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1 Ewayoywrés "Evvoleg

H otyyoovn voloyrotnr] texvoloyio faciCeton GAo %o TEQLOGETEQO OTO OYEOLACUS ROL TNV EQAQ-
noyn amodotnav alyopiBuwv. H cuvolxn Aettovpyia #aBe vmohoylotizot ovotipnatog dtoneitat
og otouelwdelg Aettovpyiec. Kabe mpoomdBeia tou xo1jom va aiinlemdodoel pe to ovotnua
ETLPEQEL TNV EXTELEOT] TOADV OTOLYELMAMV AELTOVQYLHDV, TV OTOIMV T ATOTEAEOUATO CUVOETOVV
™mv emBupnTi andxoion. H amodonxy vhomoinon xdbe otouyetdddovg Aettovgyiog xabogiCel mv
omt6d00m TOV CUOTHUOTOS.

“Eva oxetnd mned virootvolo OTOLXELWIDY VITOAOYLOTIXRMDV AELTOVQYLDV ROTOAVAADVEL TN OU-
VIQUTTIXY TAELOYN@ia Tov Yodvov emeEepyaciog ®dbe oUyyQOovVOU VTOAOYLOTIXOU CUOTHUOTOS.
Avtd onuaiver 6TL 11 CUVEXNS ETTAYXUVOT TOU UMXOU TV VTOAOYLOTMV gV €lvol 0 UWOVOS, %ol
{owg 0vte 0 MAEOV ATOdOTIRAE, TOOTOS YO VO XAVOUUE TOL VTTOAOYLOTIXA CUOTIUOTOL YOV YOQOTEQQ.
H otm »ow punr] emadyuvon e eXTELEONS UEQLRMDV OTOLYXELWIDY VTOAOYLOTIXMV AELTOVQYLDY Ba
YWGOTOY OVTLANTTY 0td TOVS YONOTES OAV ONUOLVTLRY ETLTAYUVOY TOU ovoTtipatog. [a mopdderyua,
o¢ mpoomafnoovue va avaloyiotoipe ) dpapotinn emidoaon mov Oa gixe oty amddoon evog
VIOAOYLOTLXOU GUOTHROLTOS EVAS YONYOQROTEQOS OhYGQLOUOS TOAMOTTAAGLALOUOU AlELBOV 1] TLVARMV,
T UTEQOL athySoLBpoL Yol THY TAELVApunom, TV avatiTnon, ®oL YEVIROTEQO TV 0QYAVWOT TWV OTOL-
yetwv otig Bdoewg Aedopévwv, 1 €va. yonyopsteQo cuoThuo aQyelmy. Auty e amhd Adyia elval
N TeyxvoloyLxy didotaon g Oewpiag AlyooiBuwv.

H Ocwoia Akyooibuwv wwdiromolel TS ONUOVTIXOTEQES OTOLYELDIELS VTOAOYLOTIXES AgEL-
TovQYieg o€ vodoyiotixd meoPflijuata, MAadY| o€ TEATUTTC LABNUATIXA LOVIEAD TTOV CUYXEVTQ®-
VOuv GAOL TO. OVOLMAN YOQOXTNOLOTIXG TOV TTRAYROTL®oU pofijuatos. H Oswoian AkyooiBuwmv
nog €odLalel pe arodoTivovs alySoLOUOUVS YO TNV ETTEAVON TOV CHUOVTIXOTEQWV VITOAOYLOTIXMY
TEOPANUATOV %L He €vo CUVOLO OV %ol UeBOdwV OV PTOQOUV VA EPAQUOOTOVV O ®AOE
mEOPAN QL.

AVTES 0L ONUELDOELS E0TLALOVV OTLS OAYOQLOWXES LOEES TTOV YONOLUOTOLOUVTOL YLOL THV OLTTO-
dotinn emihvon mpopfnudrtwv ovvdvaotixijs feAtiotomoinons. Ta mpofijnato cuvdvooTivig Bel-
TLOTOTO(NONS ATOTEAOVV UL OIS TIS ONUOVTIXOTEQES ROTNYOQIES TQOPANUATWV TTOV UEAETA 1) Ot-
weto AhyopBumv xot yevixotepa 1 Emotiun tov Yoloylotdy xal €xouv ToAAES xal eEaLQETIXG
ONUOLVTIXES TTQOXTIXES EPOQUOYEC.

ARG v dAM mAevpd, mapd TLS ONUAVTIXES TEOGdoVS THE Oewping AlyopBuwy ®al T eml-
LOVES KO LOKQOYQOVIES TEOOTAOELES TAOOUS LRAVIDV ETLOTNUGVWY, VITAQYOUV TTOMG oNUavTiid
mooPAuata Yo T, omota dev €xouvue natopBwoel va oyedidoovue arodotivols alydolbuovs. H
Ocwoia Yroloywotixijs [olvmloxotyrag avamtiybnxe yio va peAETHOEL TOUS AGYOUS Y10 TOVS OTOL-
0Vg ®AITOLaL VITOAOYLOTIXA TROoPAMnata eival dvoxroro 1 adivaro va AuBovv and évav YTohoylot).
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2 1. Ewoayaywég "Evvoleg

H Ozwpia Yroloyiounrig [olvmhordmrag peletd diapoetind vmohoytonrnd Hoviéla xou
™V enidgaon mov €xouv ot SuvaTdTNTA TwV YTOAOYLOTMV Vo EMAUGOUV €va mEofAnua amodo-
Txd. T #dBe vroloylotnd poviého, n Oewpio Yrohoyotxg Iohvmhoxdtnrog eEetdlel av €va
VITOAOYLOTIXG TTEOPANMO pmoel var emAvOel 1) dxl. Av To mEdPAua eival emAvolpo, N Osmwola
IToAvmhoxdttag ®xaBoiCel TV eAdYLOTN TOOGTITO UTOAOYLOTIXWDYV TTGQWYV TTOV OTTOULTOUVVTOL YLOL TNV
ETIAVOT TOV TQOPAMIUATOS OTO CUYHEXQLUEVO MOVIENO. Me Pdom TG AmAVINOELS OTO TTOQOTTAVM)
EQMTIUOTO, TOL VITOAOYLOTLXG TTROPAUaTO evidooovion og xAdoels movmAoxotyras. Kdbe whdon
TOAVTAOXOTNTOS ATTOTEAEITAL O TEOPANUOTOL TTOV EUPAVICOUV TAQGUOLY CUUTTEQLPOQT WS TTEOS
TNV EMAVOLUOTNTA TOUS O€ CUYHEXQUUEVO VITOMOYLOTIRG POVTENO.

H Ozwpio Yroloyiotinrig TTohvmhoxdtnrog pog epodidlel pe évav ixove albud #hdoewv
TOAVTAOXOTNTOS 0TS Omoieg €xouv eviayBel ta onuavirdtego vroloyiotnrd moofijuata. Emi-
TAEOV, NOg EQOOLALEL e TEYVIRES ®ou PEBAAOUS Yo TNV EVIOEN VEWV VITOAOYLOTIRGV TTQOPANUATMV
otg vrdeyovoeg »hdoelg molvmhoxndmrag. “Exoviog evidEel éva modfinua o pia ¥Adon molv-
TANORATNTAS, YVWQEILOUUE KATA TGOOV VIIAQYEL ATOdOTIRGS OAYGQLOUOS YL TNV EmiAVON QuToU TOV
meoPAuatos. Mia amd T oNUAVTIXGTEQES EPAQUOYES TS YTohoylotixiig IToAvmhoxdttag elval
OTL LIS ETTLTOETEL VOL OLTTOPUYOUUE T ATALOL OVOEHTNON ATodoTIR@DY aAYOQLBUMYV Yo TTQOoPATIATOL
yua ToL omoiol elxdleTon 1 €xel amodeLyOel Gt TETolol alydoLbuor dev vdoyouy.

€ QUTES TIG ONUELDOELS YIVETOL [LaL TTOAU ovvToun eloaymyr] oty Oewpilo Ymoloyiotxryg Io-
Mmhornomrag. To evdiagépov eotidletor otn didxoLon Twv mEofAnudrtwy cuvduvaotxng Peltt-
OTOTOMONG 08 ATA IOV ETAVOVIOL O TOAVWVUILLG XOGVO %ol BEMQEOVVTAL TEaxTIX b emAvoua
(tractable), xou o€ owtd wov eival wAon yo v ®xAdon NP. T avti v xamnyopio mpofinudrtwv
elxdCeTon 6TL VIAEXOVV UAGVO alySELOUOL EXOETIXOU XOGVOU %ol BEWQOVVTOL TQaXTIXWE OtoeTAVTA
(intractable).

1.1 AlyoiOpog, Yrohoyrotizo Igopinua, zar Xrrypiotumo

AAyopiBpog. Me amhd Adyia, oL akyéeBuol eivor ot “ouvtay€s” mov axohovBoUv oL VTTOAOYLOTES
v, va, Advouv mpofAjuota. IIo ovyxexouuéva, alydobuog elvor po dwaduxaoto 1 €va oivoAo
RAVOVOV LE OROTO TO UNXAVIOTLXG vtoloyond. H extéleon evog akyopiBuov dev mpémet vo armoLt-
el ™ xoron e Sraiotnong 1 e dMuovpymdmrac!. “Evag alydotbpog amotehel To “epyadeio”
yioL v emiAvon evog vaoloyotixod meofAjuatos. O 0QLOUGS TOV VIOAOYLOTIROU TROPAUATOS
20000(CeL TV ox€on petaly Twv dedouévav eioodov (input) row Twv dedousvwy e5ddov (output)
%Al 0 aAyoplOuog mpayporomotel Tov emBbuuntd petaoynuationd. Me fdon to mapandve, Ho
MEne OtL adydotBuos gival ndOe ®aA®dS 0QLOUEVY, TETEQUOUEVY VITOAOYLOTIXY dradiwacio yiow Ty
ETIAVOT EVOS VTTOAOYLOTLIROU TTQOPAUATOS.

IIeptmov oto 1930, didgogol pabnuoatikol oQLowol g €vvolag oS “TETEQUOUEVNS VITOAO-
yrotrng dwadwmaoiag” eddnoav and tovg Church, Godel, Herbrand, Kleene, Post, Turing, »ou
dhovg. O oplopol avtol elyov wg Bdon nebGdovg Tov EMLPOAVELOKRA EUPAVICOVTAY JLOPOQETIXES
uetaEy toug (m.y. Tumxd ovotyuata eneEepyaciog oupuBolwy, LWOVIRA NOVIEAL VTOAOYLOTIXHDYV
unyovav). ‘Oumg, Ghot awTol oL 0QLOUOT RATAAMTYOUV VaL elVOL LOOOVVALUOL, e TNV EVVOLaL GTL GAES
oL “RoQYES” akyolBumV VITOAOYICOUVV TNV (BLOL ROTN YOI CUVOQTIOEWY, CUYXEXQLUEVOL TV #AAON

Mévtoc o Sota peta€s ohyooiBuwy %at ovBodmvay oyediwy TEog eXTEAEON YIVOVTOL GAO KoL TEQLOGSGTEQD SVO-
dudnguta, PAEme Yo madderypo TuxoudmTa 0Tovg odyoiBuovs, fuzzy Aoy, ®Am.



1.1. AkySpBuog, Yroloyound TTpdPAnua, row Ztypudtumo 3

TV TWV HEQIRMS OVOdQOILRMV ouvoQTioewv (partial recursive functions). Méyot toa, ®ow maQd
TLS WEOABOOVS NG TEXVOAOYIOS, M EUTTELQIOS NG HOTODEMVUEL OTL 1] QT M ®AAON TWV CUVAQTY)-
ogwV givon axQUPas Tl pmoel va vrohoytobet cvotuaTind (06 VTOLOYLOTES, TOOYQAUUOTA, 1j
TETEQOOUEVES SLODIRAOTES).

Tvmxad mapadeiynota akyopiBuwyv givan ol péBodol mpdobeong, apaipeons, TOAATAACLAOROU
zal dalpeons aBpdv mov pabaivovpe oto oxolelio. "Eva dio mopdderypa eivor o alydoiOuog
tov Evxhe(dn yia tov vrohoyiopd tov Méyiotov Kowvot A€t dvo axepaimv aolBuwy.

Avamagdotaon AlyoeiOnwy. Extdc amd ) quowy YADoOo, YIo TV avoToQdoToon Tov alyoQid-
nov Ba yonoLpnomojoovue o Loy dounuévou Pevdoxwdixa mov Buniter tig yYAdooeg C rou
Pascal.

‘Oleg oL eviolég €xouvv v (0w onuaoto pe Tig aviiotolyes eviolég otg yhwooeg C »au Pas-
cal, Suwg o Pevdonmddrag dev €xeL TNV AVOTNEOTNTO TTOV OTOLTOUV OL CUVNOLOUEVES YADOOES
TQOYQAUUOTIOROV (TT.X. OTTOVOI0L INADOEMV PETAPANTAV, Y101 QOVTLVGV TTOV dEV €XOVV OQLOTEL,
TEQLOTACLOXY] XONOTN PUOLKIG YADOoAS avti yior eVIOLES, wAm.). KdBe oivoro eVIOAdV pe xowrj
otoiylon Beweettan oav opdda (block) eviohdv mov (B €mpeme var) folorneTon AVANETO OF AyRUAES
{...} om C (1§ o¢ begin ... end omv Pascal).

O PevdoxrmdOLRAS YONOLUOTOLEL T CUVAQTNON GOV facixy) Sopr] TEOYQAUUOTOS RO VTTOOTNQICEL
avadgour. Xonowomolovpe Tovg mivaxeg (arrays), g dopég (structures 1 eyyQogés - records
omv Pascal) zow meprotactoxd to ovvola (sets) yior TNV oQydvmon Twv dedopévav. Oemoovne
entong dedopéves g Paonés dopég dedopevav (m.y. OSraouvdedeuéves AMoTeg, mivares, OVQES
TOOTEQALOTNTAS, EVTOO OVOTTNONG) %ot PAO®oUS olySQLOROUG (TT.). ahydoiBuol TaEvunong xou
avaliitnong, akydotbuol duoyeiplong EEvmv ouvolwv) o dtddyONxaV 0To TEONYOUIEVO EEAUNVO.

