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Abstract. We consider the Conference Program Design (CPD) problem, a multi-round generalization
of (the maximization versions of) g-Facility Location and the Chamberlin-Courant multi-winner elec-
tion, introduced by (Caragiannis, Gourves and Monnot, IJCAI 2016). CPD asks for the selection of
kq different items and their assignment to k disjoint sets of size ¢ each. The agents derive utility only
from their best item in each set, and we want to maximize the total utility derived by all agents from
all sets. Given that CPD is NP-hard for general utilities, we focus on utility functions that are either
single-peaked or single-crossing. For general single-peaked utilities, we show that CPD is solvable in
polynomial time and that Percentile Mechanisms are truthful. If the agent utilities are determined by
the distances of the agents to the items in the unit interval, we show that a Percentile Mechanism
achieves an approximation ratio 1/3, if ¢ = 1, and at least (2¢ — 3)/(2¢ — 1), for any ¢ > 2. On the
negative side, we show that a generalization of CPD, where some items must be assigned to specific sets
in the solution, is NP-hard for dichotomous single-peaked preferences. For single-crossing preferences,
we present a dynamic programming exact algorithm that runs in polynomial time if k is constant.

1 Introduction

Many problems in Social Choice deal with selecting ¢ items (or candidates), from a given set of m
items, based on the preferences of n agents. In more than a few, each agent derives utility from his
best item in the solution and the objective is to maximize the total utility of the agents, sometimes
also considering incentive compatibility constraints.

An instance of this general setting is the classical q-Facility Location problem, where we want
to place ¢ facilities in a metric space, based on the locations suggested by n agents. Each agent
uses his nearest facility in the solution and the objective is to minimize the total distance of the
agents to their facilities. Facility Location is a fundamental optimization problem and has played
a key role in the field of Approximation Algorithms (see e.g., [29]). In Social Choice, the relevant
literature mostly focuses on strategic agents with single-peaked preferences over the possible facility
locations. The goal is to characterize the class of truthful mechanisms and to determine the best
approximation ratio achievable by truthful mechanisms when the agent preferences are determined
by agent distances on the real line (see e.g., [15,22, 24, 28] and the references therein).

A different specimen of the same setting appears in the context of multi-winner elections. In
the model introduced by Chamberlin and Courant [7], we want to form a committee by selecting ¢
representatives, from a set of m candidates, so as to minimize the committee’s “misrepresentation”
with respect to a set of n agents. Similarly to Facility Location, each agent is associated with the
committee member that represents him best, and we want to minimize the total “misrepresentation
cost” of the agents. The winner determination problem for the multi-winner election of Chamberlin-
Courant has received significant attention recently, with INP-hardness results and approximation
algorithms for general agent preferences and polynomial-time algorithms for restricted preferences,
such as single-peaked or single-crossing (see e.g., [2,6,23,27] and the references therein).

In this work, we study the Conference Program Design problem, which was recently introduced
by Caragiannis et al. [6] and can be regarded as a generalization of (the maximization versions of) ¢-
Facility Location and the Chamberlin-Courant election. An instance of Conference Program Design,



or CPD in short, consists of a set of m items X = {x1,...,z,}, a set of n agents L = {1,...,n},
each with a utility function u, : X — R>q, and two positive integers k£ and ¢. A feasible solution
S = {S1,...,Sk} is a collection of k pairwise disjoint subsets of X (or slots) such that each slot
S; contains at most ¢ items. The agents derive utility only from their most preferred item in each
slot and have additive utilities for different slots. Hence, the utility of an agent ¢ for a solution
S = {S1,..., Sk} is w(S) = Zle max,es, ue(z). The social objective is to maximize the total
utility of all agents, which is U(S) = >, u¢(S) for any given solution S = {S1,...,S,}. We
should underline that although a larger total utility may be achieved by assigning some items to
multiple slots, we require that the slots S1,...,.S; should be pairwise disjoint.

Ezample 1. We consider 5 items {x1, x2, 3, x4, 5}, 3 agents and k = ¢ = 2. The utility functions of
the agents are u; = (4,3,5,1,2), us = (1,2,3,9,2) and u3 = (6,1,4,0,7) (the i-th coordinate in u;
denotes the utility of agent j for item z;). The total utility of the solution S = ({z1, 22}, {x3,z4})
is U(S) = (u1(x1) + ui(xs)) + (ua(z2) + ua(za)) + (ug(z1) + ug(zs3)) = 30. ¢

The name of Conference Program Design is motivated from the possibility of regarding each
item as a conference talk. The conference has ¢ parallel sessions and k time slots. During each
slot .S;, at most ¢ talks are given and each agent can attend only one of them. We assume that
every agent attends his most preferred talk, i.e., the talk that maximizes his utility, in each slot.
In addition to the natural connection with the design of multi-session conference programs, CPD
should be regarded as an abstraction of multi-round multi-winner elections, where the set of winners
in different rounds must be disjoint, each agent is represented by his most preferred winner in each
round, and the utility functions of the agents are additive with respect to their representatives in
different rounds (see also [6] for further discussion on the motivation of CPD).

Previous Work. Apart from the fact that it is a maximization problem, CPD incorporates both ¢-
Facility Location and the Chamberlin-Courant election (for k = 1): each item is a facility /candidate
and the utilities are the opposite of the distance/misrepresentation costs. Since the multi-winner
election of Chamberlin-Courant and ¢-Facility Location [16,23] are known to be NP-hard for
general cost functions, CPD is also NP-hard for general utilities. Interestingly, Caragiannis et al.
[6] proved that CPD remains NP-hard (and inapproximable up to given constant factors) in the
special case where agent utilities are either 0 or 1 (a.k.a. uniformly dichotomous preferences), all
items fit in the solution, i.e., m = kq, and either k£ = 2 or ¢ = 3. The only case where CPD is known
to be polynomially solvable is for ¢ = 2, by a reduction to maximum matching. Based on a natural
Integer Linear Programming formulation (see also Section A.1), Caragiannis et al. [6] obtained
polynomial-time approximation algorithms for CPD with general utilities, with ratios 1 — 1/e, if ¢
is a constant, and 1/e — 1/€?, if ¢ is part of the input.

On the other hand, many positive results are known for natural (and practically interesting)
special cases of g-Facility Location and of the Chamberlin-Courant election, especially for the line
metric and for single-peaked or single-crossing preferences. Specifically, ¢g-Facility Location on the
line is polynomially solvable, by a simple dynamic programming algorithm. Recently, using Linear
Programming techniques, Hajiaghayi et al. [18] extended this result to the fault tolerant version
of g-Facility Location, where each agent must connect to k different facilities. Moreover, there has
been a significant recent interest in the approximability of g-Facility Location on the line by truthful
mechanisms. As for deterministic mechanisms, the Median Mechanism is optimal for ¢ = 1 [22, 24],
the 2-Extremes Mechanism achieves a best possible approximation ratio of n — 2 for ¢ = 2 [15,
24], and the Percentile Mechanisms comprise the only known general class of truthful deterministic
mechanisms [28] for all ¢ > 2, but their worst-case approximation ratio cannot be bounded in terms
of n and ¢ [15] (all these mechanisms are actually known to be group strategyproof). Moreover,



there are randomized truthful mechanisms for g-Facility Location on the line with a constant
approximation ratio for ¢ € {2,n — 1} and an approximation ratio of n for any ¢ € {3,...,n — 2}
[14]. However, all these results on the approximability of Facility Location by truthful mechanisms
are about cost minimization and assume that a facility can be placed at any point on the real line.
So they are not directly relevant for CPD, where we want to maximize the total utility and the
item locations are restricted by the input. In a recent work, Feldman et al. [13] characterized the
approximability of 1-Facility Location on the line metric (by truthful or non-truthful, deterministic
or randomized mechanisms) when the potential facility locations are restricted by the input.

Similarly to the line metric for Facility Location, for the election of Chamberlin-Courant, it is
reasonable to assume that the agent preferences over the candidates is consistent with a placement
of the candidates on a societal axis. In fact, the line metric is a special case of two popular concepts
in structured preferences in Social Choice literature, namely single-peaked and single-crossing pref-
erences [4,21,25] (see Section 2 for their formal definition). Recent work presents polynomial-time
exact algorithms for the winner determination problem of the Chamberlin-Courant election when
the agent preferences are either single-peaked [2] or single-crossing [27].

Contribution and Techniques. Motivated by the many interesting positive results for g-Facility
Location and for the Chamberlin-Courant election when the agent preferences either are deter-
mined by the line metric or are single-peaked or single-crossing, we investigate here the algorithmic
properties of the Conference Program Design problem for such preferences. We give an almost
complete picture for CPD with single-peaked preferences and show that CPD with single-crossing
preferences is polynomially solvable if the number of slots k is constant.

An interesting observation is that for single-peaked utility functions, the best k items of any
agent occupy consecutive positions on the societal axis (Proposition 1). Therefore, for any set M
of items, |M| < kq, a simple greedy assignment of the items to slots ensures that every agent can
derive utility from his best k papers in M. This observation allows us to focus on the item selection
aspect of CPD for single-peaked preferences (recall that finding an optimal assignment of kq items
to slots is NP-hard for uniformly dichotomous utilities [6]). Combining this observation with a
generalization of the Linear Programming approach of [18], in Section 3, we show that CPD can
be solved in polynomial-time for general single-peaked utility functions (Theorem 1).

In sections 4 and 5, we study the approximability of CPD with single-peaked preferences by
truthful mechanisms. To achieve truthfulness, we exploit the idea of Percentile Mechanisms, which
are known to be group strategyproof for agents with single-peaked preferences [28, Theorem 1]. To
optimize the approximation guarantees, we apply Percentile Mechanisms to the set of all tuples
consisting of k£ consecutive items on the societal axis. Interestingly, we show that the extension of
any single-peaked utility function on items to a utility function on tuples of k consecutive items
is also single-peaked (Lemma 1). Consequently, this variant of Percentile Mechanisms is truthful
(Theorem 2, we can also show that it is group strategyproof).

