9  (2, 4)- µ  3.7 

µ  9 µµ  ( ).  µ

 ( µ  (23) µ  3.7)  1 µ

µ .  (12) « »

µ  (12, 23).  µ µ

µ -  1  µ µ .

µ  µ

µ

µµ . µ µ µµ

µ  (  µ  µ ).  µ

 µ  1.

( , )- (log n)  µ (log n)  (µ

 µ µ )

 1 µ .

µ .  ( , )-  µ

µ . ,

µ  µ µ

 ( µ  µ µ  µ  – 1 

 « ») µ  (

µ  µ µ  µ

µ -  « »).
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.

µ µ

µ .
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