Yroloytotino Ilgopinua. “Evo vmoloyiotind mwooflnuo (computational problem) opiCet €vav
eMLOVUNTO PETAOYNUOTIONG EVOS GUVEAOL dedouévmv elo6dov (input) oe €va ovvolo dedouévwv
eE6dov (output). O 0QLOUGS TOV VITOAOYLOTLXROV TROPAMUATOS 0QICEL TOO TN MOEPY GTO0 %OLL TOUS
TEQLOQLOPOUS IOV TRETEL VOL LXOVOTTOLOVV TaL OedopEval eLd0v ®ou Tt dedougva eEGd0V.

I mopddetypa, oto mESPANUa Tov ToAamhaotaopnot dvo aplbuwy, ta dedouéva eLo6dov
glva %o abpol (z,y), vow Ta dedopéva eEGd0V elval T YIVOUEVS TOVS T X y. 2T0 TEGAUA TG
TaEvépnong n axepaiwv aip®y oe avEovoa oelpd, Ta dedopuéva el06dov elval pio axohovdica
X = (x1,29,...,%y) an6 n axéoauovs aBpovs. Ta dedoudva eEGd0v elvar po petdfeon avtdv
tov agiudv X' = (2,2, ..., z]) dote ravévag aoBuds vo unv eivar peyahitegog amd Tov
enoueves tov, dnhadi ) < axh < -+ <zl

Yruymorvro xa Avon. Kdbe ocuvolo dedopéviv 10600V Tov CUUPMVEL IE TOVS TEQLOQLOUOVS
mov O€TEL 0 0QLOWGS €VOS VITOAOYLOTIXOU TEOPAMUOTOS amoTeAel €va oTryutdtvmo (instance) tov
mpoPMuatos. Lo mapddetyna, ot ool (15, 32) arotehotv €va oTLyudTuIo Yo To TSBANuo
oV ToAOTAOoLOoUOU dvo apndv. H axolovbio (8,1,7,5,3,6,2,4) amotehel §va ottydtumo
yioL To TEOPBANUA TS TOEVEUNoNS axeQainv aQLONdV.

Kdbe otrypdtuno evog mooPinotog €xel xopia, uio 1 mepLoootees Avoeis (solutions). H
AOoN €VOS OTLYIOTUTTOL Yia, €va TESPAnua elvol xdBe ouvoro dedopévwv eE600v mov og ouvdva-
OUG UE TO OTLYMLOTUTIO LOVOTOLOVY TOVS TTEQLOQLOUOVS OV BETEL 0 0pLOUGS Tov mEoPAnuatos. Ta
mopdderyna to 480 amotehel T Avon tov orrywdtumov (15,32) yia 1o medPAnua Tov worhostho-
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owopov. H axolovbia (1,2,3,4,5,6,7,8) amotelel T Adon tov onymdtumov (8,1,7,5,3,6,2,4)
yioL To TEOPAnua g ToEvépnong.

Og06tnTa AhyogiOuwmv. Ta mpofifnata mov O pehetiooupe €X0UV ATELQO AOLOUG OTLYIOTUTIMY.
T vo BewenBel €vag alydouBuog owotds (1) 0000¢ - correct), TEEMEL VAL VTOAOYICEL OWOTA TIG
MioELS yia GAa TOL OTLYIGTUTTL TOV TROPANUaTOS Tou Auvel. o va texpmoiwcouvpe 6t Ty ogBdtTa
eVOg alySoLBpov yia xdmoo meSPAnua meémet vor amodeiEovpe (Le Tumxt] poBnpotiy amedetsn)
Ot mEAynaTL 0 alyoeLBpog vrohoyiter uiot Ao yio #dBe onrypdtumo Tov mpofijuatog. Tia v
TEXUNQLOOOVUE TN UN-0008TITA €VES alySoLBPoU yia ®dmolo TEAPANUa, COXEl VL TEQLYQAWOUNE
EvVoL OTLYIOTUTTO TOV TTROPAUATOS Y0 TO OO0 0 alySeBuog dev vmoloyiCer Aiom.

1.2 IIgopAfjuata Xvvovaotixis Beltiotromoinong

"Eva mogdderypa vrohoylotinot mpofAiuatos oto omoio Ba avagpepBoipe 0QreTES POQES elval TO
HoopAqua tov Zaxidiov (Knapsack Problem). Zto [TpdfAnpa tov Zaxidiov, divetal €vo ooxidlo
ueyébovg > 0 zouw n avuxelpeva, ®abéva amd to omoia €xel uéyebog s; > 0 na aia p; > 0,
i = 1,2,...,n. To Tnrovpevo eivor vo vroAoyLOTEL Piok CUAAOYT CVILXELWEVWV TTOV XWEA OTO
oaxidlo xou €xel uéyiorny aia. To IpdpAua tov Saxidiov poviehomolel TANBMEO TOAKTINDV
TEOPANUATOV %Ol €YEL TOMES AOL ONUOVTIXES TQURTIXES EQPUQUOYES.

Yrdpyovv 8o Baoirés exdoygs yia 1o ITpdPinua tov Sonidiov: n axéoawa (1 0 — 1) exdoyEg
%o N xAaouatxj exdoyxn. 2y *AaopoTit] ex00x Tov TEOPAUOTOS, TO AVTIREIPEVA PTOQOTVV VO
dLaeeBovv xau vo oupmeAngBotv oto coxidio TunuaTKd. AV To XAAOUOL TOU CVILXELUEVOD ¢ TTOU
éxeL ovumeongOel oto caxidio eivar f;, fi € [0, 1], avtd natahauPdvel xHEO f;s; ®oL TQOCOETEL
a&ta fip;. Zro Khoopamxs Iodpinua tov Sondiov (Fractional Knapsack Problem), moémet va
TEO0OLOQLOTEL TO ¥AdoMa ®dOe avTkeWEVOL Tov Ba ovpmeQMngOel oto caxido ote vo unv
oo fLdletal To nEyebog Tov caxtdiov xou va PeyLotomoleital 1 ovvolxy atio. Tumxd, Tnreltal
1 ueywotomoinon v Y vy fipi, dote Dy fisi < Buow fi € [0,1] yua vdbe i =1,..., n.

Zto Axépano TTpopinua tov Soaxwdiov (1 amhd [edPAnua Tov Zaxidiov), ta aviirelnevo Oe-
weouvtow adiaipeta. “Etol ®dbe avureipevo eite ovpumeglhapufdveTor ohdxANEo oto coxidlo eite
dev ovumeguhaufavetar xabohov. Tvmird, ®dbe f; nmwopel va elvoun elte 1 eite 0 (evdd omnv ®Ao-
onotxy exdoyn, xdbe f; nmogovoe vo mdoel omoradnmote Ty ueTaEv 0 zow 1). To Tnrovuevo
elval va. 1poodLoQLOTEL €val UEYLOTNG OE(0S VITOOTUVOAD CVTLXELUEVWV TTOV XwWEd, 0T0 coxidlo. Tu-
mxd, Tnretton n peywotomomon tov Y .y fipi, dote Y iy fisi < B raw fi € {0,1} yio ndBe
1=1,...,n.

310 TTpéPAnua tov Zaxdiov, o dedopéva euoddov eival to u€yeBog tov oaxidiov B nou
To. droretaryugvo Levyn (81, p1), (82,02), - -+, (Sn, Pn) TOV TROOALOEILOVY TO NEYEOOS %o TV A&l
240 avixrepévo. Kdabe ovvoho dedopuévav etaédov oty pooeri (B, (s1,p1), (82,02), - -, (Sn, Pn))
0p(Cet éva otrymdtumo. Ta dedopéva eEGd0v elvon n apBuoi f; mov opillovv moLa aviireipnevo
ovumeghappdvovran oto oaxido. T v xhaopoatixy exdoyn mpémnel wov f; € [0, 1], wow ywa v
axéooua, exdoyn moémner f; € {0,1}.

Ta dedouéva eE6d0v amotelovv pia amodextij Avon (feasible solution) yio to [TpdPAnua Tov
Zaxtdiov Gtov To avIXeleva Tov €Xovv CUUTTEQUANYOEL XWEOUV 0To coxidlo. Mo amodexrt
Mon eivou féAtiorny Adon (optimal solution), § amAd Aoy, dtav n agic Twv OVILXEUEV®DV TTOV €XOUV
oupumeQANPBel oto oaxidlo dev elval wWxEdTEEN amd TV OEI0 TWV AVIIXEWNEVOV RATOL0E AAANG
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arwodextng Aong.

Sy rhaopotnn) exdoyr], ®dBe onyotumo €xel dmelpes amoderTES MIoELS. 2TV axéQala
endoy1], 0 AQBUOS TOV EPIXTAOV AMICEWV EIVAL TETEQUOUEVOS. ZUYRERQLUEVA, RAOE OTLyISTULITO
€xeL TOVAAYLOTOV Miat (To ®#EVE 0Uvolo) xa 1o oAU 2" amodextég Mioels (Gha Ta diagpopetind
vrootvoha 1 avixelpévov). Kou ong dvo exdoyég, #dbe otymdtumo €xel piol 1) mEQLOOOTEQES
BéATioteg Moelc. ‘Ouwg omv xhaopotixy exdoyn, ol fEATLOTES MIOEIC UTOQET VoL elvol ATELQES, EVAD
otV oxégouo exdoxn 0 oGS TV BEATIOTWV AMJoE®V Elvol TETEQAOUEVOS (OlOT TETEQOUOUEVOG
glvoi 0 aELORGS TV EPITAV AVCEWV).

Magdderypa 1.1. To (30,((20,5),(10,4), (15,10), (40,10))) omotehel £vo OTLYWMOTUTO YO, TO
[Me6PMua tov Zaxidiov 6mov to coxidio €xel péyeBog 30 xor vRAQYOUV TECOEQO CVTLREL-
uevo. pe peyeédn 20, 10, 15, wouw 40, xow oieg 5, 4, 10, »now 10, avriotorya. Ou TeTEAdES
(1/2,1,1/3,1/8),(1,1,0,0), o (0,1,0,1/2) eivow »dmores amd T (GmelQes) omodextés M-
OELS YLOL TO OUYXEXQULEVO OTLYULOTUTTO %ol TNV ®haouatixy] exdoyn. To ovyxexouuévo omypud-
Tumo €yel emiong dmelpeg PEATIoTES AUoeLs yia Ty xhaopatiry] exdoyn. Kdbe tetodda tng noogng
(1/4 —2,1,1,2/2), émov = € [0,1/4], amotehel pio. BEATIOTN AGON CUUTEQIAOUPAVOVTOS AVTIXE (-
uevo ovvolxriig agiog 15.25. T'a mv axéooana exdoyn, TO CUYREXQLUEVO OTLYULOTUTTO £XEL MOMS EEL
amodentés (molég;) xou uio fédtiotn Miom, v (0,1, 1,0) ue ovvolnii oo 14.

ARG ™V A mhevpd, To otymdtumo (20, ((5,2), (7,10), (4,9))) €xer udvo pio féltorn Adon
#own %o yo Tig dvo exdoyge, my tetpdda (1,1,1). Axéun to (17, ((6,6),(11,10),(9,8),(8,8)))
€yeL Ovo Péltioteg Mioelg yia tnv axéooun exdoyn, Tis (1, 1, 0, 0) »an (0, 0, 1, 1) pe aia 16, xow
uévo pia BEATLoT Miom i mv xhaopomn exdox, mv (1,3/11,0,1) pe a&ia 162, TTagameotue
emiong 61l o PEATIOTH AMdom Yo TNV ®»haopatny exdoyn €xel atlo peyoriteon 1j ton g atlog
™g PEATLIOTNE AMdomg Yo Ty axépoun exdoyn. O Adyog eivar dt 1 fEATIOTN AMdon Yo TV axéQan
ex00y1] amOTEAEL (ia EQLXT] ADON YLOL TNV RAQLOUOTIXT] €X00YT], EVE TO avtioTeoo dgv oyvel. O

To TTppApo Tov Saxidiov amotelel Eva Tvmnd madderyna moofAjuatos feAtiotomoinons
(optimization problem). “Eva modpAnua cvvdvaotixg Beltiotomoimong €xel TOMES amodexTés
Mioelg, og wofeplo anmd TG omotes avtiotolyel wia avrixewevizaj il (objective value). To Tn-
TOUUEVO €lval 0 VTOAOYIONOS Was féAtiotns Avong, Onhadn mag amodextic Miong ue ) Pfédtiorn
(uéyrom 1 eAdyoTn) avrirelpevixy] Ty, Suyvd dev Inteltan e fEATIOT] Abom, oMd amhadg 1
BEATLOTN QVTLRELUEVIXY] TLUY].

Ogwopdg 1.1 (TIgopinua Bedtioromoinong). "Eva modfinua Beltiotomoimong 11 yopontmoeiCeton
oo ta oxdhovbon

¢ "Eva ovvoho otrywotimmv Y.
e o #dBe otrypdtumo o € X, €va obvoro amodextdv Moewv A (o).

e [a ®dBe otrypdTumo €106dov o € Xy, o avireneviry ovvdomon fo : An(o) — IR mov
OLVTLOTOUYEL ILCL OLVTLXELUEVIXT] TWUY O€ ®AOE ey Avom.