As for the approximation ratio of Percentile Mechanisms, we consider the special case of linear
preferences where the items and the agents lie in the unit interval [0, 1] and the utility of an agent ¢
located at v, for an item j located at x; is ug(z;) = 1 — |vg — x;|. The restriction to the unit interval
is wlog., since all our results hold for any interval length B, provided that the utility functions are
we(xj) = B — |xj — vg|. We first observe that if £ = ¢ = 1, the optimal solution is not truthful and
any deterministic truthful mechanism must have an approximation ratio at most 5/7. For ¢ = 1 and
any k > 1, we show that the approximation ratio of the 1/2-Percentile Mechanism is 1/3 (Lemma 3
and Lemma 4). For any ¢ > 2 and k > 1, we show that if the number of agents is a multiple of ¢,
the approximation ratio of the (i, 2%, cee 2‘12;1)—Percentile Mechanism is at least (2g —3)/(2¢ — 1)
(Theorem 3) and at most (2¢—1)/(2¢ —1/q). Interestingly, the approximation ratio tends to 1, as g




increases. If the number of agents n is not a multiple of ¢, we obtain a slightly weaker approximation
ratio of (2¢ — 3)/(2¢ — 1) — O(g/n) (Theorem 4).

To the best of our knowledge, this is the first analysis of the approximation ratio of Percentile
Mechanisms for linear preferences (note their approximation ratio for cost minimization problems
is unbounded). As for the proof technique, for the general case where ¢ > 2, we introduce the
notion of the width of a subset of agents, which allows us to bound the approximation ratio for the
entire set of agents by analyzing independently the approximation ratio of non-overlapping groups
with n/q agents each (see Lemma 5 and the proof of Theorem 3). The proof technique can be
applied to any quasilinear nonnegative utility function of the form w,(z;) =1 — f(|z; — ve|), where
f :[0,1] — [0,1] is any nondecreasing function of the distance. The approximation ratio can be
derived using the same approach and depends on the steepness of f.

Nevertheless, single-peaked preferences are not enough to make CPD polynomially solvable if
some items need to be assigned to specific slots. Using a reduction from PRECOLORING EXTENSION,
which is known to be NP-complete in unit interval graphs [20], we show that this generalization
of CPD is NP-hard if the agent utilities are single-peaked and either 0 or 1 for each item (a.k.a.
dichotomous single-peaked preferences, see Theorem 5, in Section 6).

Finally, in Section 7, we extend the dynamic programming approach applied in [27] to the
Chamberlin-Courant election with single-crossing preferences and show that CPD with single-
crossing preferences can be solved in O(m(ng)**!) time (Theorem 6). An interesting open question
is whether CPD with single-crossing preferences is polynomially solvable if &k is part of the input.

2 Notation and Preliminaries

CPD is formally introduced in Section 1. In this section, we introduce some additional notation
and terminology and some basic facts used in this work. For any integer p > 1, we denote [p] =
{1,...,p}. We write z =, 2’ to express that an agent ¢ prefers item z to item 2/, which happens iff
ug(x) > up(z’). In such cases, we sometimes write that >, is the preference order induced by the
utility function u,. In case of ties (in the utility functions or in the selections made by an algorithm),
we always break them in an arbitrary fixed deterministic way.

The best paper of an agent £ in a set of items Y C X is Y’s most valuable item to agent /, i.e.,
arg maxycy ue(y). We define the second, ..., the k-th best item of an agent £ in Y similarly. Given
a set of items Y C X , and assuming the case where k£ = 1, i.e., where each agent uses a single
item, we let uy(Y') = maxycy {u/(y)} denote the maximum utility of an agent ¢ for his best item
inY, and let U(Y) = >";_; ug(Y") denote the total utility derived by the agents from Y. Similarly,
we let U(x) = >_;_; ug(x) denote the total utility derived by the agents from an item z € X.

Conference Program Design with Item Preselection. In Section 6, we consider a natural
generalization of CPD, where a specified subset of items X’ C X must appear in the final solution
and the assignment of the items in X’ to slots is fully specified by the input. We call this variant
Conference Program Design with Item Preselection, or PRE-CPD, in short.

More formally, in addition to the input of CPD, the input of PRE-CPD includes a subset X’ C X
of items and a mapping g : X’ — [k]. A solution S is a collection of k disjoint subsets Si, ..., Sy of
X, such that each S; contains at most g items and g~ 1(i) = {z € X’ : g(x) = i} C S;. In particular,
we assume |g~1(i)| < ¢. Thus, CPD corresponds to PRE-CPD with X’ = ().

Approximation Ratio. An algorithm achieves an approzimation ratio of p € (0,1], if for any
instance I of CPD, the solution S computed by the algorithm satisfies U(S) > pU(S*), where S*
denotes the optimal solution to instance I.



Truthfulness. A mechanism A for CPD is truthful (or strategyproof) if no agent can increase
his utility from the outcome of A by misreporting her utility function. Formally, for any pair of
instances I and I’ that differ in the utility function of any single agent ¢, with u, denoting £’s utility
in I, we have that uy(S) > uy(S’), where S (resp. ') is the solution of A on instance I (resp. I').
A mechanism A for CPD is group strategyproof if no coalition of agents can simultaneously
increase their utility from the outcome of A by misreporting their utility functions. Formally, for
any pair of instances I and I’ that differ in the utility functions of any nonempty subset L' C L
of agents, with uq,...,u, denoting the utility functions in I, there exists an agent ¢ € L’ so that
ug(8) > ug(S’), where S (resp. §’) denotes the solution computed by A on instance I (resp. I’).

Single-Peaked Preferences. A societal axis is a linear order 1 over X. We say that an agent’s
preference order > is consistent with J, if for each three items z,,xzp,z. € X, we have that
(g Dap Txe) V(e Dxp D 240)) = (g = xp = Tp > x.). We say that a utility function u, of an
agent ¢ € L is single-peaked wrt axis J [4], if the preference order >, induced by w, is consistent
with . An instance of CPD is single-peaked (or has single-peaked utilities or preferences) with
respect to axis T, if the utility functions uy of all agents ¢ € L are single-peaked wrt axis 1. An
instance of CPD is single-peaked if it is single-peaked with respect to some societal axis.

Note that it is possible to check in polynomial time whether a set of utility functions uq, ..., u,
is single-peaked [1,12]. For instances of CPD with single-peaked utilities wrt axis 1, we always
index the items according to 1, i.e., we have that z; 3 22 1 --- O x,,. We sometimes abuse the
notation slightly and use x; 2 x; to denote that either z; precedes z; in 3 or x; = x;.

For instances of CPD with single-peaked preferences wrt some axis 1, we say that two items
z; and x; are consecutive, if there is no other item ' such that z; 32’ J x; or z; 32’ J x;. This
definition naturally extends to any number of items.

For example, let us consider 4 items x1, x2, x3, x4 and 5 agents with the following preferences:

1:x1 1201231 24|2:29 =20 x1 =2 T3 =2 T4|3: T >3 T3 >3 T1 =3 X4
42:ZJ3>4$2>41’4>4IL’152$3>5III4>51’2>5$1

This set of preferences is single peaked wrt the societal axis z1 3 xo O x3 3 x4. In this example,
the items e.g., x1, x9 and x3 are consecutive.

Optimal Item Allocation for Single-Peaked Preferences. For instances with single-peaked
preferences wrt axis 71, we can allocate any set of items M, | M| = kq, to slots Sy, ..., Sk in a greedy
manner, so that each slot gets ¢ items and the utility of each agent ¢ is maxgcas, 5= > zes we(m),
i.e., equal to the maximum utility that agent ¢ can derive from the items in M. Specifically, we
arrange the items in M according to 3, so that 1 3 29 3 --- 3 @y, and let each slot §; =
{Ti, ik, ... 7mi+(q71)k}' This allocation ensures that any k items consecutive in 1 J w2 3 -+ 1 Ty
are assigned to k different slots. The following shows that for single-peaked preferences, the best k
items of any agent are consecutive in the societal axis (see Section A.2 for the proof).

Proposition 1. Let X be a set of m items arranges as x1 1 xo 1 -++ 1 Xy, according to the
societal axis 3, and let w : X — R>qo be any wutility function that is single-peaked wrt 3. Then,
for any k € [m], the maximum utility obtained from k items in X is achieved by considering k
consecutive items in 7, i.€., MAXC X |5|=k Dy, eg U(Tp) = MaXy;ex Zlgig_l u(zp).

Therefore, for instances with single-peaked utilities, we can assume a greedy allocation of the
items to slots and focus on the item selection aspect of CPD. Hence, for such instances, given
any set of items M C X, with |[M| < kq, we avoid referring to any particular allocation and let
up(M) = maxy, enm Z’;i; -1 ug(xp) denote the maximum utility of an agent ¢ for the items in M and



U(M) =>")_, us(M) denote the maximum total utility that the agents can get from M. Moreover,
for such instances, we assume that |X| > kg, since otherwise, CPD is easily solvable.

Linear Preferences. An interesting special case of single-peaked preferences are linear preferences
(or linear utilities), where both the items and the agents lie in [0, 1] and the utility of an agent ¢
for an item j is a linear decreasing function of their distance. For such instances, we assume that
the items are located at 0 < x7 < 9 < -+ < xp, < 1 and the agents are located 0 < v; < vy <
.-+ < v, < 1. The utility of an agent ¢ for an item x; is ug(x;) = 1 — |x; — vyl, i.e., the length of the
interval minus the distance of v, to x;. Namely, the utility of £ for j is equal to the opposite of the
distance of vy to xj, to which we add the length of the interval, so that the utility is nonnegative.

Single-Crossing Preferences. The notion of single-crossing preferences comes from Mirrlees [21]
and Roberts [25]. A profile of preferences is single-crossing if there exists an ordering of the agents,
say 7 : [n] = L, such that for every pair of items x;,z; € X, either all the agents rank x; and x;
in the same way, or there is an index t;; € {1,...n} such that agents 7(1) to m(¢;;) all agree to
rank z; and z; in the same way, and agents 7(t;; + 1) to m(n) all agree to rank x; and z; in the
opposite way. So, either all the agents agree on the relative positions of two given items, or there
is a dichotomy L1, L\ L;j such that both L; and L\ L; contain consecutive agents with respect to
ordering . We can check whether a preference profile is single-crossing in polynomial time [9].
For example, let us consider 4 items x1, x2, x3, x4 and 5 agents with the following preferences:

12:L’1>1:L’2>1:L’3>1:L’422:L’1>2:L’2>2:L’4>2:L’332:I)1>3:L’4>3:L’2>3:L’3
4d:24 421 74T 4 X3|D: T4 =5 T1 =5 T3 =5 T

This preference profile is single-crossing, with 7 being the identity permutation of the agents.

3 Conference Program Design with Single-Peaked Preferences

Next, we consider CPD with single-peaked preferences and show that it can be solved in polynomial
time. By Proposition 1, we can assume an optimal greedy allocation of the selected items to the
slots and focus on the item selection aspect of CPD. Moreover, we can assume that |X| > kq.

Theorem 1. CPD with single-peaked preferences is solvable in polynomial time.

Proof (sketch). The proof extends the Linear Programming approach used in [18, Section 3| to
show that the fault-tolerant version of g-Facility Location can be solved in polynomial-time on the
line metric. Since we focus on item selection, we consider a simplified Integer Linear Programming
formulation of CPD, where the slots S1, ..., S, are not explicitly taken into account.

(SLP) maximize Z Z zg; - up(x;)

leN z;€X

subject to: y; — 2z >0, V€ N,x; € X (1)
> i<k VLEN (2)
r,€X
S yi<keq (3)
z,€EX

Yi,zei € {0,1}, V0 € N,z; € X

In (SLP), each variable y; indicates whether an item z; is included in the solution and each
variable zy; indicates whether an agent ¢ derives utility from an item x;. Constraint (1) ensures



that an agent ¢ derives utility from an item z; only if z; is included in the solution. Constraint (2)
ensures that every agent should derive utility from at most k items. Constraint (3) ensures that at
most kq items should be selected in the solution.

The optimum of (SLP) is equal to the optimal total utility. Let us denote by (R-SLP) the
relaxation of (SLP) where the constraints y;, z¢; € {0, 1} are replaced by y;, z¢; € [0, 1]. Thus, the
optimal value of (R-SLP) is no less than the value of (SLP). We solve (R-SLP) and let X’ = {z; €
X : I € L with 25 > 0}. We say that the usage of an item z; € X’ by an agent ¢ is full when
zoi = Ui, null when zy; = 0 and intermediate when 0 < zy; < y;. In Section A.3, we show that:

Claim 1 Fiz an agent £ and two consecutive items 4, xy, € X' such that x, =4 xy,. For that agent,
the intermediate or null usage of x, implies a null usage of xy.

Claim 1 implies that the items of X’ for which a given agent has a non-null usage are consecutive.
Moreover, within this set of consecutive items of interest for the agent, only the two extreme items
can be used in an intermediate way. Using this observation, we modify X’ as done in [18, Section 3],
in the context of fault tolerant ¢-Facility Location. The crucial observation is that we can write
a new Linear Program (FLP) for the modified instance such that (i) the optimum of (FLP) is as
good as the optimum of (R-SLP); and (ii) (FLP) satisfies the consecutive ones property, and thus,
has an integral optimal solution (see Section A.4 for a detailed description of the transformation
and for the precise formulation of (FLP)).

The algorithm consists of solving (R-SLP) to get (y,z) and X’. Then, we split the items of
X' according to (y, z) in order to get a new set of items X”. Next, we solve (FLP) and obtain an
integral optimal solution of total utility equal to the total utility of the optimal solution of (R-SLP)
(and of (SLP)). Obtaining an optimal selection of kg items from the solution of (FLP), we allocate
the selected items using the optimal greedy allocation described in Section 2. g

4 A Truthful Mechanism for Single-Peaked Preferences

In this section, we present a truthful mechanism for CPD with single-peaked preferences. Given a set
X of m items arranged as 1 2 x2 I - - - 2 &y, on axis JJ, we consider the set X = {C1,...,Cp_k+1}
of k-tuples of consecutive items, where C; = (z;, ..., zk1;—1) for each i € [m—k—+1]. These k-tuples
can be naturally arranged on 1, as Cy 1 Cy 3 --- 13 Cy—g+1, according to their first coordinate.
For each agent £ and each k-tuple C;, we let @, (C;) = Zfifl ug(x;) be the utility of agent ¢ for
the items in C;. Naturally, utilities @y(C1), ..., 4¢(Cy—g+1) define the preference relation of agent
£ on the set X of k-tuples of consecutive items. Hence, we extend the utility function u, of each
agent £ on the set of items X to a utility function @, on the set X of k-tuples of consecutive items.

In Lemma 1, we show that if uy is single-peaked on X, uy is single-peaked on X.

Percentile Mechanism. In an (aq,. .. ,aq)—Percentile Mechanism for CPD, with 0 < oy < -+ <
ag < 1, each agent £ casts a vote for his best k-tuple C* = arg maxcex{t,(C)}. For each k-tuple
C;, we let cnt(C;) denote the number of agents voting for Cj, i.e., ent(C;) = {£ € L : C; = C*}.
The mechanism selects ¢ tuples from X. For each j € [q], the k-tuple C; € X is selected as the j-th
tuple of the (au,. .., aq)-Percentile Mechanism if Z;_:ll ent(Cp) < ajn < Z;Zl cnt(Cy).

Let C(1),...,C(q) be the k-tuples selected by the Percentile Mechanism, in the order of selec-
tion. We note that C(1) J--- 3 C(g). Let also M = [Jj_; C(j) be the set of items selected by the
mechanism. It may be |M| < kq, since C(1),...,C(q) do not need to be disjoint. The items in M
are assigned greedily to slots so that if z1 J 22 3 -+ J x)7 denote the items in M, each slot S;
consists of the items x;, i+, Tiyok, . . .. By Proposition 1 and by the discussion in Section 2, this



greedy allocation is optimal and ensures that the utility us(M) of each agent ¢ from the outcome
of the mechanism is best possible. ¢

We next show that Percentile Mechanisms are truthful. Namely, for any instance, each agent ¢
maximizes his utility from the outcome of the mechanism by voting for his best k-tuple C* € X.

Theorem 2. For any tuple (o, ...,0q), with 0 < a; < --- < ag < 1, the (aq, ..., aq)-Percentile
Mechanism is truthful for the Conference Program Design problem with single-peaked preferences.

We first show that if a utility function u is single-peaked wrt x1 3 x2 3 - - - 3 &y, its extension
u on X is single-peaked wrt C7 21 Co O --- O Chpyp—gy1-

Lemma 1. Let u: X — R>q be a single-peaked utility function wrt x1 Jxo 3 -+ J Xy, and let 4 :

X — Rxq be its extension to the set X = {C1,...,Cp_py1} of k-tuples of consecutive items, where
u(Cy) = Zf;l_l u(xj) for each C; € X. Then, u is single-peaked wrt C1 3 Cy T -+ 3 Cryp_py1.-

Proof (sketch). We show that for any three k-tuples C,, Cj, C. such that either C, 1 C, 2 C,. or
C. O Cy O C,, if a(C,) > u(Ch), then u(Cp) > u(C.). We assume that C, I C, I C, (the other
case is symmetric) and that C, = (z1,...,2%), Cp, = (23, ...,Tk+p-1), for some integer § > 2, and
Ce=(2y,...,Thqy—1), for some integer S +1 <y <m—k+ 1.

We need to show that for any choice of u, § and v, @(C,) > @(C}) implies that @(Cp) > u(C.).
We let zj+ be the item in X with maximum utility u(z;«), i.e., the peak of the utility function u, and
consider three different cases depending on whether j* < 3, j* > k+5—1,0or f4+1 < j* < k+5-2.

If 7* < j3, the single-peakedness of u implies that for all j € [k], u(zg4j—1) > u(zy4;—1), because
xjx Jxgyj_1 I Tyypj—1. Hence, we conclude that u(Cy) > u(C.).

We next show that j* > k + 8 — 1 implies u(Cjp) > u(C,), and thus, this case cannot occur.
Specifically, if j7* > k + 8 — 1, the single-peakedness of u implies that for all j € [k], u(zgqj—1) >
u(x;), because x; 13 xg4;—1 2 x;+. Hence we obtain that u(Cp) > u(Cy).

The most interesting case is where 8 4+ 1 < j* < k + 8 — 2. Then, we need to compare the
utility of some items in Cj with index less than j* with some items in C,. with index greater than
j* (note that this comparison cannot be made directly for general single-peaked utilities). We do
so by exploiting an item z, in C, whose utility is no less than the utility of the rightmost items
in Cp. Intuitively, such an item should exist because each item included in C, but not in C} has
utility no greater than the utility of each item in {xg, ...,z }. Hence u(Cy) > u(Cj) can hold only
if some item in C, \ C} has utility greater then the utility than the rightmost item in Cj. Although
the idea is simple, the proof is a bit technical and can be found in Section A.5. O

We can now conclude the proof of Theorem 2. The greedy allocation of the items in M to
slots ensures that all agents get a maximum utility from M. Thus, they do not have any incentive
to manipulate the greedy assignment. We can also show that the agents cannot change the item
selected by the mechanism in their favor. The intuition is the same as the intuition in the proofs
that Generalized Median and Percentile Mechanisms [22,28] are truthful for agents with single-
peaked preferences. If an agent ¢ lies and votes for a k-tuple C’ on the left (resp. on the right) of
C"’, this could only push a k-tuple C(4) selected by the mechanism further on the left (resp. on the
right) of C*. Since agent £ has single-peaked preferences over X, such a change is not profitable for
him. In Section A.6, we give a proof of this claim for completeness and because in our setting, an
agent can use items from more than one k-tuples selected by the mechanism (instead of using a
single outcome in [22,28]). In fact, working as in the proof of [28, Theorem 1], we can show that
Percentile Mechanisms for CPD with single-peaked preferences are group strategyproof.



5 The Approximation Ratio of Percentile Mechanisms for Linear Preferences

Next, we consider the special case of linear preferences. The items are located at 0 < z1 < 9 <
-+ < Ty < 1 and the agents are located at 0 < v1 < vy < --- < v, < 1. The utility of an agent £ for
an item z; is ug(z;) = 1 — |x; —vg|. We always assume that m > kg, otherwise a greedy assignment
of the items to slots is optimal.