Agdopévou orypdtunoy o € Xy, tnreiton vo vroloylodel amodexti AMon A% € A (o):

VA€ An(o), fo(N\,) > fo(A) Srav mpdrertan yio moPnpuae ueyiotomomons
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N VA€ An(o), fo(A\,) < fo(A) Jrav mpdxertan yio modpinpa edayioromoimons

H Mon A% ovopdleton Sédtiorn Adon won v wii ™s fo (AL) péAtiorny avieeiuevizaf tynj.

Mia wWaitego onpovtirt] xotyogio meofinudtov fertiotomoimong eivon ta moofljuara ovv-
dvaonixijc Peltiotomoimons (combinatorial optimization problems). AwowoOnuixd, €vo meofAnua
ouvovaoTNS Peltiotomoinong oeoaxteiletal amd ™V WIeTHTe 0Tl VITAQYEL VOl TETEQAUOUEVO
OUVOMO amoderTOV AUoEWV OV cuumeQAaufdvel o BEATIOTY AUoN av %ol UOVO v LC, TETOLO,
Mion vrdoyel?. KdBe modfinua Pertotonoinong e meneQaopEvo aobud amodertdv AMioewy
elvou modPAnua cuvdvaoTtwng feltiotomoimong.

Hagdderypa 1.2. Imv mepintwon tov [Tpofijuatog tov Zaxidiov, 1) AVILEUEVIRY TYT] ULAS OTTO-
dextig AUong elvor | cuvolMxy] a&la TV avIePEvVwY 1oV ouptegLhaupdvovral oto coxidlo. To
nrovpevo elvon va vtohoyoBet 1 amodexti Aion ue ) péyiot avuxelevixy Ty, Ilodxeitol
IMhady] yrar tedpPAnua peywotomoinons. H axépoara exdoyn touv Igopruartog tov Saxtdiov elvar
€va TEoPAMma cuvdvaoTYg PeATiotommoinong, Aoy €vo OTLYMGTUTTO UE 7 OVTLXEIUEVO EXEL TO
ol0 2" amodextéc Mioeic. O

“Eva tumixd mapdderyno mpopAuatos elaytotomoimong eivar to IIodpinua tov vvroudtegov
Movomatiov (Shortest Path Problem): Aivetaw éva yodgnuo pe pdorn / upixn otig oxpég zow dvo
OLOENQLUEVES ROQUPES s Haw T, ®oL INTElTOL TO POVOTATL EAXLOTOV OUVOMKOU WXOVS At TV
1OQUYPN § OTNV ®oEUYY t.

“Eva dMo moapdderyuo moopAjuatog ovvdvaotixig peltiotoroimong eivor to IlodpAnua tov
Teorodevovrog Ilwintij (Travelling Salesman Problem — TSP): Atvoviow n onuelo o yuor »dbe
Cevydou onuetov 4,5 € {1,...,n}, oL anootdoelg di; xat dj; yio ™ peTdfoon amd To i 0To j Xou
oo T0 j 070 % avriotoro (Tavia 6o VToBETOUIE GTL Ol TOOTAOELS E(VOIL PN-CQVNTIXES KoL OTL M)
amdotaon xdbe onueiov amd Tov govtd tou elivan 0). To Inrovuevo elvon pia meprodeia (tour),
IMhady| €vag winhog mov dpyeTon amd Sha ta onueia axQUpds wio poed, eAdLOTOV GUVOMXOU
UWROVS.

To ITpopinua tov Ieprodevovrog Iwinm) elvon €va modPAnua. ehaytotomoimons. “‘Otav ol
aOOTAOELS EfvOL CUUIETOLXES, INhady yia ®dBe Cevydol onuetwv 7,5 € {1,...,n} elvau d;; = dj;,
€xovpe 1o Zvppetourd Ipdpipua tov Ilegrodevovrog Tlwinti. ‘Otav emmAéov oL ATOOTACELS
LXAVOTTOLOUV TNV TOLYWVIRY] AVIOTOTNTO TOTE T ONUELDL KAl Ol ATOOTACELS TOUS OUYXRQOTOVV €val
UETQLXO Yo (metric space) #au éxovpe 10 Metound TTpdPAnua Tov Ieprodetovrog Mo, wov
elva 0Tt TLS O ONUAVTIRES TTEQITTDOELS OTHV TEAEN.

2Eivor evOeXSIeEVo VoL UIIAQXOVV GEIQES OOSEUTEC AMIOELS Kal oTéC OV Bor CUUTEQIANEPBOTY OTO OVaPEQGUEVO
TEMEQOOUEVO OVVOAO Vo xetdleton va emheyouv votdAAnAoL.

¥Eva advoro onueiov N pe o pn-opviiuatj owvdoptnon omdotoong d @ N x N +— R ouyrpototv évo petod
X0 STV 1 OUVAQTNON OSOTOONG LROVOTIOLEL TIG TAQAKAT® WOLGTTES: () OL ATTOOTACELS EIVOL CUUHUETOLHES, ONACON
Vi,j € N,d(i,j) = d(4,7), (B) n andotaon »dbs onueio and tov eowtd tou elvou 0, dmhadi Vi € N, d(i,i) = 0,
%0 (Y) Ol OTTOOTAOELS HAVOTOLOUY TNV TOLYOVIRY aviodtnta, dnhadii yio #dbe toudda omueiov 7, j, k € N, d(i, 7) <
d(i, k) + d(k, j).
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1.3 Avaivon AlyopiOpov

T va ovyrgivovpe dagogeTinols alyoglipove mov Aivouv 1o (dlo mEdPfAnua amowteiton vo
TEOGOLOQICOVYE TV TOGGTNTA TWV VTOAOYLOTIXMV TOQMV OV ATCULTOUVTIOL YLOL TNV EXTEAECT) TOV
oAy6LOROV (.. VIOAOYLOTIRGS XQOVOGS, BE0ELS pvijung, 0QLBUGS emEEEQYAOTMV, EMAROLVOVIO HECM
dwtiov, xhw.). H diadixacio mg podnpanxnig extipmong twv vroAoYIOTIRMOY TOQWYV TOV OITOLTEL
N extéheon evog alydpBuou ovopdleton avdivon Tov alyopitbuov.

Tl va avaliooupe €vav alyoplBpo, mpémel va Bemorioovue €vo POVIEAO TOU VTOAOYLOTY|
otov omoio Ba exteleotel o ahydplBuoc. Ta Tovg oxomovg Tou pabripatog, Bempovue ot ®Aabe
alydpLBuog Ba vhortomnBet o piat Yroloyiotwn Mnyovy Apeong ITpoonéhaons Mviung (Random
Access Machine, RAM) e évav emeEepyaoty. Zm Mnyavi Apeong [pooméhaons Mviung, ot
EVTOAES EXTEAOUVTOL axoAoVOLXd ®oL 1 ®AOE OTOLELDIES VITOAOYLOTIXG Princ €xeL povadiaio
%G0TOG (Y10 GAaL TOL €L01 VTTOAOYLOTIXWV TOQWV). S0V OTOLYELDON VITohoYLoTIXd PrinaTa BewEovvToL
1 TEOOoTELALO pLag BEomG UVNUNG YLoL ovAyveiom 1 €YYQoLpn, oL BAOXES EVIOAES (TT.). avdBeon TG
O€ UETOPANTY, OUYRQIOELS OQLBUGV 1] YOQAXTHOWV, EVIOAES EAEYXOV QONG, ®AT.), ®OL Ol PAOLHES
aLOUNTIXES ®a hMoYrES TEAEELS (.. TEO0OEON, TOMATAAOIOOUAS, AOYIRG ®ou, AoyLx1 1, ®AT.)
EQPOCOV OLPOQOVV AVILXEIUEVOL TTOV UTOQOVV VO ATOON®EVTOVY O WrEd apBud BEcewv wviung.
To povrého e Mnyovi Apeong Ipooméhaons Mviung eivor mold ®ovid oto oUyYQovVa HOVO-
emeEeQYOOTIRA VITOAOYLOTIXA CUOTHIOLTAL.

H mo ocvuvnBuopévn xatnyopto avdlvong evog alyopiBuov agogd 1o xodvo extéheons. O yo0-
VOg eXTELEONS EVOS ahyoiBov mEOodLoIteTOoL a6 ToV AL TwV OTOLYELWODV Pudiwy Tov
extehovvion. To €idog Twv otolyetwddV Pfnudtwy Ta omoic TQOOUETOMDVTOL TOLXIAEL OVAAOYOL LE
10 TEOPANUAL (7). YL Tal TEOPARUOTOL TAELVEUNONS Al avaCHTNONG, O XQOVOS EXTEAEONS TQOO-
dtopitetan amd g ovyxpioelg Petaly ototyelmv g culhoyns, Yo To TEOPAUATE LELOUNTIRDV
TOAEEWVY, 0 YOOVOS eXTELEONS TTEOTOLOQICETOL OGS TIS AEBUNTIXES TEAEELS UETAEY HovoyipLmy
opBuwyv, ®¥Aw.) o to meopAuata cuvdvaotixig Pehtiotomoinong, o xEOVos EXTEAEONS TQOO-
dLop(Cetal amd Tov aQLOUS TwV OmA®MY aQLOUNTIXMY %ol AOYIMMY TEAEEWV, TWV CUYXQICEMY, %Ol
TOV EVIOADV EXYDONONS TOU EXTENOUVTOL XOTA TN OLdQ*ELD TOV OAYOQLORov. YmoBEtovue GtL
EXTENEDT QUTWV TOV EVIOMDV AVTLOTOLYXEL O €Val OTOLYELDOES VITOAOYLOTIXG Prina wiog Mnyovig
Apeong Ipooméhaons Mvijung.

Eivouw gbAoyo 611 ) ToodTTa TV VIToAOYLOTLIRGY TOQWV £E0QTdTOL dueda amd To NEyeBog Tou
OTLYWLOTVTTOV TTov TEETEL Vo emAOel. [ar mopddetyua, o VoAoYLOTIHGS XEOVOS YLOL TNV ETTEAVON
evog otLymoturtov Tov ITpopfAuatog tov Zaxtdiov pe déxa avimeineva dev umwopel va eival ov-
Y®EIOWWOS LE TOV VITOAOYLOTIXG YQOVO YLOL THV ETCAVON €VOS OTLYULOTUTIOU E EXOTO, XiMa 1 €val
EXOTOUUVQOLO CLVTLXELUEVCL,

Ta amoteAéopata TS avdivong eveg alydpBuov expedovial oav ouvdTnon Tov neygéfoug
OV OTYIOTVTOV 7oV emhveTal. To ueyébos evog otiyuidtvmov eivor o aBUds Twv SvodLrdV
ymeiwv (bits) TOU ATOLTOVVTOL YLOL VO, OVOTTOQRAOTAOEL TO OTLYULGTUTTO 0T UWVHUY TOU UTTOAOYLOTH.
I va drevroluvBoupe, ouviiBwg vtoBEtovpe 6Tl ®dbe “Paoiwy CUVLOTOON” TOV OTLYULOTUITOU
YOELATETOU TTEQITTOV TOV (010 OGS dVadX®Y Ymeiwy yia. Vo arroOnxevOel ot wviun Tov VIToAo-
YLOTH %Ol XONOLUOTTOLOVUE TOV AELOUS TWV “PACLROV CUVLOTWO®MY” ooV UETEO TOV UeYEBOUS Tov.
INa mapdderyna, oto MpdPinua Tov Zaxiwdiov, Paoirés ovviotwoes eival ta avixeineva. "Erot
To né€yeBog eviog otymdTuov umoel vo BewenBel avdloyo Tov 0ELOUOV TWV OVIIXELUEVDV TOV.
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Avtiotowya, ol paowés ovviotdoes oto TlpdpAnua tov Iegrodevovrog Tlwinti eivon T onueio
%o oto TTpSPAua ™mg Ta&wounong eivar o apiBpol mov Ba Ta&ivounBovv.

Emoninavon. H nopamdve véBeon oe ox€on pe 1o uéyebog evog oTypdtumou efvan Pdaowun
uévo dtav M vdbe “Paori] ovviotdoa” yoeldleTon meQimou Tov (00 0BG dvadirdv Ympinv
yia va amoBnxrevBetl oty pvipm tov voloywoti. [ mopdderypa, givan evhoyo va dexbovue ot
1. avaxeipeva (10,5) »on (100,30) ovvelogégovy 1o B0 0to Néyebog eveg oTYIGTUTOU TOU

TTpopMparog tov Zaxdiov. H idia mapadoyn dev nmogel va yiver guond yia T AVTLREIUEVOL
(1,1) wou (22004, 22005) O

1.3.1 Agy tov Avarhoiontov za Acvprtotizy Extipnon

“Eyovtog ®atolEel og €va VTOAOYLOTIHG HOVTIEAO YLC, THV aVAAVOT TV aAYOQIOUWY ®oL OF €va
UETQO TOV UEYEOOUS TV OTLYIMOTUTTMV €VOS TOOPAUATOS, COVOXUTITEL TO EQWMTNIOL TTOLX ELVAL M)
vAomoinon Tov aAydpLOuov Yo Ty omoio Ba yiver | avdivon.

H aoy1j tov avarloiwtov (principle of invariance) amovtdel 6Tt ovolaotird avto eivor adud-
@opo. H apyn tou avarloimtou Afel dtL dBo dlopoeTirég vAomomoels Tov (dlov aAiydplbpov dev
dlopéQovy o€ amoTeAEoHOTIRATNTO TG UGV ®atd pia otafeen avoloyio (m.y. ovty eEaQtd-
TaL oTtS TV TEXVOAOYIOL TOU VAMXOU %Al TOU AOYLOULXOU TOV VTOAOYLOTIXOU GUOTIHIATOS OTO 0molo
Bo exteleotel 0 alydolORog). Zvvemds, oL TOAMOTAAOLOOTIRES 0TafeQEs dev mallovv WaiteQa
onuovTKe EOAO OTN Bewontintj extiunon TS AmodOTIRGTNTAS TWV AAYOQIOUWV %Al UTOQOVV Vol
aryvonBovv (dev mEEMEL var aryvoouvTo SUmS oty TEAEN).