The Approximation Ratio for Selecting a Single Item. We start with the case where k = ¢ =
1, where we want to select a single item that maximizes the total utility of the agents. In contrast
to 1-Facility Location, where the Median Mechanism is optimal (see e.g., [24]), the approximation
ratio for this special case of CPD is 1/3 and we can show that any deterministic truthful mechanism
has approximation ratio at most 5/7 (see Section A.7).

In the 1/2-Percentile Mechanism, each agent ¢ votes for his best item, i.e. for the item x; that
minimizes |vy — x;|. We recall that cnt(z;) is the number of agents that vote for ;. Then, the
1/2-Percentile Mechanism selects the item x; that satisfies 23;11 cent(z;) < n/2 < 375 ent(z;)).
So, because it cannot select the location of the median agent, as the Median Mechanism does for
1-Facility Location [24], the 1/2-Percentile Mechanism selects the item closest to the location of
the median agent (see Section A.8 for a proof of the following).

Claim 2 Let 0 <z1 < - - <z, <1 bem items and 0 < vy < --- <w, <1 ben agent locations in
[0,1], and let vyeq be the location of the median agent. Then, the 1/2-Percentile Mechanism selects
the item x; = arg min gy |Zj — Vmed|, i.€., the item that minimizes the distance to Vmeq.

The analysis of the approximation ratio uses the following (see Section A.9 for the proof).

Lemma 2. Let 0 < vy < --- <w, <1 ben agent locations in [0,1] and let vyeq be the location of
the median agent. For any items z,y € [0, 1] with |vmea — 2| < [vmed — Y|, U(y) < 3U(z).

Using Lemma 2, we can now determine the approximation ratio for the case where k = g = 1.
Lemma 3. If k = q =1, the 1/2-Percentile Mechanism achieves an approximation ratio of 1/3.

Proof. For the lower bound on the approximation ratio, we apply Lemma 2 with the item selected
by the mechanism as z and the item selected by the optimal solution as y. Claim 2 implies that
that |vmed — 2| < |Umed — Y|, Where v,eq denotes the location of the median agent. Then, Lemma 2
immediately implies that the approximation ratio of the 1/2-Percentile Mechanism is at least 1/3.

To conclude the proof, we present a class of instances where the mechanism has an approxi-
mation ratio of 1/3 + ¢, for any € > 0 (see also the instance in the proof of Proposition 2). Such
instances consist of n/2 agents located at 1/2 — e, where € > 0 is arbitrarily small, and n/2 agents
located at 1, and of 2 items, one at 0 and the other at 1. The optimal solution selects the item at
1 and has a total utility of 3n/4 — ne/2. The 1/2-Percentile Mechanism selects the item at 0 and
has a total utility of n/4 + ne/2. 0

The Approximation Ratio for Singleton Slots. We now use Lemma 2 and show that for
g = 1 and any k > 1, the approximation ratio of the 1/2-Percentile Mechanism is 3. In this case,
each agent £ votes for his best k-tuple of consecutive items.The mechanism selects the k-tuple C;
that satisfies Z;;ll ent(Cy) < n/2 < 3% ent(Cy). As in Claim 2, the k-tuple C; selected by the
mechanism is best k-tuple of the median agent, i.e., C; = arg maxc,ex {t%|(n+1)2)(Cj)}-

Lemma 4. If ¢ =1, for any k > 2, the 1/2-Percentile Mechanism on k-tuples of consecutive items
achieves an approzimation ratio of 1/3.



Proof. Let Z = {z1,..., 2} be the set of items selected by the mechanism and let Y be the optimal

set of k items. Since the items zi,..., 2 are consecutive in [0,1] and correspond to the k items
closest to the location vp,eq of the median agent (see also Proposition 1), we can arrange the items
inY as y1,...,y, so that for each j € [k], |2j — Umed| < |¥j — Umed|.- Hence, Lemma 2 implies that

for each pair of items z; and y;, U(y;) < 3U(z;). Since the optimal utility is U(Y) = Z§:1 Ul(y;)
and the mechanism’s utility is U(Z) = Z§:1 U(z;), the approximation ratio is at least 1/3.
Moreover, for any k > 2, there instances where the mechanism has an approximation ratio of
1/3 + €, for any € > 0. To see this, we generalize the tight example in the proof of Lemma 3. We
consider the same agent locations and 2k items, k of them are essentially collocated at 0 and k& of
them are essentially collocated at 1. It is not hard to verify that the approximation ratio of the
1/2-Percentile Mechanism for this class of instances can be arbitrarily close to 1/3. O

The Approximation Ratio for the General Case. We proceed to bound the approximation of
the (2—2, 2%, R 2%;1)—Percentile Mechanism for agents with linear preferences. The tight example
in the proof of Lemma 3 shows that the distances |y — z| and v, — v; essentially determine the
approximation ratio. This motivates us to introduce the notion of the width for a subset of agents.
We let L be a set of n agents with locations 0 < v; <--- <w, <1in [0,1], let z € [0,1] be an
item, and let Y C [0, 1] be a nonempty set of items. Assuming that L, z and Y are fixed, we denote
Y = argmax,cy ;) v1(y) and y, = arg max,cy .} Un(y) the leftmost and the rightmost items in
Y U {2z} used by some agent in L. The width B(L,z,Y’) (or simply § when L, z and Y are clear
from the context) of the agent set L with respect to the item z and to the set Y is defined as:

0 ifY Nly,yr) C{z}

max{v, — min{z, v }, max{z,v,} —v1} otherwise

Bi(L. ) = {

Namely, if the only useful item in Y U {z} is z, the width is 0. Otherwise, the width of L is either
U — v1, if 2 € [u,vy], or v, — 2, if 2 < vy, or z — vy, if 2 > v,. We next show that when a set of
agents L is partitioned into groups that occupy non-overlapping intervals in [0, 1], we can bound
the approximation ratio for L by analyzing independently the approximation ratio in each group
(the proof can be found in Section A.10). This is the main intuition behind the proof of Theorem 3.

Lemma 5. Let L be a set of n agents, located at 0 < vy < --- <w, <1 and partitioned into groups
LY, ... L4, where each group consists of agents at consecutive locations. For any j € [q], let vﬁned be
J

the location of the median agent in group L7, and for any set Z of items, let 2J = arg min,cz V) oq —

z|. For any set Z with at most q items and any set Y of items with v’ — 27| < mingey 0! —yl,

let B9 denote the width of group L7 wrt 27 and Y. Then, 25:1 B < 2.

The following lemma determines the approximation ratio for a group of agents L that use the
same item z, as a function of the width S. In addition to the conclusion of the lemma, part of its
proof (in particular (4) and (16), in Section A.11), play an important role in the proof of Theorem 3.

Lemma 6. Let L be a set of n agents located at 0 < v < -+ < v, < 1 and let vyeq be the
location of the median agent in L. For any item z and any set of items Y such that |vmeq — 2| <
mingey [Vmed — Y|, U(Y) < % U(z), where p € [0, 1] is the width of L with respect to z and Y .

Proof (sketch). We use integer division by 2, in order to deal with both even and odd n = |L]|.
Since we are only interested in the ratio of U(Y)/U(z), we restrict our attention to the set of useful
items (for the agents in L) in Y. Specifically, we assume that Y = (Y N[y, yr]) U{z}, i.e., that YV is
restricted to its items in [y;, y,] and includes z. In case where Y = {z}, the lemma holds trivially,
because f =0 and U(Y) = U(z). So, from now on, we assume that {z} C Y.
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We let y = argming ¢y (.} [Vmed — %'| and consider the case where z < y (the case where z >y
is symmetric). So, f = max{v, — vi,v, — 2} (if z > y, f = max{v, — v,z — v1}. We denote
0 = (y — 2)/2. We distinguish two cases depending on whether z > v; or z < vy (if z > y, we
distinguish two cases depending on whether z < v, or z > v,).

We first consider the case where z > vy. For convenience, we denote v = z — v1. In this case,
B = v, —v1. Wlog., we assume that y < v, and that v + 26 < (. (These inequalities can be
enforced if we add to Y an artificial item located at v,, which does not change the value of S,
can only increase U(Y) and does not change U(z)). We let n; be the number of agents located in
[v1,2), n2 (resp. La) denote the number (resp. the set) of agents located in [z, z + J], and n3 denote
the number of agents in (z + J,vy]. Since z < y and |vmed — 2| < |[Umed — Y|, the median agent is
located in [v1, z + d]. Therefore, ng < n/2. Moreover, we assume that n; < n/2 (i.e., we assume
that veq > 2). Otherwise, the median agent is located on the left of z and this case is similar to
the case where y < z (again, we may add to Y an artificial item located at v1). We have that

UY)<n- Z(z—vj),

Jj€L2

because each agent j € Lo has utility at most 1 — (2 — v;) for his favorite item in Y, while all the
remaining agents have utility at most 1 for y. Similarly,

U(z) >n—mnyvy— Z(Z—Uj)—n?)(ﬁ—wa

JEL2

because n; agents have utility at least 1 — (z — v1) = 1 — «y for z, each agent j € Lo has utility
1 — (z —vj;) for z, and n3 agents have utility at least 1 — (v, —2) =1 — (8 — 7) for z.
We next show that for any o > 1,

alU(z) + Z(z—vj) > an — 32=1pn (4)
JEL2

Then, using o = (4 — 3)/(4 — 33), we obtain that (3a — 1)3/4 = o — 1. Combining this equation
with (4), we conclude that 153U (2) > n — 3¢, (2 —v;) > U(Y).

A detailed proof of (4) and the analysis for the case where z < v; can be found in Section A.11.
The analysis for the case where z < v; follows exactly the same steps, but it is considerably simpler,
since we have n; =« = 0 in this case. O

We proceed to lower bound the approximation ratio in case where the number of agents is a
multiple of ¢. The proof is based on the analysis in the proof of Lemma 6 and on Lemma 5.

Theorem 3. For any integers k > 1 and q > 2, any number of items m > ¢k and qn agents, for

any integer n > 1, the approrimation ratio of the (%, 2%, ce 2‘12;1)—Pe7’centile Mechanism for CPD

instances with linear preferences is at least (2¢ — 3)/(2q — 1).

Proof. We denote 0 < v1 < wvg < -+ < vy, < 1 the agent locatins. We partition the agents into ¢
groups with n consecutive agents each. Specifically, for every j € [g], we let L7 consist of the agents
(j —Dn+1,...,jn. Working as in the proof of Claim 2, we can show that for each j € [g], the
(2%1, 2%1, el 2%;1 )-Percentile Mechanism selects the best k-tuple C(j) of the median agent of L7. By
Proposition 1, each selected tuple C(j) consists of the best k items of the median agent of L7.

We let M = U?Zl C(7) be the set of items selected by the mechanism. The utility is

UM)=> "> w(M) =D Y ()

j=1veLi j=1¢€Li z;€C(j5)
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For the proof, we assume that the agents in each group L7 use only the items in C(j) and that the
utility of each group L7 is 3 ,c; ineC(]’) ug(z;). Hence, the utility of the agents in L7 does not
depend on the scheduling of the items in C(j).

We let Y denote the set of items selected by the optimal solution and let Y; = {y?,... Yl
with 0 < yll < - < yi < 1, be the set of items assigned to each slot i € [k]. We analyze the
utility in each slot i separately. To argue about the approximation ratio for each slot i, we need
an appropriate assignment of the items in the selected k-tuple C(j), so that we can use the same
approach as in the proof of Lemma 6 (this assignment does not change the utility that the agents
in L7 get from C(j), it Just facilitates the proof). Since each C(j) consists of the k items closest to
the median location v’ , in L’ and since these k items are consecutive in [() 1], we can schedule
the items in C(j ) so that the distance of the item z] scheduled in slot ¢ to v/, is no greater than
the distance of vmed to the nearest item in Yj. Spemﬁcally, if the item in Y closest to vmed appears
in slot 41, we assign the item in C(j) closest to v, to slot ¢;. Next, if the item in ¥\ Y;, closest
to vfned appears in slot 79, we assign the second closest item to vﬂled in C’(j) to slot ig. In general,
for each p = 1,...,k, if the item inY\(Y,U---UY; _,) closest to v} .4 appears in slot 4, we
assign the p-th closest item to v/, in C(j) to slot i,. We let 2/ denote the item in C(j) assigned

to slot i by this procedure. Since C(j) contains the k items closest to v’ ., we have that for each

. . med’
slot i € [k], |2 —v) 4| < mingey; |y — Umed\.

After all items in M are assigned to slots, we consider the total utility of the agents for
the set Z; = {z},...,2[}, where 0 < 2z} < ... < 2§ < 1. Since each z] belongs to C(j),
J

27

] Moreover, |Z;| may be less

= argmin,eyz, [v) , — z|, L.e., 2/ is the item in Z; closest to v’

med med"*

than ¢, i.e., some zf S may correspond to the same actual item, since the k-tuples selected by

the mechanism do not need to be disjoint. We next bound the ratio of the mechanism’s utility
U(Zi) = 3251 > peri we(#]) for slot i to the optimal utility U(Y;) = D211 >/ 1 maxyey; {ue(y)}
for slot 1. At this point, we use the analysis of Lemma 6 (and refer to 1ts proof).

For each j € [q¢], we let Uj( l) > vers ez ) be the utility of the agents in group L’ for item
zlj and let U;(Y;) = > /e maxyey; {ue(y)} be the utility of the agents in L7 for their best item in
Y;. By the assignment of the items in C(j) to slots, we have that |v], . — 2 I < minyey; [y — med|
We let BJ denote the width of the group L/ with respect to the item z] and to the set of items Y;
(or s1mp1y, the width of group L’ for slot 7). From the proof of Lemma 6, we know that if ﬂ] =0,
then Uj(z Z) U;(Y;). So, we can assume wlog. that ﬁj > 0, for all groups L7. Then, applying (4)
and (16), from the proof of Lemma 6, we obtain that for any a > 1,

; (B — l)ﬂfn
an(zg)Zan—f— Z |z — v, (5)
jer

where L), denotes the set of agents ¢ € L so that ]zf — vg| < min — vy|. Moreover, from

veva (e Y
the proof of Lemma 6, we have that

q
B TCOET g pyr (6)
J=1 =l jer?

Summing up (5) over all j € [g], we obtain that

aU(Z;) > agn — Zﬁj Z Z |z — v, (7)

] IJGL]
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We observe that Lemma 5, with agent groups L',..., L% and item sets Z = Z; and Y =Y, implies
that 2321 3] < 2, for every slot i € [k]. Using this bound on the sum of the widths and inequalities
(7), (5) and (6), we obtain that for o = (2¢ — 1)/(2q — 3),

Ba—1)n & !
aU(Z;) Zaqn—f —Z Z |z — v ZQH—Z Z |z —v;| > U(Y;) (8)
i=1jer 7=l jer]

For the equality, we observe that for a« = (2¢ — 1)/(2¢ — 3), aq — % = ¢. Summing up (8) over
all slots ¢ € [k], we obtain that

2 — 1 2 — 1 &
UM) > U(zZ)>U(Y
which concludes the proof of the theorem. O

There are instances with ng agents and k = 1 where the approximation ratio of the Percentile
Mechanism tends to (2¢ — 1)/(2¢ — 1/q). E.g., for some odd integer n > 3, consider an instance
with (n — 1)/2 agents at 0, n — 1 agents at each point i/q, i = 1,...,¢ — 1, (n — 1)/2 agents at
1, and a single agent at each point (2i + 1)/(2¢), i = 0,...,¢ — 1. We have 2¢ items located at
points i/q, i = 1,...,q, and at points (2i + 1)/(2q), i = 0,...,q — 1. The optimal solution is to
select the items at i/q, for a total utility of roughly (n —1)q — (n —1)/(2q). The (2%], 2—?;, e 2(12;1)—
Percentile Mechanism selects the items at (2i+1)/(2q), i =0,...,q—1, for a total utility of roughly
ng — (n —1)/2. So, as n increases, the approximation ratio tends to (2¢ — 1)/(2¢ — 1/q).

If the number of agents is not a multiple of ¢, we obtain a slightly weaker approximation ratio.
The proof is similar to the proof of Theorem 3 and can be found in Section A.12.

Theorem 4. For any k > 1 and q > 2, any m > gk and any number of agents |L| > q + 1, the

approzrimation ratio of the (2%1, 2371’ ey 2q_l)-Per’centile Mechanism for CPD instances with linear

preferences is at least (2g — 3 — 3q/|L!)/%%q —1—gq/|L|) = (2¢ —3)/(2¢ — 1) — O(q/|L|).

6 Conference Program Design with Item Preselection

In this section, we show that despite CPD being polynomially solvable for single-peaked prefer-
ences (Theorem 1), PRE-CPD is NP-hard for single-peaked preferences, even with the additional
restriction of dichotomous preferences.

The agent preferences are dichotomous if each agent “likes” a subset of items and “dislikes”
the remaining ones. This induces a preorder with two indifference classes for every agent. In a
general setting, this implies u;(x) € {a,b} where a,b are two non negative reals satisfying a < b.
It is called approval-based wutility when a = 0 and b = 1. Dichotomous preferences have recently
attracted some attention from the community of Computational Social Choice, especially in the case
of committee selection rules for voters [10, 11] or in judgment aggregation [8] even if the preferences
also satisfy other restrictions like single-peakedness. In our setting, dealing with approval utilities
is not restrictive with respect to algorithmic complexity issues, after a rescaling. So, we can assume
that ug(z) € {0,1} for £ € L and z € X.

The preferences are dichotomous single-peaked if they are both single-peaked and dichotomous.
In an equivalent view, the items are located one a line and each agent ¢ € L corresponds to a closed
interval I, of this line, where uy(z) = 1 if x € Iy and us(x) = 0 otherwise. This is also known as
Voter Interval in Voting Theory [10] or Single-Plateauedness in majority judgments [8].

In Section A.13, we prove the main result of this section.

Theorem 5. PRE-CPD is NP-hard for dichotomous single-peaked preferences.
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7 Conference Program Design with Single-Crossing Preferences

In this section, we consider CPD with single-crossing preferences. Wlog., we assume that the pref-
erence profile is single-crossing for the identity permutation of the agents and that agent 1 prefers
x; to x; if and only if 7 < j.

We extend the dynamic programming approach applied in [27] to the multi-winner election of
Chamberlin-Courant. In particular, our dynamic programming algorithm is based on the contiguous
blocks property of the optimal solution of Chamberlin-Courant with single-crossing preferences [27,
Lemma 5], which directly extends to CPD. For a slot S} of a solution to CPD such that S; contains
an item x;, let L(j,7) denote the set of agents who consider z; as their best item in S;. The contiguous
blocks property for CPD states that for every j € [k] and x; € S}, either L(j,i) = 0 or there are
two indices, tj; and t,, such that t;; < t;i and L(j,i) = {tji, t;i +1,.. .,t;i}. Moreover, for each
i < i’ such that L(j,i) # 0 and L(j,4') # 0, it holds that ¢}; < #;;. In words, the contiguous blocks
property states that an item is considered as the most preferred in a slot by a set of consecutive
agents and that such sets of agents who prefer different items of the same slot do not overlap with
each other. The proof that the contiguous blocks property holds for the optimal solution of CPD
with single-crossing preferences is obtained by applying the proof of [27, Lemma 5] for each slot
separately. The following summarizes the main result of this section.

Theorem 6. A dynamic programming algorithm solves every single-crossing instance of CPD in
O(m(nq)**1) time.

Proof. Let U(j, (i1,t1),- .., (ir, tx)) be the maximum total utility if we use items from set X; =
{z1,...,2;} only, and in each slot S, only the agents 1,...,i, are taken into account and only %,
items are used. The function U is defined for all j = 0,...,m and for all (i,,%,) € {0,...,n} x
{0,...,q} such that t; +--- +tx < j. For j =0, Xy = 0.