Opwopdg 1.2 (Agyn tov Avarroiotov). "Evag akyéobuog amortel xodvo g tdEews T'(n) yuo va
exteheoBel, dmov n elvor To nEyeBOS TOv OTLYATUTIOV OGS EMIAVOT, €AV VITdyEeL OeTiv oTaBeQd
¢ »ou viomoinon tov akyoiBuov xavi] vo Mioel xdBe otrymdtumo peyéBovs n og YEOvVo Oyl
meELoo6TeQo ot ¢ T'(n) Priuato.

Me yonon g apyis Tov avarlhoiwtov, ®dbe dAln vhomoinom tov dov aiyopiBuov Ba. €xel Tov
id10 xo0ovo extéheons (ue evoeyduevn ahhoyn g otafeds ¢). Aut 1 LLiTEQO ONUOVTLXY] EVvolal
elval yvoot ws acvumtwtixl extiunon. H aoupmtoting extipnon xatadetnviel 6T ) CUITeQLpoQd
TOV OAYGQLBUOV YLaL REYAAOL OTLYULOTUTTOL ELVOIL CLUTY] TTOV YOLQOKTNQITEL TNV aTod0TIHATITA TOV.

Me amhd AGyla, To onuavtikd oty (Bewonuxn) avalvon evog alydolBpov eival o TEoadLoQL-
OPde S TAENS ueyEHovg Tov XOGVOL EXTELEONE GO GUVEQTON TV UeYEBOVS Tov oTrydTumov®.
‘Otav 10 n€yeBog Tov oTLYILGTUITOU 7 YiVEL EXETA PEYALO, OL TLUES TNG CUVAQTNONS IOV ®0.B0QICEL
™mv TdEn neyEBoug eivor onuaviird peyalitepes amd omotovodnmote dAhovg doovs. Tia mapd-
derypa, otoy 1o n yiver apxetd peydho, To 27 eivar onuovtind peyolitego omd to 1000n? xou
10 n? elvar onuovtizd peycalitepo amd 1o 1007 log n. St Oewoio howtdy, €vag alydoduog pe
YOOVO EXTENEONS WMHQOTEQNS TAENS UEYEOOVS Elval TOOTIUATEQOS Otd VOV OlYGQLOUO e YQOVO
eXTENEONS UeYaAUTEONS TAENS ueyEBovg. Ztnv mEAEN, o mEWTog alydolBuog elval YoNyoQedTeQog
amnd Tov OEUTEQO UGVO GTALV TOL OTLYULOTUTIC, TTOV ETLAVOVTOL (VoL 0ORETA UEYTAOL.

Meorég tdEelg neyébous eivon Waitepa ovvnBopéves. ‘Otav 1o T'(n) eivan aveEGoTTo TOU
n MEpe O0TL 0 XOOVOS exTELEONS Elval 0Tafe0ds (0g aUTH TNV TEQITMWON UITOQOUUE Vo Bemworoovpe

4310 €Eiic 10 PEYEBOC TOV OTLYULSTUTIOV LGS0V B0 CUPPBOMTETOL PE 1 EXTAS OV ONTA AVOPEQETOL KATL SLOPOQETIXG.
Emniong, 8o oupPoriCovpe pe log n 1o AoydoBuo pe fdon 2 xow pe In 1 10 puowrd hoydoBpo tov n.
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on T(n) = 1 pe Bdon mv agyq Tov avarroiwtov). Otav T'(n) = n, n?, i n® Aéue 6u o yodvog
EUTENEONC EIVOIL YOAUUIAOC, TETOAYWVIXGS, %ol ®VPixde avtiotorya. Otav T'(n) = n* yia xdmowa
ovyxexQUEVN otabepd k, Aépe 6t 0 xodvog extéleong eivon moAvavuuxds, evad otav T(n) = d™
Yo XATTOLOL CUYRERQUUEVT OTaBeQd d > 1, Aépe 6T 0 YoOVOg extéleons elvol exOeTixndg.

Emonpaven. 2t oulytnon oxeTird, e TV OOUUTTWTLXY EXTIUMOT, 1) €VVOLO TOV YOOVOU EXTEAEONS
UTTOQEL VO OVTLXATAOTOOEL 0TTG OTTOLOVONTTOTE VITOAOYLOTIXRG TTOQO (T0.X. UvHuY, colOud emeEeQya-
OTAV, UNVOROTOL LXTVOV, ®AT.) MG QOGS TNV 0Toia vIroAoyCovpe TV amodoTxdTTo TOU OhyOQLO-
uov. O

1.3.2 Avaivon Xerwporeons Ilegintmong

H aovumrwtixnn extiunon yonoWomoLEITaL yio TV eEaymwy CUUTEQUOUCTWY OXETIXA UE TO XQGVO
EXTENEONS TV AAYOQIOUWY, ROl YEVIXOTEQO OYETIXA UE TIS OWTOLTIOELS TOVS O€ dudqpoga €0 vmo-
AOYLOTIXAV TOQWV. TNV Waviry mepimtwon, O Béhape o yoovog extéleons evog alydolBuov va
divetau amd plo ovvdeTnon v n, Mradi Tov neyéBous Tov oTydTVITOY ELOGO0V.

Eival dpuwg mohd cuvnbiopévo, Evag alyoolbnog vo moeovoldiel eVIEMDS OLOPOQETLHG YQOVO
EXTEAEONC YLOL OLOPOQETIRA OTLYULOTUTICL TOV (dLov uey€Bovg. Ymdpyouvv dnhadi) onpovtinés omo-
YMOELS OTO YEOVO EXTELEOTC, OL OmOiES EEQQTMVTAL EXTAS amd To NEYEDOS, ®aw amd ) doun oTLy-
UWATUTOV ELCOAOV.

TN Topdderyna, og BemERoove TOV ahySLBNO YOOUXNS ovaCTNONG O €vav VXA UE N
otoyeto. O yodvog extéheons Tov alyopiBuov eEaprdron and T BEon Tov otoryeliov mov avaln-
Tovue. Av 10 otolyelo PoloxeTon OTIE TEWTES BEGELS, O YOOVOS EXTEAEONS TOV OhySELBUOL Eivoi
otaBedg, evd av to otoleio Poloretan otig Tehevtalies B€oeig 1 dev vdyEL OTOV Tivaxa, 0 XO-
vog eXTEAEONS elvou Yoouuxos. Me dhha ASyia, o ahySoLBnog yooupuxig ovalitnong €yel oto0epd
YOOVO EXTENEONS XAAUTEQNS TTEQIMTWONS AL YOOUULRG YOOVO EXTENEONS YELOOTEQNS TTEQIMTWONS.

TiBetow hotmdv 10 gpwyTnUaL ToLL s TS dvo TEQUITMOELS PmoQel va Bewpendel aviimpoow-
TEVTLXY] VLA TN OVUTTEQLPOQA Tov olhydpLBuov (otn Bemplo xow oty med&n). H amhovoteen xou
aoQaléoTeQn emAOYY Elval Vo BEWQECOVIE UGVO TO OTLYULOTUTIO. TTOU UEYLOTOTOLOUV TO XQOVO
EXTENEONS TOV OAYGELOUOV, dINAAOY VO EQPUOUECOVIE TN AEYOUEVN avdAvan yelQdTeEQNS TTEQIMTW-
ong (worst-case analysis).

A6 BemoNTHI|g doyns, 1 avdAvoT XelRdTeEENS TEQiTTwoNg elval WOLaiTeQO emLOUUNTY ETELON
TOQEYEL VO, AV POAYIOL OTO XOOVO EXTEAEONS TTOV LOYVEL YL, ®AOE OTLYIOTUTO €10000V. ‘Onmg
%Ol OTNV TTEAEN, Ol TEQLOOGTEQOL AAYSOLOROL EXOUVV XGVOUS EXTEAEONS TTOV OEV JLAPOQOTTOLOV-
VIO ONUOVTLXA 0TS TOL OTTOTEAEGULOLTOL TG OLVAAVONS XELOOTEENS TTEQITmTWOoNGS (.. PA. akydolBuovg
TaEwvdpnong merge-sort xal heap-sort 1 akydotBuo dvadiunig avalimong). T xdmolovg alyogLd-
LOVS TTOV TOL OTLYULOTUTTCL €L0G0V XELQOTEQENS TEQITTMONS elva 1 eEalpeom o Ol 0 ROVOVAS (TT.X.
mBovotivyy exdoyn g quicksort, avalijtnon pe mapepfoiy), epaguétovpe avalvon uéons meoi-
nTwons (avegage-case analysis) Lol VO €XOVUE OOLPY ROL ALOPAA] ELRGVA YLOL TO XOOVO EXTEAEONS
TOV aAySELBROV OtV TEAEN.

1.3.3 Aovpuntotizog Xvppoiiopog

H aovpmronxy extipnon ayvoel tig otabeég wow eEetdler uovo v tdEn pueyébovg tov xooévou
exTéLEONS eVOS ahydoBpov. O aovumtwtixds ovuPoriouds YONOLUOTOLETOL YLOL VO EXPQOLOTOVV
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TOL ATOTEAEOUATOL TG ACVUTTOTIRTES EXTIUNONG.

T dtevrdluvon, opiCovpe TG AdPOQES NOQPES ATVUTTWTIXOY CUUBOMOUOT Lo GUVAQTIHOELS
ue medio oQLopot 1 olvoro Twv guordv aglpndv IN = {0,1,2,...}. O Adyog eivow St 10
uéyebog evog oTrypdTumou eivon uotros aplBuds. Ou oglopol pmootv euxoha vo emextafotv
O€ TQAYNATIXES OUVAQTHOELS. 2€ GAOVS TOUS 0QLOUOUES VITOBETOVE GTL OL CUVOQTHOELS elval BeTinég
(Onh. matpvovy muég oto IRY).

Yuvuporopnos ©. To O yonowwomoleltor Yo TOV axofif meoodtoetoud ™S TAENS neyébovg uiog
OoVVAQTNONG. ZUYREXQLUEVQ, YL ®dBE ouvdomon g(n), n ®xhdon ovvaptioeny O (g(n)) amoteleiton
am6 6heS TIE OVVARTHOELS (e TV (Ot TAEN neyéBovg. Tumxd, dedoudvng pag ovvdomong g(n),
ovufohiCovpe pe O(g(n)) to ovvoho cuvaQTHOEMV

O(g(n)) = {f(n) : N =Ry | Ber, ez € RY) (3ng € IN) (Vn 2 mo) c1g(n) < f(n) < cag(n)}

Me dMa ASyie, woe ovvdpmon f(n) avijxer omy xhdon ovvaptioewv O(g(n)) av vrdoyouv
Betnéc otabeQEs ¢, co TéTOLES oTE TO f(N) vou eivon netalu ¢q g(n) ®ow co g(n) Yo GAeg TS TYES
TOv N WOV EEMEQVOUV €val RATDPAL Ny (SLonoONTLRA, YioL OAES TLG UeydAes TWES TOV n).

O ovppomonds ©(g(n)) dMidver xhdon ouvvapmijoewyv. Mohatavta, yodgovpe f(n) =
O(g(n)) (o Sxu f(n) € O(g(n))) vy va dhdoovpe 6tL N f(n) avixer oy vAdon ovvoQTi-
oewv O(g(n)). To (B0 cupPaivel xoL ne GAES TIS NOQPES ATVUTTWTLXOU CUUPBOAOUOV.

EE’ oplonov o aovumtotirés ovpupoiouds ayvoel tig otabepés. EmmAéov, o aovumtmtikdg
ovupoMouds mEoodlopitel TV TAEN neyEBoVS TwV CUVOQTHOEWMY XAl OLYVOEl GQOVS WXQOTEQNS
TdENg neyeébovs. Kabig to n telvel 0to dmeLgo, ol ool PrQatens TAENS neyétovg xabiotovton
aUEMTEOL OE OYEON e TOV ®VEIOYO GQO.

Tl ToRAdeypa, Yl #A0e TolvdVIIO devTépov Baduoy f(n) = an? + bn + ¢, a > 0, 1oyveL
on f(n) = O(n?). Modypat, #00dS T0 1 TE(VEL 0TO AITELRO, 0 RVEICEYOS S00¢ 12 #oBoE(TeL T
ovumeQLpoed s ovvdotnons f(n). Tevirdtepa, xdbe mohvdvupo Babuod d avixel oty xhdon
O(n%). Opoiwg, eivar 106n? + 104n® + 107 2n3logn = O(n?logn), agov 1o n3logn eivat o
#VRI0EY0S G0C. Axdun, xdbe otabeErj ouvdemon avixel oty ®hdon (1), agov To onuavtrd
glval 6t n ovvdptnon €xel v O Ty yror »dBe n %ol Gyl moto axQUP®S elvor avty n L.

Yupporopds O. Aedouévng wag ovvdomons g(n), ovpporiCovpe ue O(g(n)) 1o ovvoho twv
OUVUQTHOEWV

O(g(n)) = {f(n) : N = Ry | (3c € R}) (3o € N) (Vn > o) f(n) < cg(n)}

Me aMo AGyia, poe ouvdptnon f(n) avijrel oy xAdon cvvagtijoewv O(g(n)) av vrdoyel ota-
Be0d ¢ tétola hote 1o f(n) va unv Eemeovd 10 ¢ g(n) Yo GAeg TS HEYAAES TYES TOV 7.

O ovpporouds O divel €va Eva ACUUTOTIXG AVMD POAYILOL OTNY TAEN HeYEOBOUS NLOE CLUVAQTNONS.
‘Onwg »ow yuo to ovppohlopd O, yodgovpe f(n) = O(g(n)) av xow to O(g(n)) opiCer ®hdon
OUVOQTHOEWV.