We start with U(0, (i1,t1),..., (ik,tx)) = 0, for all pairs (i1,¢1),..., (ig, tx). For each j > 0,
the next item x;41 either is not selected (provided that ¢ + --- + t; < j), in which case U(j +
L (i1,t1),. .., (in, te)) = U(J, (31, t1), . .., (ik, tr)), or it is assigned to some slot S), in which case

ip
UG+ 1, (i) Gte) = e { UGGt (Gt = D, (i) 3 )
=F=tr v=4¢+1

Therefore, for each 7 > 0 and each fixed (i1,t1),..., (ig, tx), such that ¢; + -+t < 7+ 1,
U@ +1,(i1,t1),. .., (ik, tx)) can be defined recursively as follows:

U(]v (ila tl)a sy (Zkvtk))
ip
maxlgpgk m&XOSgSZ'p U(], ey (f, tp — 1), .. ) + Z Uy(ﬂfj+1)
v=4+1

max

in case where t] +--- 4+t < j, or

ip

—1),.. oz
max max QUG- (bity = 1))+ ;lu (5+1)
V=

in case where t; + --- 4+t = j + 1. The optimal solution is given by U(m, (n,k),..., (n,k)) (we
implicitly assume here that m > kq). The number of values that we need to compute is O(m(nq)*¥)
and the total running time is O(m(ng)**!). In Section A.14, we provide some more details on how
we compute these values. O
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A  Appendix

A.1 An Integer Linear Programming Formulation of Conference Program Design

In [6], it was shown that the Conference Program Design problem can be formulated as an Integer
Linear Program, denoted by (ILP), where y;; = 1, if item z; € X is assigned to slot S;, and y;; = 0,
otherwise, and zg; ; = 1, if ; is the item of S; from which agent ¢ derives his utility.

(ILP) maximize Z Z Z 205 - we(;)

LEN jelk]zieX

subject to: Z 2055 =1, Yl e N,je k] 9)
r,€X
Yij — 20,i,j ZO, VEEN,j S [k’],l‘z cX (10)
Z Yij < 1, Vwi eX (11)
JE[K]
Z Yij < ¢, Vj € [K] (12)
T, €X

Yijy 20,5 S {0, 1}, VY e N,j S [k:],a:z e X

Constraint (9) ensures that agent ¢ should derive his utility from a single item in each slot S;.
Constraint (10) ensures that an agent ¢ can derive utility only from an item z; which is assigned
to slot Sj. Constraint (11) ensures that each item x; should appear in at most one slot S;, and
constraint (12) ensures that each slot S; should contain at most ¢ items.

A.2 The Proof of Proposition 1

We observe that the subsets S C X, with |S| < k, forms a uniform matroid of rank k. Obtaining
the maximum utility from k items in X is equivalent to selecting a basis of the uniform matroid
with maximum total utility. The greedy algorithm, which selects the k best items in X according
to u, finds a subset of k items in X of maximum utility. Since the utility function u is single-peaked
with respect to 1, the k best items in X are consecutive. a

A.3 The Proof of Claim 1

If the usage of x3 is not null then zg > 0. If the usage of a is intermediate or null then zy, < y,. Let
d = min{zp, Yo — 204} and note that 6 > 0. We can increase the utility of agent ¢ by simultaneously
decreasing zy, and increasing zy, by 0. This modification has no impact on the utility of the other
agents, so we get a contradiction with the optimality of (y, z) for (R-SLP). O

A.4 Missing Details from the Proof of Theorem 1

We recall that Claim 1 implies that the items of X’ for which a given agent has a non-null usage
are consecutive. Moreover, within this set of consecutive items of interest for the agent, only the
two extreme items can be used in an intermediate way.

Using this observation, we now modify X’ as done in [18, Section 3], in the context of fault
tolerant ¢-Facility Location. Specifically, every item z; € X' for which no agent has an intermediate
usage is renamed as f} and we let fic(z;) := {f!}. Every item x; € X’ for which at least one agent
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has an intermediate usage is replaced by a set fic(x;) of new items. Let left(i) and right(i) denote
the sets of agents placed to the left and to the right of x; on the societal axis, respectively. Numbers
{2ei ocreresy and {yi — 2ei}oeright(s) SPlit the interval [0,y;] into several pieces, say d(i) pieces, and
for each piece, we create a fictitious item with fractional value equal to the length of that piece.
Thus =; is replaced by a set of d(i) items fic(x;) := {f}, ..., fid(z)} whereas y; is split in d(i) positive
values (yj,. .. ,yg(i)) such that y} + ...+ yf(i) = ;.

Now the new set of items X" is defined as (J,, ¢ x fic(z;). Each agent ¢ is associated with a
minimal subset X of X" satisfying:

— if zp; = 0 then X Nfic(x;) =0
— if z¢; = y; then X D fic(x;)
— if 0 < 2¢; < y; and £ € left(i) then X} Nfic(z;) = {f},... ,fig(z)} where y! + ... + yig“) =2

— if 0 < z7; < y; and £ € right(7) then X Nfic(z;) = {fig(é), .. ,f;l(i)} where yf(e)—i-. . .—l—yf(i) =2

We now consider the following Linear Program, where the variable tg is associated with the
item f{ of X”.

(FLP) maximize Z Z tg g (x;)

leN fijeXé/
subject to: Z tg <k VeN (13)
flexy
Yo o<1, v eX (14)
i efic(a;)

> th<keq (15)

fijEX”
¥ e0,1], v € X

Constraint (13) ensures that every agent should derive his utility from at most k items within
the set of items from which he was deriving utility in (SLP). Constraint (14) ensures that at most
one fictitious item should be kept per original item. Constraint (15) ensures that at most kq items
should be selected in the solution.

The optimum of (FLP) is as good as the optimum of (R-SLP). Moreover, (FLP) has an integral
optimal solution £, because it satisfies the so-called consecutive ones property. Namely, in each row
of the constraint matrix, the 1s appear in consecutive positions. Indeed, in (FLP) the items of
fic(x;) for every x; € X', or the items of X/ for every ¢ € L, are consecutive. Matrices with the
consecutive ones property are known to be totally unimodular [26], and thus, (FLP) has an integral
optimal solution ¢.

Overall, the algorithm consists of first solving (R-SLP) to get (y,vecz) and X'. Then, we split
the items of X’ according to (y, z) in order to get a new set of items X”. Next, we solve (FLP) and
obtain an integral optimal solution ¢ of total utility equal to the total utility of the optimal solution
of (R-SLP) (and of (SLP)). Hence, we retrieve an optimal set of at most kq items by selecting z; if
and only if there some j such that #7 = 1. Finally, we allocate the selected items using the optimal
greedy allocation described in Section 2. O
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A.5 Missing Details from the Proof of Lemma 1

The most interesting case is where f+1 < j* < k45 —2. In this case, we need to compare the utility
of some items in Cp, with index less than j* with some items in C, with index greater than j*. We do
so by exploiting an item zy in C, whose utility is no less than the utility of the rightmost items in C}.
Specifically, we show that there is an index ¢, 1 < ¢ < min{k,8—1,k+ 5 — 75" — 1}, so that u(xy) >
w(2p45—¢). Intuitively, since Cp includes the item of maximum utility x;« but a(C,) > u(C}), there
is some item in C, which is not included in C} and has more utility than the corresponding item on
the right part of Cj. To prove this claim, we first show that there is such an index £ with 1 < ¢ < k.
Otherwise, for all j € [k], it would be u(z;) < u(xpyg—;). Hence, u(Cy) < u(Cy), which contradicts
the hypothesis that @(C,) > u(Cjp). To show that £ < g — 1, we observe that if 5 < k, i.e., if
both C, and C} include items zg, ..., xy, then Z?:ﬂ u(z;) = Z?:B u(2y45—5), because the same
terms u(zg), ..., u(xy) appear in both sums. Therefore, to avoid reaching the contradiction where
u(Cy) < u(Cp), there must be a pair of items zy, included in C, but not in Cj, and xj4g_¢, included
in Cp but not in Cy, such that u(zy) > u(rg4s-¢). To show that £ < k + 3 — j* — 1, we observe
that if j* < k, i.e., if the item xj+ of maximum utility is included in Cg, then ¢ < § —1 implies that
C<k+p—7*=1.1f5* > k,forall j = 0,...,5% =B, u(x;+—;) > u(xk—;), because xj_; T xj+_; J xjx.
Therefore, Z;;BB u(xje—_j) > Z;;B’B u(x—;), where the sum on the lhs accounts for the utilities
of 7 — B+ 1 items in (% and the sum on the rhs accounts for the utilities of 7% — 8 + 1 items
in Cy. Hence, to avoid reaching the contradiction where u(Cy) > u(C,), there must be a pair of
items zy € C, and x5y € Cp, which are not included in the two sums. Hence, it must be that
(<k—(7—B)-1.

Since 1 </ <k+B—-j"—1,7*+1<k+3—-{<k+3~—1. So, the item x gy is included in
Cy and satisfies xj+ J x4 —¢. Then, for any index j, with 8 < j < j*, u(z;) > u(ze) > u(zrp-0),
where the first inequality holds because £ < f—1 < j < j* and thus, o 3 z; J x;+, and the second
inequality holds by the choice of index ¢. Therefore, u(z;) > u(xy1—¢), for all j with g < j < j*—1,
i.e., for any item x; in Cp with z; 3 x;+.

We are now ready to complete the proof of the lemma by showing that in case where 5+1 < j* <
k+p—2, that u(Cy) > u(C,). For brevity, we only discuss here the case where j* <y < k+—1 (in
all other cases, the desired inequality can be derived by a straightforward adaptation of the same
argument). Since the items x.,..., 2541 are included in both Cj and C., they contribute the
same utility to both 4(Cj) and u(C,). Moreover, we observe that for any index j = 0,...,y—1—j*,
w(Zje45) > u(Tpqp4j), because xjx I xj+45 I pqpy,. Finally, we observe that for any index
Jg=0...,5 =1, u(zj) > w(@pys—e) > w(Thty—j*+;), where the first inequality was shown in
the previous paragraph and the second inequality holds because zj+ 3 Zg4g—¢ 2 Tpqy—j+4j, since
k+ 08 —0<k+ B+~ —j" Therefore, we have found a one-to-one mapping of the items in C} to
the items in C, so that the utility of each item in C} is no less than the utility of the corresponding
item in C.. This implies that u(Cy) > u(C;) and concludes the proof of the lemma. O

A.6 Missing Details from the Proof of Theorem 2

To conclude the proof of Theorem 2, we fix the votes of all agents, except for a fixed agent ¢£. To
reach a contradiction, we assume if agent ¢ votes for his best k-tuple C*, the set of items selected by
the (o, ..., aq)-Percentile Mechanism is M, while if ¢ votes for a different k-tuple C’, the outcome
of the mechanism is M’, with u,(M) < ug(M").