Svyrpivovtag tovg oQLopovs Twv cvuolMonudv © xor O, raTaANYovUE 0T0 CUUTEQAOUO OTL
#240e ovvdpmon f(n) mov avijxer oto O(g(n)), avirer xaw oto O(g(n)). Anhadn, O(g(n)) C
O(g(n)).
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Tupporopds 2. Aedopévng wag ovvdemons g(n), ovuforiCovpe pe 2(g(n)) 1o ovvolo Twv
OUVAQTHOEWV

Qg(n) = {f(n) : N = Ry | (Ge € RY) (3ng € IN) (vn = no) egln) < f(n)}

Me dMa Adyra, poe ouvdomon f(n) avijrer omy xAdon ovvagtijoemv O(g(n)) av vrdoyel ota-
Bed ¢ tétola hote 10 f(n) va unv voleimeton Tov ¢ g(n) yio. GAES TIG HEYAMES TIUES TOV 7.

O ovppoiondg €2 diver éva €va aoVUTOTIRG ®ATW EEAYUO OtV TAEN PeYEBoVS pag ouvaQTh-
oNng. ZuyrIvovtag Toug 0QLoRoUS Twv cupfolopdy 6, O, xat €2, RoTAAMYOUIE GTO CUNTEQOOUOL
6t ov ovvaptioels f(n) »ow g(n) sivan f(n) = O(g(n)) av zow pévo av f(n) = O(g(n)) »ou
f(n) = Q(g(n)). T mapdderypo, dtav f(n) = O(n?), wyvel enione 6u f(n) = O(n?) na
f(n) = Q(n?). Aviiotgoga, étay g(n) = O(n?) xaw g(n) = Q(n?), wyvel 6n g(n) = O(n?).

Yuvpporopnos o. To acvumtwtind dve @odyuo touv cuufolMopot O dev elval mdvio axQLPEg
(tight), S\, dev eival mdvta To xoAitepo duvard. T mapddetyua, To godyna 2n? = O(n?) eivon
anQLPEc, evd To podypa 2n? = O(n3) dev elvar. O ovuPOMONSS 0 INAdVEL Eva. dvm QEAYI. TO
omoto dev eival axQLpEs.

Aedopévng wag ovvdomons g(n), ovupolriCovue pe o(g(n)) to ovvoho TwV CLUVOQTHOEWY

o(g(n) = {f(n) : N = Ry | (Y € R%) (Ing € N) (¥n > ng) f(n) < cg(n)}}

O 0pLopGE Tov 0 amoutel Yo xdbe Betnii otabed ¢, To f(n) vo elvar uxedtepo Tov ¢ g(n) yia
Oheg TS peydhes TES Tov 1. Mia Loodvvoun pabnuotixy diatvmwmon eivon 6t f(n) = o(g(n)) av
lim;, o0 5(—2)) = 0. Emopévag, 2n? = o(n3), add 2n? # o(n?).

Yupporopds w. Iapduora pe To 0, 0 CUUBOMOUGS w YONOLUOTOLEITAL Yo £Val ®ATW PEAYIO TTOU
dev glvan axQfés. Aedopévng wog ovvdemons g(n), ovupolriCovpe pe w(g(n)) 10 obvoro Tmwv
OUVAQTHOEWV

w(g(n)) = {f(n) : N>Ry | (Ve € RY) (Fng € IN) (Vn > ng) cg(n) < f(n)}

O 0QLonde 1oV w aToutel Yo xdbe Betnn otabed ¢, 1o f(n) va elvar peyakitepo tov ¢ g(n) ywo

Oheg TG UEYALES TIUES TOV m. Mol toodUvaun pabnpotizy darinmon eivan 6t f(n) = w(g(n))

av lim, e % = oo0. Emopévag, 2n? = o(n), odd 2n2 # o(n?).

Aoxnon 1.1. "Eoto f(n) xaw g(n) Betnés ovvaomoeis pe medio oouopot Toug guotrois aptipuove.
TN xdBe wo amd g maaxdim TEOTAoELS £lTe Vo amodeiEete T elvan alnbiig eite vo eEnyrjoete
yiati givon Yeudnge:

1. 10f(n) + 109 = O(f(n)).

2. f(n) +g(n) = ©(min{f(n),g(n)}).

3. f(n) +g(n) = Q(min{f(n), g(n)}).

4. f(n) + g(n) = O(max{f(n),g(n)}).

. Av f(n) = O(g(n)), wote 27" = ©(29(™)).

N
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6. f(n) =Q(f(n/2)).
Avon. Ou 1, 3, 4, non 6 elvor aknBeic nou amodexviovial ue Tovg opopovs. Ou 2 wow 5 givon
Pevdeic va ooy va foefotv aviutapadeiyuota. O

Aoxnon 1.2. Na toro0etnoiv ol mogaxdtm ouvaQTioels o€ avEovoa oelpd TAEng neyéovg:

Avon. Eivou

(log n)

25m log? n (logn)'%loglogn nloglogn n%!loglogn
9n n0-6 o n2100 nl/logn log(n!)
nle™  loglogn 9log”n gz T (logn)loen
n'/1ogm — ©(1), loglogn, log* n, (logn)'% loglogn, n%'loglogn,
n%6, nloglogn, log(n!) = O(nlogn), g3 tn= ©(nlogn),
logn _ @(nloglogn)’ nlogn’ 210g3n — @(nlogzn)’ 2n’ on +n2100 — @(2n)’ 25n

Aoxnon 1.3. Ztov mivaxa mov axolovbel, ONUELDOTE 08 TOLES TEQUTMOELS 1) ouvdemon f(n)

avijxer ot xhdoeg ©(g(n)), O(g(n)),o(g(n)), 2(g(n)), v w(g(n)) xow og TOLES OYL.

Ava.

) gm) [ 0(gm) [ Olg(m) [ olg(m) [ 2gn)) | w(gn)
2n+5 on 25 4 nlOO
n4 _ n3 1610gn
5in 102"
nl/log logn p0-001
n! n"
nlogzU n on
f(n) g(n) ©(g(n)) | O(g(n)) | o(g(n)) | 2g(n)) | w(g(n))
on+5 2" 4 25 4 100 vai vai GyL vai SyL
n* —n3 16'oen v v 0 vou Sy
Hin 10%" oL oL oL Vo Vol
n/loglogn n0-001 oL vou vou oL oy
n! n" oL vou vou oL oL
nlog™' n 2m oL VoL VoL oL oL
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1.4 Biphoygagirnés Avagoeés

Ta [11], [7], [3], [37], [30], »ou [1] amoterotv eEounpetind Bipria o B€pata Aoudv Aedopévmy,
Bewpiag AlyooiBuwv, xou Yroloylotinrg ITohmlhoxdmrags. Ewdwdtepa, 1o [11] amotelel onueio
avopods oty TeQLox e Oewplog AhyopBuwy, dddoxretan og GAa ta peydha Iavemorijua
™ Aneouxng xou g Evpddmng, xal xohimrel pe eEQeTIG To0mO SAaL TO. fOotnd %Ol CEXRETA
mooywonuéva tnmjuata. To [1] Hrav to modto Piphrio eloaywyns ot Oewpion AlyoBuwv. Ot
toelg Tépol tov K. Mehlhorn [30] amotehovoav yiow TOMG XQGVLaL ONUETD OlVOIPOQAS OTNV TTEQLOXN
Tov Aondv Aedouévov. EEatpetird Bipiio oe BEpata AkyopiBumv xar Aopudv Aedopévov eivan
T [3] wow [37] (BA. ®ow oxetxty wotooehida mov ovvingeitow and tov R. Sedgewick). To [7]
amotehel Eva eEapetind Pifiio mov xahvmter Gho 10 pdopa s Oewpiog AhyopiBuwv eondfovrag
TEQLOOGTEQO 0TS PEBBdOVS xal TG TEXVIRES. Ta [11] naw [7] éxovv moMdG eEaupeTind mapadelypota
%O OLOXNOELS.

To [32] eotidlet otV amodotiry emxidvon TEOoPANUAT®Y cuvOVOoTIXRNS PEATLOTOTTOMONS UE ON-
neto exxivnong xow avoegoeds 1o 'oopwxd Mooyooaunoationd. To [41] wow [17] eondlovv ot
alyopBuovs yoagnudtwyv. To tolo avtd PLpiic mpoyweovv o€ BABOS ol arotovy TOA ROAG
LoONUOTLXG %ol ahyoQLOmxo VIGRAOOo s TOV aVaYVHOTI).

Ta [20] =ow [33] amotehovv eEatpetind Pipiic oe O€pata Ymohoyiotnrig [Tolvmhoxdtnrog.
Ewwdtepa 1o [20] amotelel onueio avagpopds yia Bénata NP-tinodmrog »ow duoenilutov vro-
royLotirdv mooPAnudtmv yevirdtepa. To [33] amotehel (0w v MANEESTEQN ®OL TLO OUYYQOVN
eloaywyn ot Oempia Yrohoyiotxrg [Tolvmhordmrog.

Ta [31] »ou [42] meprypdgpouy Tig otyyooves eEelielg oty mepLoxn e Oewpiog AhyooiBumy.
To mpwto avapépeton amoxhelotind oe IIiBavotivolis AkydpBuovs »ar to devtepo oe Bépata
Alyop1Bumv ITpoogyyiong Yo duoemihuta vTohoYLOTIXG TEOPANUOTOL.
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2 Awiger-zar-Baoileve

H péBodog tov duaipet-rar-faociheve (divide-and-conquer) eivaun pio draitego amAn xoit IOl amo-
teheopoien nEBodog oxedlaouoy aryoiBuwy mov Poloxel epaguoyn oe TANOWE TEOPANUdTWY
oo dapogetird medio (.. TaEvéunon, TOAMATAACIOoUSS Tvaxwy, petacynuatiopds Fourier).

H pébodocg draipel-rai-factieve givar avadgopxn amd ) gion me. H epapuoyn tov diaipet-
ral-pootheve yio v exthuon eveg vTohoyLloTxol mEofAiuatog ocuviototal o€ Toia faoctrd Priparo:

1. Awaipeon tov otrypdtumov glo6dov ag d0 1 TEQLOOGTEQN VITO-oTLyIdTUToL (subinstances).
2. Ewilvon twv vmo-oTlyllotiTmy JE avadQoUXT] EQaQUOYT| Tov (dov alydoibuov.

3. Zvvbeon g Mong Tov aQyLrol oTLYPLOTUTOU 06 TS AVOELS TMV VITO-OTLYLOTUTTIMV.

H néBodog draiper-rai-faciieve eqpoouoeTol TavVTo oo TV x0QUET| 1o T fdon (top-down).
Aroigel ovveydg neydho oTLyLdTUTa 08 IKQOTEQX UEYOL VO, PTAOEL O OTOLYEWDAN OTLYULOTUTIOL.
2tV medEN, 6tov 10 UEYEDOS TWV VITO-OTLYMOTUTTWV YIVEL AQRETA UWXQO, TEQUOTICOVUE TV OVOL-
doour| ®o EMAVOURE TOL VITO-OTLYULOTUTCL € RATOLOV Un-0vodouxd alysoolBuo.

Tomnd mogadelypato epaouoyns e uefodov diaipel-rar-faciieve givar o alyoglOuog ta-
Ewvdpmons pe ovyywvevon (merge-sort), o akyoplBuog toyelog tagivéunong (quicksort), o o
ohyoEOUog EMAOYNS OF YOOGS Yedvo mov PaciCetal oty duo dadiwacio diaipeons ne v
taxelon TaEvounon. Avtol ol ahydpLBpol TaQOVoLAoTNXAY AVOMTIXG 0TO NAOmUo Twv Aoumv
Aedopgvov.

O mpoimoBEoeLs yia emttuxynuévn epaouoyn e nebédov duaipetl-xai-Pactheve elvou:

1. H dwaipeon va elivor onuoviind evrohdtegn amd Ty enthuon Tov ayixov ottypdtumov. o
TOQAJELYNAL, OTNV TAELVOUNOT UE CUYXDVEVOT), 1) SLAIQEDN EIVALL TETQLUEVT, O ALEYIHOS TIVAROG
ol dloupeital oe Vo ooneyEDels vomivaxes. Ztnv toyxeia tagivounon, n dlaipeon
yivetal evxola eEetdlovrog #dbe otolyeio Tov mivaxa nio pood.

2. H dwaipgon vo mwapdyel vro-oTLypldTumo. Tov eivol onuovitrd wxeotepo xow €€ autiog
OUTOU, ONUOVTLRA EVXOAGTEQO VoL EMLAVBOVV 0g Oox€omn Ue To aEyLxd otrypotumo. o mod-
deLyua, otovg ahyGolBpovs TaEvounong ne ouyydvevon xou toyeios Tagvounons, n taki-
véunon dvo cuvéhwv n/2 otorxelwv eivan onuovtixd gurohdtepn amd ™y Tafvéunon evog
OUVOAOV 1. OTOLYE(WV.

3. H dwaigeon vo unv odnyet oe dwo (] emxrolvmtopeva) onyworvro. Emewdn xdbe vmo-
OTLYIGTUTTO AVVETOL ATt Lot oVeEAQTITY avadgouny ®*ANom, 1 EXAVAAPM VITO-OTLYILOTOTTMV

15
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odyel og OmaTAA) VIOAOYLOTIRGV TGeWV. Tl Tapdderypa, otovg alydoBpoug taEvéunong
UE CUYXDVEVOT %Al Toyelag TaEvounons, and ) dialpgon mpoximtovy E€vor petay Toug
VITOTIVORES TTOV TOELVOUOUVTOL aveEAQTNTAL.

4. H o0vBeon g AMong yuo To aQyI®o OTLYMAGTUTTO O7td TS AGOELS TWV UTTO-OTLYULOTUTMV VoL
elvol onuovtind €VROAGTEQT OO THY ETIAVOT TOU OEYIXOU OTLYMLSTUTTOV. 2TNV ToKelol TaEL-
véunon yuo mopddetypa, n dtadwmacio e drailpeong xablotd ™ dradiracia g ovvBeong
TETOLUUEVY. ZTNV TAEWVOUNOT e CUYX@VEVON, dU0 TAELVOUNUEVOL VITOTIVOXRES UTOQOTV VO
oVYXWVEVOOUY EVROAL OE EVaV TAELVOUNUEVO TIIVOXA OE YQOUULRO XOGVO.

Extég amd v amhdtnta oty UMY %L TV EQOQUOYY], EVOL ONUOVIIXO TAEOVEXTNUOL TNG
uebodov daipet-rar-faotheve eivor 6t odnyel oe (avadQouxovs) akyoolBuovs mov elvat evroho
va avalwBouv. H avdivon evig akydpiBuov draipet-rat-facileve ouviotaton oty diotimmwon xot
™mv emthvon g avadoomxng eEiomong mov diEmeL T Aettovgyio Tov aAyopiBuov. H avadgo-
wxn eElowon mporimTel ouVIBWS UrOA aTTd TV TTEQLYQO(Y Tov aAydpBuov. H emihvon g
avadoouxig eElomong eival axdun evrohdTEQT 0oy elval YVwOTA TOAMA LoYVOd LoOnUOTIHG €Q-
yoAgla YLoL VTS TO O%OTIO, EVA UTOQEL VOL YIVEL ROl LE TN XONON UAONUATIXADV TTOXKETWY AOYLIOMHOU
(Mapple, Mathematica, ®Aw).

2 ovvéyela Ba mopovotdoovpe akydpBuovs diaipel-van-factieve yio Tov molamlaoioopd
TOAYPLOV 0QLORMDV, YLl TOV TOAATAAOLAOUS TILVARMY, YO TOV VTOAOYLOUS TN n-00THG diva-
ung evog aptipov, ®aBws xat Tov alydoibpo Fevyogov Metaoynuatiopot Fourier (Fast Fourier
Transform).

Aoxnon 2.1. Aivetor o magaxrdtm ohyoelBpog Yo Tov vToloyLoud Tov 1n-00to¥ 6QOV TS arO-
hovBiog Fibonacci. ITowdg elvor o xpdvog extéheonc tov akyopiBuov; Tati o alydplOpog avtdg
dev eivan amodotinds; Na diatundoete Evav alyopLlBuo mov vo. VToAOYILEL TO N-00TG GO ™G
axohovBiog Fibonacci og yoouuxs xoovo.

FibonacciRec(n)

if n <1 then return(n);
return(FibonacciRec(n — 1) + FibonacciRec(n — 2));

Avon. O xo6vos extéheons T'(n) yio TOV VTOAOYLOUGS TOV n-00TOY GOV JIVETOL CTtS THV AVOdQO-
wxn oyéon T'(n) = O(1) + T'(n — 1) +T'(n — 2) ue agywij ouvonxn T'(1) = O(1). H avadgomxr
oygon mov mepLyedgel to T'(n) xel v BLa AoVUITOTIXG OVUTTEQLPOQA e TNV axohovBia Fi-
bonacci xa 1 Mon g eivan T'(n) = O(¢™), dmov 1o ¢ eivow 1 peyakivteon Aon g eElowong
12 = x4+ 1. To ¢ elvou yvoots oav yovorj Tourj (golden ratio) xau éxet Tyni ¢ = 1+2—‘/‘;’ ~ 1.618. O
YOOVOG eXTELEONS TOV AAYSQLONOU Elvor AOLTIOV ex0eTinds! AvamTicoovVToS TNV ovadQouy, ROTAA-
Baivoupe v autio: Kdbe pood mov xdmotog 6pog xeetdleTo Yo ToV VToAOYIOUS ®ATOWwY dAAMYV,
ovtog vtoloyitetan €Eapync amd pia aveEdotnTn avadoomxy ®AMjon. Avtd €xelL ooV ATOTEAEONC
€vav exfetxd aQBU6 amd avadoomxés ®*Moelg (Tegimov ™) Yo ToV VTOAOYLONS POMS 1 OQWV
™g axohovBiog.
Yrdoyel évag amhis emavolnmunds ohyooldpos te xooévo extéheons O (n).
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Fibonacci(n)
fe 15 fp < 0
for : < 2 to n do
Je = Je+ fp;
fp — fe— fp;

return(f,);

O alydpBpog avtds dtotneel v apetdpfinty ouvOrixn (invariant) 6t petd v oAorAo®ON

tov for-loop yia mv Ty 4, ¢ = 2, ..., n, N peToPAnm) f. elvan ton pe Tov 4-00té G0 TS axolovbiog
Fibonacci, xat n petafinm f, etvouw (on pe tov (i — 1)-00t6 600. Avti 1 apetdfinm ouvvorixn
elvol evnolo va amoderyOel emarymyird. O

2.1 IIoAhamiaoraopds IoAvyngrov AgtOpnov

2T TWEQLOOOTEQES MEQLTTDOELS Ol 0RLOUNTIRES TEAEELS BEWQEOUVTOL OTOLYKELDIELS VTONOYLOTIXES
AELTOVQYiEC OV UmOQOUV Vo exTELEOTOUV 0 0taBeQd Yedvo. ‘Otav SUMS TEORELTOL YO TO-
MyieLovg aptBuove, ov aolBunTrés medEelg dev umoovv mAEov va BemenBoUV oToLELDIELS
Aertovgyieg o dropogetinol alysolOpol urwoel vo €xouv onuovtivd dLopoeTrd XoOvVo omd-
%OLONG. XE QUTEC TIS TEQUITMOELS, UTTOQOUNE VO TQOCTALOQICOVE TO YQOVO eXTENEONS BEemOMVTAG
IS TEAEELS POVOYNPLOV 0QLBR@dY oav otolyelddels Aettovpyies. Ilopoxewévou yio aQuOunTneg
TEdEelg molPrgpLwy aQLOudyV, To néyebog e e1l00dov eival (00 pe To ABQOLoUA TWV YNPIMV TWV
aQLORAV, ool N avENON TV YNEiwv elvar To YEYOVAS Tov AUEAVEL TN SUOKOALC TOV TEOPANUOTOS.

"Eotw 611 6€hovpe vo viroloyioovpe To dBpotoua dUo aQLOUdV T ®al Y, TOV ATOTEAOUVTAL ATl
n duadnd Yynoia. O ®haomdg alyooLBuos T TEdoBeong e #QOATOVUEVO VTTOAOYILEL TO dBgoLoua
yonopomoldvas O(n) otoryelddels TEOOOETELS NETAEY duadHdY Yn@imv.

‘Ocov apopd otov molamhaotaopnd dvo n-ymeiov aeudv x xot y, o akyéBpog mov ddd-
O%ETOL 01O dMUotind oxohelo amautel O(n?) oroyelddelg MEdEels (n MEOCHETELS AQOUDY TOV
amoteLovvToL amd 1 N mepLoodtepa dvadind yneia). Emiong, o alydoiBpog mollamhaotaonoy
a la russe omaurel O (n?) otoyxelddeig mEdEels (ATES 0 AyGEIBNOE TEQLYQAPETAL OTIS ELOOYM-
YWES €VVOLES Yol TO PAONUa TV Aoudv AedonEvmv). ZvynexQuuéva, Yo xdfe dvadmd yneilo
oV ToAahaotooti wov eival 1, amoutelton pion TEooHeoN neTaE apudy pe O(n) dvadixd
ymopia. AvoxvmTtel AOWTGV T0 €QWDTNUOL OV VTTAQYEL AAYOQLOUOS TOMATANCLOONOU IE OLOVUTTTWTLRA
RAAUTEQO YOOVO EXTELEONS YELQOTEQNS TEQITTWONS.

Oa oyedldoovue €vov yoNyopoTeQo alyoolOno molamhaotaonot gapuotoviag ™ uébodo
diaipel-wou-Paotheve. Oemwpovpe dvadiroig aplBuovs rou vrobétovpe 6Tl 0 aEBUSS n Twv dva-
duradv yneiwv eivor domog. "Eotw MOWOV & = TpTp—1 - TaT] RO Y = YpYn—1 - * - Y2Y1, OTOU
zi,yi € {0,1} givoun to dvadind Yyneio TV 0QUOUOY T ®at y aviiotory.

2t don g Staioeans, YOAPOLpE Tovg aeBRovs & o y Eexweitovrag To mo onuoviird ol
T Ayotepo onuavtixd dvadixd tovg ynoia. O aBuds z nmoget va ypopel oov z = 2020, + x4,
6mov 0 xp, amoteleltol atd Ta n/2 mo onuavtid duadikd Ymeio ®aL 0 T, amotelelton Ams T
n/2 Mydtepo onuovtird dvadixd ymeio. Ouolws, y = 2724, + 4. To YWOREVO 2 X Y PWTOQEL va
vrohoylo0el wg eENg:

x Xy =2"xpyn + 2”/2(:vhy4 + zoyp) + xpye = 2"z, + M2y + 2 (2.1)
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OMOV 2y, = ThRYh, Zm = ThYEL + TeYh, ROL 2Z¢ = ToYy.

O VTOAOYLOUGS TOU YIVOREVOU T X Y OTOUTEL TOV UTOAOYLOUO TECOGQMV YWOUEVWV (ZhYh,
TRYes TeYhs ROL TgYp) TOV TQOXVATOVV 06 TOMATANOIAOUOVS F-YmMepiwy agtOpudv. Zm gdon mg
emiAvong, VITOAMOYICOVIE QUTA TO YIVOIEVOL TTQOLYLOLTOTTOLDVTOS TS OVTIOTOLYES OVAIQOMKES KANOELS
Tov (Olov akysoLbuov.

2 @don g ovvbeans, xonowomowotpe Ty (2.1) yua va vmohoyioovpe T TEMUO YLVOUEVO
T X y omd T EMUEQOVS YLVOUEVO TTov umohoyioaue avadoomxrd. Ov do oMobrioels mog Tal
0QLOTEQA RO OL TOELS TEOCHETELS TTOV ALTTAULTOVVTOLL YLoL TNV Eaopoyn TS (2.1) apooitv aplBuovg
UE Oyl TEQLOOGTEQX OIS 2m duadird Yngio xou ProQovv edxola vo extelecBovv og yodvo O(n).

"Exovpne ohoxAnoaocel howmdv 10 oxediaond evog duaipel-rou-faociieve alydolBuov yia tov
TOAOATACLOLAOUS TTOAVYMPIOV aQBudY. ATTOopEVEL 1] don TS avdiuong, 1 oTtolo ouvioTaToL 0T
drarimmon #ow v emilvon g avadgouxng eElcwong mou JLETEL T AettouvQyio Tov alydoBuov.
"Eotw T1(n) o xo6vog yuo. Tov vroloylopd Tou ywougvou 3o n-ymeimv aobudv ue pdon tov
TOQOTAV® aAyooLOno. Amd ™ ouintnon mov o yonxe mporimTel 4Tl

Ti(n) =4T1(n/2) + O(n)

ue aywij ovvbixn T1(1) = ©(1). Eilvow eixoho vo del xaveig 6tL n Mo avtic mg eElomong
eivar T1(n) = O(n?). Emopévog, n moogavijc epaouoyy e nedddov diaipet-rat-fooiieve dev
TAEOVEATEL EVAVTL TOU MO0V 0hYGOLOUOV TOAATAAGLOOUOU TTOV YVWQILOVUE OO TO OYOAELO.

Mmogoue SUWS VO, ATOXTHOOVUE CNUOVTIXG TTAEOVEXTNUO, OV ELUCLOTE TTLO TTQOOEXTIXOL OTOV
VTTOMOYLOUG TOV Zpy,. ZUYXEXQUUEVO, WTOQOUWUE VO VTTOAOYIOOUIE TO 2z, UE XOYTON TWV YIVOUEVMV
TRYR KOL TpYe, ROL EVOV UGVO TOMATAAOIAONS NeTOED &0 (5 + 1)-ymeplwv aotBudv:

Zm = (T + x0) (Yn + Ye) — ThYn — Teye = Thye + Teyn

Me Bdon Tov TAQOTAVED VTOAOYLOUS TOU Zp,, 1 €@aouoyn ™S (2.1) amontet 3 pévo mohhamwhor-
olaopovs Petaly 5-ymelwv agdpdy, 6 meoobéoelg netal aQLOpMy mov dev €xouVV TEQLOCOTEQA,
amd 2n Yneio, xow dvo oMobnoelc TEog Ta aELoTeQd. ‘Ommg ®al TEONYOUUEVH, Ol TEOOOETELS %Al
ol OMOBNOELS UToQOUV Vo extelecBovy o€ xodvo O(n).

"Eotw T'(n) 0 x06voS YLl TOV UTOAOYIOUG TOU YVOUEVOY dU0 n-yijgpuwyv aouOudy amrd tov
TeomoToMUEVO olydolBpo. H avadoomxy eElowon mov mepuypdget o T'(n) elvo:

T(n) =3T(n/2) +O(n)

ne ooy owdiixn T'(1) = ©(1). H Mion avmic mg eElowong etvan T'(n) = O(n'%823) = ©(n'59).
Enopévawg, o duaiper-xal-pactheve alydolOiog mou moorUmTeL omtd TV MO TQOOCEXTIXY VAOTOMOoN
™S pdong g ouvoeong elval onUAvVTXd TaXUTEQOS ATtd TOV RAAOIKG OAYSQLOIO %Ol TOV alySQLBUo
a la russe.