Let C(1) O --- 3C(—1) 2C(j) 3 --- 2 C(q) be the k-tuples selected by the mechanism
when agent ¢ votes for his true best k-tuple C*. We assume that C is different from all the selected
k-tuples, since if C* is selected, agent ¢ has no incentive to lie about his best k-tuple. We let
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C(j —1) 3 C* 3 C(j) and assume that j < ¢ (i.e., C* is on the left of at least one k-tuple C(3)
selected by the mechanism). We consider the case where agent £ lies by voting for a k-tuple C’ on the
right of C?, i.e., C* 1 C' (the case where C' 1 C* is symmetric). As a result of £’s false declaration,
the Percentile Mechanism selects some sets C'(5),...,C"(q), where C(j) 3 C'(5),...,C(q) 3 C'(q).
Since we assume that agent ¢ improves his utility by reporting C’ instead of C*, there must be at
least one index p, j < p < ¢, so that C(p) and C’(p) are different. For simplicity, we assume that
the smallest such index is j and that C(j) # C'(j) (the same argument applies to the smallest
index p such that C(p) # C'(p)).

We first observe that since wuy is single-peaked, the best k-tuple C* of agent ¢ includes the item
x* of maximum utility in u,. Since C* 3 C(j), * lies on the left of the rightmost item in C(j).
Therefore, if the rightmost item used by £ in M is on the left of the rightmost item of C'(j), agent ¢
cannot increase his utility by forcing the mechanism to select C’(j) instead of C(j), because C’(j)
just includes some items further on the right than the items used by ¢. So, the rightmost item used
by ¢ in M must coincide with the rightmost item of C'(j). By Proposition 1, the best k items of ¢
in M are consecutive. So, C(j) consists of the best k items of ¢ in M. Since C(j) 2 C'(j) and ¢
prefers C’(j) to C(j), agent £ prefers using some items on the right of the rightmost item of C(j) to
using the leftmost items of C(j). Therefore, there exists a C”(j), C(j) 2 C"(j) 3 C'(j) (note that
it may be C”(j) = C'(j)) so that @, (C"(j)) > @(C(j)). This contradicts the fact that the utility
function @ is single-peaked (Lemma 1). More specifically, since agent ¢ prefers C'(j) to C(j), it
must be @ (C*) > 1,(C(4)). Moreover, C* 3 C(j) 3 C"(j) and w,(C"(5)) > 1 (C(5)), which is a
contradiction to Lemma 1.

In case where C(q) I C* (resp. where C* 7 C(1)), the k-tuples selected by the mechanism do
not change if agent ¢ votes for a k-tuple C’ with C'(¢) 3 C” (resp. with ¢’ 3 C(1)). This concludes
the proof of Theorem 2. O

Working as in the proof of [28, Theorem 1|, we can strengthen the proof of Theorem 2 and
show that Percentile Mechanisms for CPD with single-peaked preferences are group strategyproof.
The crucial observation is that an agent ¢ could lie and improve his utility from the outcome M
of the mechanism only if ¢’s best k items in M are included in a single k-tuple C(j) (which is
selected by the mechanism when ¢ reports C* truthfully) and there is a different k-tuple C’ of total
utility @g(C’) > @g(C(j)), either on the left or on the right of C(j). Thus, even though in our
setting, an agent £ can use items from more than one k-tuples, the proof of group strategyproofness
(and the proof of truthfulness above) boils down to the g-Facility Location setting analyzed in [28,
Theorem 1]. We omit further details from this extended abstract.

A.7 On the Approximation Ratio of Deterministic Truthful Mechanisms

Proposition 2. Any deterministic truthful mechanism for the Conference Program Design with
linear preferences and with k = ¢ = 1 has approzimation ratio at most 5/7.

Proof. We assume that there exists a deterministic truthful mechanism with approximation ratio
strictly greater than 5/7 and reach a contradiction. We consider an instance with 2 items, located
at z1 = 0 and x9 = 1, and 2 agents, located at v1 = 1/6 and vy = 2/3. The optimum is to select
item x; = 0, for a total utility of 7/6. Selecting item xz9 = 1, which is preferred by agent 2, gives
a total utility of 5/6. Therefore, any deterministic mechanism with an approximation ratio greater
than 5/7 selects item x; = 0 for this instance.

If agent 2 reports v, = 1, the optimum is to select item zo = 1, for a total utility of 7/6.
Selecting item x; = 0 now gives a total utility of 5/6. So, any deterministic mechanism with an
approximation ratio greater than 5/7 selects item x9 = 1 for this instance. Since agent 2 can enforce
item zo to such a mechanism, the mechanism is not truthful. O
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A.8 The Proof of Claim 2

Let x; (resp. z,) be the item closest to vyeq on the left, with x; < veq (resp. on the right, with
Ty > Umed). Then, > cnt(x;) > n/2, because all agents with index at most (n + 1)/2 vote

xjgxr
for an item in {xy,...,z,}. In fact, if |2; — Umed| < |Tr — Vmedl, all agents with index at most
(n 4+ 1)/2 vote for an item in {xy,...,2;}, and z; is selected by the mechanism. Otherwise, the

ent(zj) < n/2 <)
case, the mechanism selects the item x,. In both cases, the 1/2-Percentile Mechanism selects the
item closest to the location of the median agent vpyeq. O

median agent votes for z,, which implies that ij< . 2;<a, cnt(z;). So, in this

A.9 The Proof of Lemma 2

We use integer division by 2, in order to deal with both even and odd n. We consider the case
Where z < y (the case where z > y is symmetric, while if z = y, U(z) = U(y)). We denote
d=(y—=2)/2>0.

Smce |Umed — 2| < [Vmed — Y|, v1 < -+ < Umed < 2+ 9. Let ny denote the number of agents
located in [0, z), ny denote the number of agents located in [z, z + 4], and ng denote the number of
agents in (z + 0, 1]. Since the median agent is located in [0, z 4+ §], ng < n/2. Moreover, we assume
that ny < n/2, because if n; > (n+1)/2, U(z) < U(y), since z would be located in [vyed, y]. Then,

U(y) S n_n257

because at least no agents are at distance at least § to y. So these agents have utility at most 1 — ¢
for y, while the remaining agents have utility at most 1 for y. Similarly,

U(z) >n—mniz—n2d —ng(l—z2),

because n; agents have utility at least 1 — z for z, no agents have utility at least 1 — ¢ for z, and
ng agents have utility at least z for z.
Therefore, to conclude the proof of the lemma, it suffices to show that

2196 + 3n1z + 3n3(l — z) < 2n.

Next, we derive a sequence of upper bounds, which shows that the lhs of the inequality above is at
most 2n. Specifically, we observe that

2n26 +3n1z 4+ 3n3(1 — z) < na(l — 2) +3n12 + 3ns(l — 2)
<n(l—2)+3n1z+2n3(l — 2)
<n

(1-2)+Bn/2)z+n(l—2)<2n

The first inequality holds because z + 26 < 1. For the second inequality, we use that ny + n3 < n.
The third inequality follows from n; < n/2 and n3 < n/2. O

A.10 The Proof of Lemma 5

We let vlj (resp. vl) denote the leftmost (resp. rightmost) agent in each group L. For convenience,
we introduce the notion of the active interval of each group L’ (with respect to the item 2/ and to
the set Y). The active interval of a group L7 is empty if 3; = 0. Otherwise, the active interval of
Lj is either [v], 7], if 27 € [v],v]], or [27,v]], if 20 < v, or [v],27], if 27 > v].. We observe that the

length of the active interval of each group L7 is equal to 3’ (assuming that the length of the empty
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interval is 0). Moreover, we observe that if 2/ ¢ [vlj ,v}], the active interval of a group LJ cannot
extend beyond the item 2/ (on the left, if 27 < vlj , or on the right if 2/ > o), where 2/ is the item

in Z closest to the median location vé cq Of the agents in L7. In the following, we say that a point
x is included strictly in an interval [a, b] if = € (a,b).

To prove the lemma, we show that each point € [0, 1] is included strictly in the active interval
of at most two groups of agents L7 and L' with consecutive indices. Since the width of the active
interval of each L7 is equal to 47, this implies that Z;I.:l B < 2.

We fix some index j, assume that the active interval of L7 is [vlj , UZ], and consider any point x
in the active interval of L’ (a similar reasoning also applies to the case where the active interval
of L7 is either [27,v7] or [v7, 27]. We have to show that z is included strictly in the active interval
of at most one group L’ different from L7. If 27 € [’ul] ,vl] and 2 < 27 (the case where z > 2/ is
symmetric), the left endpoint of the active interval of any group LV, with j' > j, should be on the
right of 27, because 27 < zJ'. Therefore, z is not included strictly in any of these active intervals.

We examine now the right endpoints of the active intervals of the groups LJ , with j/ < 5. If
the right endpoint of the active interval of L/~! is at some point z’, with v}~ < 7 < x, it must
be /=1 < z. Hence, in this case, x is not included strictly in any Of the active intervals of groups
LV, with j' < j. If the right endpoint of the active interval of Li~! is at some point z” > z, we
show that z is included strictly in at most one of the active intervals of L!,..., L7~1. For sake of
contradiction, let us assume that z is included strictly in the active intervals of both L/=2 and
L771. Since the active interval of L7~2 extends on the right of z, there is no item z € Z; with
vl] 2 < z < x. Hence, the item 2772, i.e., the item in Z closest to the median location v]_?i of

LI72 s located at some point 2" € [z, 27]. Since \v‘_ — 272 < mlnyey ]vmed yl, the 1tem in

Y closest to U 3 is located at some point 3’ > 2’ or at some point y’ on the right of vl % with
|Ume — 2| < |Umed
locations vﬁnei and vmeé is 2. Therefore the item in Y U {27!} closest to the leftmost and to the
rightmost agent of L/=1 is 2/=1. Hence, 5/~ = 0, because y; = y. = 2/~ for Y U {2771} and for
L7~'. As a result, the active interval of L7~! is empty and does not include z. A straightforward
generalization of the same argument implies that if z is included strictly in the active interval of
some group L7, j' < j — 1, the active intervals of all groups L7, ... L7=! are empty and do not
include z. O

y'|. Moreover, 2772 = 2J=1 = 2/ i.e., the point in Z closest to the median

A.11 Missing Details from the Proof of Lemma 6

To establish (4), it suffices to show that for any a > 1,
amy+ (@ —=1) Y (z—vj) +ana(8 —7) < 222 6n
JEL2

Since for each j € Lg, z—v; < §, we have that ZjeLQ(z_Uj) < ngyd. Therefore, since 6 < (5—1)/2,
we obtain that:

any + (@ —1) > (2 —v;) + anz(B —7) < anry + “Fna(8 — ) + ana(B — 7)
JEL2

Bounding the rhs of the previous inequality from above, we obtain that:

any + %tna (B — ) + ang(B — ) < any + 2452 (B — y)n + Hng(B — )
< (Ba— 1)(64 v)+2a'yn < 3a4—15n
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For the first inequality, we use that na + ng < n. For the second inequality, we use that n; < n/2
and that ng < n/2. The last inequality holds because « > 1.

Next, we consider the case where z < v;. In this case, 8 = v, — z. Since vpeq > v1, and
|2 — Umed| < |Y — Vmedl|, we get that y > 2z + 6 > v1. As in the former case, we assume wlog. that
y < v, and that 20 < 8. Now, we let ny (resp. Ly) denote the number (resp. the set) of agents
located in [v1, 21 + ¢] and ng denote the number of agents in (z + 4, v,]. Again, the median agent
is located in [v1, z + 0] and n3 < n/2. Working as in the previous case, we obtain that

UY)<n— (v;—2),

Jj€L2

because each agent j € L has utility at most 1 — (v; — 2) for his favorite item in Y, while all the
remaining agents have utility at most 1 for y. Similarly,

U(z) >n— Z(vj—z)—ngﬁ,
Jj€L2

because each agent j € Lo has utility 1—(vj—z2) for z and n3 agents have utility at least 1—(v,—2) =
1— g for z.
We next show that for any o« > 1,

—}—Z —z) > an—2218n (16)

JEL2

As in the previous case, using o = (4 — 3)/(4 — 3§3), we obtain that (3a — 1)3/4 = a — 1 which,
combined with (16), implies that %U(zz) >n=3 i, —2) > UY).

The proof of (16) is essentially identical to the proof of (4), if we use n; =y = 0. We give the
proof for completeness. As in the proof of (4), it suffices to show that for any o > 1,

(@=1) Y (vj—2)+ang(8—7) < 321pn
j€E€L>

Since for each j € Lo, v; — 2z < §, we have that Zj€L2 (vj — z) < ngd. Therefore, since 6 < /2, we
obtain that:
(a—1) Z (vj — 2) + angB < 2ny B+ angf

JjELo

Bounding the rhs of the previous inequality from above, we obtain that:
2 lngB+ angB < 451 Bn + 2HngB < 22-1pn

The first inequality follows from ns +n3 < n and the second inequality holds because n3 < n/2. 0O

A.12 The Proof of Theorem 4

We proceed as in the proof of Theorem 3, until (7), with the only difference that each group N/
has either [|L|/q] or ||L|/q] agents. Thus, we obtain the following weaker form of (8),

(Ba—1)|L| 3a—1 I I
alU(Z;) > o|L| - 5 = D =yl =1L =)0 -y 2 U,

1 1 j
J= jELJ J= JjEL?

where for the equality we need to use a = (2¢ — 1 —¢/|L|)/(2¢ — 3 — 3¢/|L|). The lower bound on
the approximation ratio is obtained by summing the inequality above for all slots i € [k]. O
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A.13 The Proof of Theorem 5

Required Graph Theoretic Notions. Before proving Theorem 5, we need to introduce some
graph theoretic notions. Given a simple graph G = (V, E), we denote by n(G) and m(G) the number
of vertices and edges of G, respectively. The closed neighborhood of vertex v, denoted Ng[v], is the
set of adjacent vertices including v and the closed degree is its size, i.e. dg[v] = |Ng[v]|. A proper
k-coloring of G is a mapping ¢ from V to [k]| such that c(u) # c(v) as soon as [u,v] € E. The
problem of finding a proper k-coloring with smallest k¥ (COLORING in short) is NP-hard in general
[16], but is solvable in polynomial-time for some graph classes like chordal and interval (see [17]
for more). An interval graph is the intersection graph of a family of intervals on the real line. It is
a proper interval graph if there is an interval representation in which no interval properly contains
another. In the same way, it is a unit interval graph if there is an interval representation of it in
which all the intervals have the same length. It is well known that the last two classes of graphs
coincide [17,5]. A perfect elimination order (peo in short) of a graph G = (V, E) is an ordering o
of the vertices V, i.e. o is a bijection from [n(G)] to V such that for every i < n(G), the closed
neighborhood of ¢ (i) in the subgraph G; induced by {o(i),...,0(n(G))} is a clique (o () is usually
called simplicial vertex). It is well known that a graph is chordaliff it has a peo and a graph is a unit
interval graph iff it has an ordering o such that o and oy, are peo where 0, (i) = o(n(G)+1—1),
[5,19]. Moreover, if G is connected, then for all i < n(G) —1, [0(i),0(i+1)] € E. From now on, we
assume o(i) = v; for i < n(G), G; is the subgraph induced by {v;, ..., v} and d' = dg, [vi].

A generalization of the decision version of COLORING where some vertices have a given color
and the goal is to extend it to a proper coloring, has been studied in the literature under the name
PRECOLORING EXTENSION [3].

PRECOLORING EXTENSION

Input: A simple graph G = (V, E), a subset W C V, a coloring ¢’ of W.

Parameter: An integer k.

Question: Deciding whether there is a proper k-coloring ¢ of G' extending ¢/, i.e.
c(v) = (v) forve W.

Obviously, when W = () we obtain the decision version of COLORING. PRECOLORING EXTEN-
SION has been proved NP-complete in interval graphs even if each precolored set has size at most
2 [3] and in unit interval graphs [20]. We are now ready to prove Theorem 5.

Proof (of Theorem 5). We propose a reduction from PRECOLORING EXTENSION in unit interval
graphs proved NP-complete in [20]. Let G = (V, E) be a connected unit interval graph, a subset
W C V, a coloring ¢’ of W and an integer k'. We assume V' = {v1,...,vyq)} where o(i) = v; as
indicated previously, G; is the subgraph induced by {v;, ..., vy} and d' = dg;[v;] for i < n(G).
We build an instance of PRE-CPD as follows:

— n=n(G) agents L ={1,...,n} and n items X = {x1,...,z,};

— two positive integers k = k' and ¢ = n;

— X' ={z; : v; € W}, a mapping g(z;) = (v;) for x; € X';

— a utility function for each agent defined by w;(z¢) = 1 iff vy € Ng,[vi] and u;(x¢) = 0 otherwise.

Note that the agent preferences are dichotomous and single peaked. Actually, let ¢; = max{¢ :
v € Ng,[vi]} for i < n; we have that u;(z;) = 1iff v; € I; = {v;,..., vy, } because on the one hand,
[vi,viy1] € E (G is assumed to be connected) and on the other hand Ng,[v;] is a clique of G;.

We claim that the answer of PRECOLORING EXTENSION is yes iff there exists a solution S
made of & disjoint subsets Sy,...,S; of X with utilitarian social welfare U(S) = >, ue(S) >
n(G) + m(G).
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If ¢ is a proper k-coloring of G extending ¢, then by setting S; = {zy € X : ¢(vy) = i} for i < k,
we obtain a solution S with U(S) = > s  ue(S) = n(G) + m(G) because k = k' > MAL;<p () d"
(recall that Ng,[v;] is a clique of size d' and it is a yes-instance of PRECOLORING EXTENSION).
Hence U(S) = > jcp we(S) =X, d" =n(G) + m(G) and g1 () = {z € X' : g(x) =} C Sy

Conversely, assume that there is a collection S of k disjoint subsets Si, ..., Sk of X with U(S) >
n(G) +m(G) and g~1(i) C S;. We also have U(S) = > ver we(Se) < ZKn d' = n(G) + m(Q)
because there are n agents and agent ¢ approves at most d* items. Thus, we deduce U(S) =
n(G)+m(G) and then us(Sy) = d* or equivalently each agent approves all these items. In conclusion,
by setting ¢(vy) =i iff 2y € S;, ¢ is a k-coloring extending ¢'. O

A.14 Missing Details from the Proof of Theorem 6

To compute these values required by the dynamic programming algorithm in the proof of Theorem 6,
we start with the basis, where U(0, (i1,t1),. .., (i, tg)) = 0, for all pairs (i1,%1),..., (ix, tx).

Then, we compute the values U(1, (i1,t1), ..., (ix,tx)) for all pairs (i1,¢1), ..., (ig, tx) such that
t1 + -+ -+ tp < 1. Specifically, we have that

U(1, (i1,0),..., (ip,1),..., (ix, 0 Zuu (x1)

and that
U(1, (i1,0),...,(ip,0),...,(ix,0)) = 0.

Next, we proceed to compute the values U (2, (i1,t1), ..., (ig, tx)) for all pairs (i1,t1),. .., (ix, tg)
such that t; + - -+ + t; < 2. Specifically, we have that

iP
tmmmmwwwﬂmmﬂﬁLm@mwmmw%m+zmmy
==t v=t+1

which is exactly as in the proof of [27, Theorem 6]. Moreover,

U@ iy Do i 1)) = mased Ui D Gy ) - T2 ()
Cm T U(l,...,(ipl,()),...,( ) )+Zrzxp11uV( )

U(2,(i1,0),..., (ip, 1), ..., (ix,0)) = max { U(1, (i1,0), ..., (ip, 1), ..., (ix, 0) ZW@

and U(2, (i1,0), ..., (ix,0)) = 0.
For each j = 3,...,m, we compute similarly the values U(j, (i1,t1), ..., (ix, tx)), for all pairs
(il,tl),...,(ik,tk) such that t; + -+t < J. O
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