2.2 TloAlhamlaoraonog Ivvdarov

"Eotw A, B dU0o mivaxes n X n twv omolmv Béhovue va vtoloyicovue 1o ywvopevo C = A x B.
Mo TEWTN TTQOCEYYLOT E(VOL VO EQPAQUOCOUUE TOV OQLOUO:

Vi=1,....n, j=1,...,n Cli,j] =Y Ali,k|B[k,j] (2.2)
k=1
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Me Bdon tov oploud, »dbe otoryelo tov mivoxa C umoQel vo VTOMOYLOTEL 8 YQOUMHS XOOVO

2 otouyeia, o yodvog extéleong Tov akyopiBuov eivar O (n?).

O(n). Agoi o C éyevn
1o téhn g dexaetiog Tov 1960, o V. Strassen [39] magovoiooe €vav daiget-rot-Pacileve al-
Y6010110 TOMATAACLOOUOYU VARV e Xo6vo extéheonc O(n!87) = O(n?81). H Baouuij 19€a Tov
alyoELBuov Tov Strassen €ival TOQOUOLO UE CUTY] TOU OAYGQLOUOV TTOAACTACOLAOIOU TTOAYHPLOY
0QLOUMVY TTOV TTOLEOVOLAOTNRE OTNV TTQONYOUUEVY EVOTNTOL.
TN amhdmro, vroB€tovpe ot to n givow dotog. Tdte ou mivoreg A, B now C' umwoQovv vo.
drapebovy oe Té0oeQLs vromivanes peyEbovg 5 X 5 wg eENg:

A A By1 B Ci1 Cr2
A= , B= =
( A9 Ago ) ( Byy B ) ( Co1 Co )

omov
Cii = AuBii+ApBy
Cio = A1Bia+ A12B2
Cy1 = Ay By + AxpByy
Co = Ao Bia+ A2Bo

Me ovtdv ToV TQOT0, O VTOAOYLOUGS TOU YLVOUEVOU OU0 TUVAR®Y 1 X 1 AVAYETOL OTOV VITO-

z 7 7 7 z n n z 7 z
AOYLOUG TV YIVOUEVY 0%T() CEVYaQUdY TIVAX®V § X 5 %OL OF TEOOEQIS TEOOOECELS mVARWY

5 x 5. To dBgotopa 0o mvdxwv n X n uwoel va vohoyobel og Yo6vVo O(n?). Emopévag, o
yoovog extéheong T (n) Tov TOQATAVMD ahyoQBUOV TOMATAACLAONOU VARV dIVETOL OTTS TNV
avadoopri eElowon Ti(n) = 8T1(n/2) + O(n?) pe agyy cuvbrijun T1(1) = ©(1). H Mion
avmic me eElowong eivow T (n) = O(n?). "Omwe %o 61OV TOAMATAACIONS COLOUGDV, 1) TEOPAVIS
epaouoyn e neBsddov draiper-rai-factieve dev odnyel oe xaulo fetioon.

Mmogouue Sumwg vo BeEATLOCOUE TO YOOVO eXTEAEONS VTTOAOYILOVTOS TOVg vromivaxeg tov C
ue dLopoeTnd TOOmo. AQynd VTOAOYILOVIE TOVS TOQOUATD TIVarES 5 X 5!

Dy = (Ag1 + Ay — A11)(Ba2 — Bia + Bi)
Dy = AnBy

D3 = Ai9By

Dy = (A;1 — A2)(Ba2 — Br2)

Ds = (Ao + A)(Bi2 — Bu)

Ds = (A1 — Az + A1 — Agz)Ba

D; = Ay (B + By — Bia — Boy)

21N CUVEYELOL VTTOAOYICOVIE TOVS TECOEQLS UTTOTIVAXRES TOV YIvouévov C' ard Tovg THmovs:

Cii = Dy+ D3
Ciy9 = Dj+ Dy + D5+ Dg
Coyy = Dy+Dy+Dy— D

Cy = Di+ Dy + D4+ Ds
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H napandvem duaduracio vohoylopot eivou yvoot ooy akydolBpog tov Strassen ®ow matel

z z z 2 z n n z A A z
TV EXTELEON HOVO ETTA TOMOTACOLALOUDY TUVARMV 5 X 5 %o EVOG 0tafeQoU aiBpoy mpootHéoewv

neTagy mvdaxwy 5 X 5. To dBgotopa dvo mivarwy 5 X § urwopel va vwoloyobel o€ xodvo O(n?).
“Erai, 0 x06vos extéheons tov akydpiBpov tov Strassen, £otw 1'(n), diveton amd v ovadoomxny
eElowon T'(n) = 7T (n/2) + O (n?) pe apyxi cuvrixn T(1) = O(1). H Moy avnic mg eElomong
eivan T(n) = O(nl°87) = ©(n28),

H peydhn molamhoolootivy otafeQd 0to Yedvo exTEAEON TOU alyoQiBuov tov Strassen ®oi-
OLoTd TOV aAYOOLONO TOOXTIXA, EQPAQUOOLIUO HOVO Yol UEYAAES TIES TOV 7. Z1UEQQ EIVOL YVWOOTOS
aly6LOROC TOMATAAOLOOIOT VARV pe xodvo extéheonc O(n?376) [10]. Emiong ot R. Raz xau
A. Shpilka [36] amédeitEav modopara i o Q(n?logn) eivou xdTw QYO OTO YOOVO EXTELEONC
TV 0hyoQiBumV TOAMATAAGLOULOUOU TILVARM®YV.

2.3 Ymoloyiopnog Avvaung

Hogdderypo Xonowotnrag. Ag EEXIVIJOOVIE TTEQLYQAPOVTAS ULOL OTTAY XQUTTTOYQOPIXY] EQPAOUOYT.
"Eotw 6t n Ahixn »ow 0 BaoiAng emxotvavoiy yio et pod ®al XOELATETOL VO CUNPOVITOUV
0€ V0L RQUITTOYQOPIXG KAEL TTQOXEUEVOU VO TTQOOTOTEVOOUV T UETETELTA EMXOLVOVIO TOVg. O
2aB0QLOUGE TOV ®EUITOYQAPWOU ®AEWOLOU TEEmeL va yivel miegmvird. H AAhixn wow o Baoiing
vroydlovran 6m 1 Eva mopaxohovBel tnv tnhegpwvixy ouvomhio tovs (n Eva pmogel va axovoet
MG OyL va petafdier Ta Aeyouevd tovg). Tlpogavag, 1o TEWTOROMMO ®0B0QLOUOU TOV RQUITTO-
vYoopLxoU ®AedLov mEEmeL Vo eEaapalilel 6Tt To ¥AWI( B yiver yvmotS pévo oty AN ®ou 010
Baotin (axdun xow av n Eva mogaxohovbel T ovvohics 1ovg). O TaQovotdooupe TV QT
Mon og owtd 10 TESPANUa Tov d6Bnxe amd toug Diffie »ow Hellman [13] ota péoa g dexaetiog
Tov 70.

Agyrd n ALixn »ow o Baoiing ovpgwvoiv og €vav moluynjglo mewto aolud p (oe moary-
HOTHES EPOQUOYES OL CLOLOUOL TTOU YOENOLUOTOLOUVTOL EYOUV UNKOG UEQIRES EXATOVTADES Ymepia)
%Ol 08 VOV TOMPRPLO axEQao aLOnd g wxedtepo Tov p. O albuol p xaL ¢ eV UTroQovv vo
BewoEnBovv puotirol, oot n Eva umopel va tovg minpogopnBei mapgarohovBaiviog T cuvophio
™S AAxng xot tov Baoily.

2t ovvéyela,  AMxn xow o Baoiing diahéyouv tuyaia xow aveEdomta amd €vav molyielo
axépauo apLiud mxedteo Tov p. "Eotw a xal b aviiotowya avtol ot agbpoi. H ALixn vmohoyiCet
1oV 0QBPS ¢, = ¢® mod p #ar Tov xowomotel otov Baoihn!. Opolme, o Baoikng vroloyiCel Tov
aoBus g, = ¢® mod p xou tov xowomotel oty Ay, “OmS %o e p %ol ¢, oL AOWBLOL gg ROL gy
dev urwopovv va BemwonBovv puotxol amd mv Edao.

TH yo1jon apiBuntiic voloimov wg mpog p (modulo-p arithmetic) AopBdver vedym puévo ta log p Mydtego onuavund
dvadud Yneia 1ov arotehéopatog ®aBe medEng. H apBunuxy vrohoitov dev emtpéner T dnuroveyio oL@V
UEYOAITEQWYV 0TS TO P, WOV B0t 1jToy TOAY dVOrONO Vo dLoelELoTovy. “Exel Suwg Tig meouoodtees omd g WOLOTNTES
TOV OVVNOLOUEV@V 0QBUNTIRAY TRAEEWY, EVA €XEL KOL UEQIXES OO EOUUNTES LOLGTNTES TOV OELOTOLOVVTOL OTNY
HOUTTOYQOPI0L. T& VTG TO TAQGDELYIOL XONOLHOTOLOVRE PUGVO TIE Topamdtw Widmee: (¢ mod p)® modp = ¢*® mod p
nal 6n dedopdvav Twv p, g, Hou ga, sivor eEonpeTind dvoroho va vmoloyloPsl €vag apbude a’ étolog dote g =
q“l mod p. To mESPAUO TOV VTOAOYLOROYT TOV @', TOLV OVCLOOTLXG. EivaL 0 AoYAQLONOE LE BAON ¢ TOV g OTNY 0BUNTIAY
VITOAOITIOV G TEOS P, elval YvwoTd oav EdfAnua tov dtorpitoy AoydoBuov (discrete logarithm problem) xou eivon
€va and ta dvo (Bewpovpeva) dvoroho moofhjuato ota omoto faocileton M ovyyeovn roumtoypagia. To devtepo
TEOPANUAL Elval VTS TOU VITOAOYLOHOYU TV TRWTWV Ttooydviwv (factoring) evag pueydhov axegaiov aQLBpoy.
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I'vwpiCovrag Toug aBpuovs p, a xat g, n AMxn vmoloyiCer 10
K, = ¢y modp = (¢® mod p)® modp = ¢* mod p
Opotwg, yvmpitovrag Toug albuovs p, b, xan qq, 0 Baotkng vwoloyiCel 1o
Ky = b modp = (¢" modp)’ = ¢* modp

Tapatmgovpe 6w K, = Kp. Avtdc o apiBudg, o omotog €xel vmoloyloBel xat’ diav xou and
tor Qo pépn now dev ypetdletan va petadmwbel néow g TAepvinig cuvolhiog, Umogel va
YONowomomOel oy ®owvd puotrd vAeldi amd Ty Ahixn ol to Baoiin.

Iapaxolovbdvrag Ty Tnhepwvixy cuvophic, 1 Eva pmopel vo yvwitel Tovg agbuovs p, ¢,
Ga, U gp. T va vohoyioel duwg ta K, = Kj yoeldleton va yvmeilel xat €va ex twv a M b
(mov emiong dev €xouv peTodwOEL THAEPWVIRA). AUTS Umwopet va yiver pévo av n Eva Adoel to
TEOPANUO Tov dLarQLTtov Aoyaibuov, Todyuo wov Bemoeital eEalpeTind dvoroho.

Yrohoytopog Avvapng. H egopuoyni avtov tov momtoxdAov ToimobETelL ToV YO1YOQ0 VITo-
AoYLoOUS ™S n-00tng dUvaung evog axeQaiov aolOuol z oy aQleuNTXY] vtololmov wg TEog p.
XopelaLonaote Mooy €vay amodoTind alySoLBuo yia, tTov vtoloyLousd tov " mod p émov x, 1, ROl
p glvow woAvypmprol axépaiot aptBpot. O akydeBuog avtds elval amroQaiTNTOS YLOL TOV VITOAOYLOUO
10V ¢, = ¢ mod p xou g = ¢® mod p.

H mpopovic Teoo€yyion Tov vohoylopot Ghmv Twv duvduemy z° modp, i = 2, ..., n, molka-
maotdCovrag 1o '~ modp pe 1o = dev umwopel VoL EQUONOOTEL 0ol TO N Elval EVOC TEQAOTLOZ
apOpdc?. H pébodoc draipel-wou-paociheve diver évay amhd avadpound alydolpo yLo my emi-
Avon owtol Tov TEORAUATOC.

Av 10 n eilvar GOTLOG, N N-00TH SVVAUN TOV T TQOXVATEL MG TO TETQAYWVO ™S 5-00TH dvvoun
tov z. H F-oomi ddvopng tov z vmoroyiletar avadoopnd pe tov do akydobpo. Av 1o n
elvou weQLTTOS, N 1-00TH dUVAUN TOV T TEOXVMTEL TOAATACOLALOVIOS TO = E TO TETQAYWVO TS
"T’l-oorﬁg duvaun tov z. H tehevtaia vmohoylCeton avadgomxd amd tov 0o alydobpo. Mia
avadoouxy] vhoroinon tov alydolbuou divetol oty CUVEXELX.

ExponRec(z, n, p)
if n = 1 then return(z mod p);
t + ExponRec(z,|n/2],p);
t «+ t>mod p;
if n is odd then return(t x x modp);
else return(t);

"Eotw T'(n) 0 00V0S EXTEAEONS TOV TOQATAV®W AAYGOIOUOV YO TOV VTTOAOYLOUGS TG M-00THG
dvvapms eviég apbpov. O ahydolBuog extehel pict avadopxy #Ajon yio Tov VTOAOYLONS ™S 5 -
00Tg dvvaung xat to ToAU d0 TOAAATAAGLOOROVS 0QLOUMY TTov dev EemeQvouv 10 p (omdTe €XouV

ZAv 10 1 €yel péyeboc 512 Svadud ymela, n mapomdve Slodaocio Bo TEEmeL Vo exTEAEOEL TOV EEWRQOYUATLRG.
peydho aotopd v 2°12 molhamhactooudv!
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10 oAU log p ymeia). H avadgopxy xhjon amawtel xodvo T'(n/2). O xedvos yia tov molhamho-
GLaops S0 apBudy wxredtepmv Tov p eivon O(log? p). To T(n) diveton and Ty avadQowi]
oxéon:

T(n) = T(n/2) + O(log® p)

ne agywy ovdijxn T'(1) = O(1). H Mon avnic g avadoomxris eElomong elvon T'(n) =
O(log nlog? p) agot oe xdOe Pripa o alydoBpog yoerdetan xodvo O(log? p) xon 10 n VodL-
mhaoldletat. o va yiver ooy n feltioon, av to n €xel 512 dvadwmd ymela, o alysoLdnog
avtde extehel To o 219 = 1024 molamhaoiaopove.

Emonfuaven. O alydgBuoc ExponRec moaypatonolel pia povo avodooptxij ®*Ajon yio otypo-
Tumo ue péyebog (0o pe TO WOG Tou aEyrov. ANAadT amd ™ @don e SLlQEONS, TEOXUTTEL
€val #aL Gyl OV0 1] TEQLOTATEQO VITO-OTLYWOTUTIOL ETopévag pmogovpe va Bemoiioouvue GtL €4oune
e&etdixevon Tov ooV OTLYULOTUTIOU O VITO-OTLYMLGTUTTO UXQOTEQOV UeYEBoug nal Gyl dtaipeon
O€ WUXQOTEQO VITO-OTLYMITUTTOL

Aoxnon 2.2. Na dwatvndoete ™y emavalnminn exdoxn tov akyépdpov ExponRec.

Aven. H egmoavolnmuxr exdoyy ovotoonrd vroloyiCer to £ mod p amd v dvadwmi| avamaQd-
otaon tov n. [ogovoldlel ToMES opoldTTeS pe Tov ahydolBpo molamiaoioopon a la russe (exet
yxonowomoleitor 1 dSuadixy avamaQd.oToon TOU TTOAAOTAACLOLOTY] ).

Exponlter(z, n, p)
t—x;r<+1;
while n > 1 do
if n is odd then r < r X t mod p;
t < t2 mod p;
n < |n/2];
return(r);

"Eotw £ = |logn| + 1 10 mjxog me duadiniic avomaQdotoons ®ot €0Tm 1 = Ngy_1 . . . NaNy
N dvadinn avamapdotaon Tov n. O akydeBpog diatnet Ty apetdfinmy cuveun 6t oty ay

2! mod p (umopet var arwodey el

™G 4-00Tg emavdAmymg Tov while-loop, i = 1,..., 4, elvont = x
gvnoha e pabnuamxn emorywyn). ‘Otav 1o n; (dnhadn o i-00t6 bit Tov n) eivon 1, n 1E€xoVo TIUY
™S neToPANTic 7 ToAamAaoldleTol ue t = 22" mod p. Emopévmg, oto téhog tou alydolbuov
N i ™mg ueTapntic 7 elvon lon pe x vpopévo ot dvvaun Zle n;2'71 = n (0e aQOuTRY
VTOAOITTOV S OGS p). Anhadi] amodeiape ot 1 petafinm r €xer v T " mod p oto TEAOG
TOU alyoQiBuov. O

11
Aoxnon 2.3. Alveton 0 2 x 2 mivaxrog A = ( ) . SvppohiCovue pe Fy = [fn, fn-1] 10

10
dudvuopa pe otoLyelo To n-0t6 ®oL Tov (17— 1)-00t6 600 g axolovBiog Fibonacci. Iapatmoeiote
6t yuoe ®dBe axépano n > 1, 1o ywépevo A X Fy, = [fn + fn—1, fn] dlvel to dudvvoua Fy 1 pe

TOVG ETGUEVOVS GQOVE THG OxoAovBiog. XONOLWOTOLMVTOS TOV Tivaxa A xal TV TQONYoUrewn
raaTionom, vo ddoete §vav akyépbuo pe xoovo extéheons O(logn) mov va vtohoyilel To n-
0016 6o ¢ axorovBiag Fibonacci.
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Avon. "Eotw F = [1, 0] 10 didvvopa pe otorxeio tovg dvo mpdtovg 6govs g axohovdiog. Eivon
gixoho vo. amoderyOel pe padnpatinn enayoyi ou F, = A" 1 x F yio #d0e axéoono n > 1. O
nivamag A1 (dnhadi n n — 1 Svvoun Tov mivana A) pmogel va vohoyoBel oe yodvo O(logn)
moouolo. Ue ™ n-ooty dvvaun evog agbpoyl. H diatimwon tou Peudoxddixa xan 1 avdivon
ogrivovtat otov avoyvadom). Ilapatnpeiote emiong 6t ®dBe dbvaun tov mivaxra A €yxel ™ pooen
[a+Db,a; a,b]. Avtin Toationon WroQel vo. 0dNY1ioeL € ATAOUVOTEQO %O YONYOQGTEQO OAYGOLOUO
otV EAEN (dev emnEedlel GUMS TV AOUUTTWTIXY] CUUTTEQLPOQA TOU alyoQiBuov). O

2.4 Tlpageig pne Iolvavupa

Ze ot TV EVOTHTO 00 TEQLYQAWOUIE ORYGQLOUOVS YLOL TNV EXTEAEON TTOAEEWY TTOAVWVIIMV, OTIMS
TO00€0N, TOAMATAAOLAOUAS, KOl VTOAOYIOUOS TUULMV.

‘Eoww A(z) = Y17 az’ waw B(z) = 070 bir' mohvdvopa abpov n — 1. To dBgotopa
Tov mohwvipoy A(z) wow B(z) eivon to mohvdvopo A(z) + B(z) = S04 (a; + b))z’ pabuod
gniong n — 1. To ywdpevo twv molwvipwv A(z) woaw B(z) gival to mohdvopo A(x)B(z) =
Z?g{l) c;irt Badpov 2(n — 1) pe ovvreheotéc ¢; = Z;:o ajbi_j, i = 0,...,2(n — 1), émov
Bewoeltal ot a;, b; = 0 yia ®d0e deiv 7 > n. H rypny evog mohvmwviuov oto onuelo g mQorVTTEL
OVTLXOOLOTHOVTOS OOV TNV TU T ROl XAVOVTOS TS TEAEELS.

O amhoUoTEQOS TGOS VaTTaRdoTaonS £VOg ToAvmvinoy A(z) elvow | avamaodoraon ue
ovvreleotés (coefficient representation) 67r0V TO TOAVDVUUO OVOTTOQIOTATOL TG TO JLAVVOUO TWV
OUVVIEAEOTDV TOV A = [ag, a1, .. ., Gp—1]. XONOLMOTOUDVTOS THV OVOTOQACTOON UE CUVTELEOTES, TO
dbpolopa 560 ToMWVIIWY UTOQEl Vo VTOAOYLOOEL 08 YGVo ©(n) %o TO YIVGUEVS TOVS 08 YOGVO
O(n?) pe Pdon Tovg optopovc. Emiong, o vwoloylonde me Tuuic veg Tolvmvipov oto onuelo oo
umoQel va. yiver ue ™ nébodo Horner ot yodvo O(n). H uébodog vroroyionod Horner, yvwot
%o g WEB00S PwMAS, VITOLOYILEL TNV T £VOS TOAMWOVUROU 0tG TOV ToQoxdTm THTO:

A(zo) = ap + zo(ar + zo(az + - -- + zo(an—2 + Toan1)---))

Aoxnon 2.4. Noa dLatundoete PevdonmOLxoL YLl TOV VTTOAOYLOUS THE TWUNG EVOS TOAMVUIOU 0T
Béom o pe ™ néBodo Horner. AmodeiEre 6t 0 xo6vos extéheons g uebsdov eivar O(n).

Avon. O Pevdirddixog elvor:

Horner(Alao, . .., an—1], To)
r< An—1;i+n—2;
while > 0 do

r < Ali] + 7 X zp;
11— 1;
return(r);

To while-loop extehelton axQUB®S 1 POEES ®ow ®AOe exTéLeon TOV YoeLdleToU OTOOEQS YOOVO
(mephappdver Evav mohhomhaolaopd ot dvo mpoobéoeis). Emopuévmg, o xodvog extéleong g
dwadiraoiog Horner elivow ©(n). a
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Aoxnon 2.5. Na diatvndoete €vav akydoBpo draipet-rat-facileve yio tov morllamlaociooud dvo
moMwvipoy Babuod n — 1. O yodvoc extéheone tov alyopiBpov megmet va eivow O(nlo83),
YnoB€ote 6L 10 n elvour duvoun Tou 2 ®al 6TL T TOAVMVUIA AVOTTOQIOTOVTOL E TO LAVUOUO TMV
OUVTEAECTOV.

Avon. Oa sgapudoouvue T HEB0dO dtaipel-»at-facileve TOQOROLO LE TV TEQITTWON TOV TTOAACL-
TANOLOLOLOUOU TTOAVYPLOV AQLOUDYV.

“Eoww A(z) = Y7 iz’ van B(z) = Y07 b’ dvo ohvdvupa pabpot n — 1, xaw C(z) =
A(z)B(z) to ywouevé tovg. Ta molvdvopa A(x) xonw B(z) pwogovv va yooagovv oav A(z) =
Ag(z) 4+ z"? Ay (z), émov Ag(z) = Z?:/g_l a;x’ won Ap(z) = Z?:/g_l an/gﬂ-mi, #wou B(z) =
By(x) + ™2 By (), 6mov By(x) = 1o~ bzt wew By(z) = 10 by it

IMapduota pe my mepimtmon twv abudy, To ywopevo C(z) = A(x)B(z) umogsl va vrolo-
yiotel avadoopxd pue pdon m oxgon:

C(z) = (Az)+2"2A(2))(Be(z) + 2"/*By(z))
= Ay(z)By(X) + xn/Q(Ag( )Bp(z) + Ap(x) + By(x)) + 2™ Ap(z) Bp(x)
= Ay(z)By(x) + 2"[(A¢(z) + An(@))(Be(z) + Bu(z)) — Ae(z)Be(z) — Ap(z)Bi(2)]
+z" Ap(z) By ()

T

x

Me Bdon v magomdvw oxgon, o vroloyopds tov C(x) omowtel T1eels ToMATAAGIAoNOUS
TOMOVOPOV Babuot /2 — 1 won €€ mpoobEaeis molwvipwy Babpod 1o moAt 2(n — 1). "Eotw
T(n — 1) 0 xEAVOE YLt TOV VITOMOYIONS TOU YIVOREVOU d¥0 Tolvwvipwy fabuod n — 1. Aol 1o
dbporopa rolwvupdv Babpot to moht 2n prwogel va vroloylobel og yodvo O(n), n avadgopuxyi
ox€on mov diver 10 Yo6vo extéleons Tov akydobpov eivan T'(n — 1) = 3T(n/2 — 1) + O(n) ne
aoywi ouverxn T'(0) = ©(1). H Mion avric eivon T'(n) = O(n'°8?) émwc amouteiton. O

"Evag dhhog 1e6mog avamaQdotaons ToAmvipmy eivon ue Sedyn onueiov-tyudy (point-value
representation). ZuyxexQuuéva, €va molvwvupo fabpot n — 1 avomagliotatot Pe 7 JLUTETOYUEVOL
Cevym (20, 90)s -+ (Tn—1,Yn—1), 670V yiat ®AOe i = 0,...,n — 1, 10 y; ovpPolrilel v Ty Tov
TOAOVUNOU OTO ONUEID T; %ot SAOL Tt x; ElvaLL SLOPOQETIRA UETOED TOUG.

Avt 1 avamaedoTooT OTNEILETOL OTO YEYOVOS OTL VITAQYEL £Val OV TTOAVDVUIO BoBpo
n — 1 wov avtiotoryel o€ €vo 0UVOAO 1 LAPOQETIRMY TEVYAQLHV ONUEIWV-TDV (Y, T7). ATG ™V
A\ Thevd, £Vl TTOAVWVUIO EYEL ATTELQES OLOIPOQETIXES CVOTTOQOOTAOELS LE TEVYT ONUELDV-TLUDV,
ooy xdBe cuvdVOOUOS 1 SLAPOEETIRAV oNuElmV x; SIVEL ot SLAPOQETLXY| AVATAQACTOON).

To onuovTIRG TAEOVEXTNUOL TS AVATAQAOTOONS Pe Cevyn onuelwv-Tidy elval 3Tl emTQEmEeL
™V TEG0HEO %Ol TOV TOAAATACOLAOUS V0 TTOAVWVIRWY 0€ Yooupuxs xeovo. "Eotw dvo mohvd-
vopo fabpov n — 1 mov avamagiotaviol amd Tig THES Tovg ota 0o onueia. Ta tyv mpdobeon
YOELALOVTOL OL TWES TV TOAMVUNADY oTal (Ot . onpueio. “Eotm Aoty éva molvdvupo A(x) pad-
ot n — 1 mov avomaiotoran ooV (g, Yo)s - -« 5 (Tn—1, Yn—1) *oL €vo TOMGVURO B(z) Pabpod
n — 1 mov avamagiotatar ooy (o, yp), - - - (Zn—1,Y5_1). To dBoowopa A(z) + B(z) éxel avo-
TOQACTOON (20, Yo + Yg)s - - - » (Tn—1, Yn—1 + Y1) TOV UTOQEL VOl VITOAOYLOTEL GXONL OE YQGVO
O(n).
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[oAlamAoo10G oG
o) ,
0g; Ay o.es Qpe o ¢ B Avamapdotacn
bo, by, ..., b,y 0> 15 ees E2n—1) LLE GUVTEAEOTEC
Ynoloyioudc og Iapeppoin oe
2n—1 onuela 2n — 1 onpeia
O(n log n) O(n log n)
Y
A(z;), B(z), C(z)) = A(z)B(z)), Avamopdotaon pe
i=0,..,2(n-1 Ti=0,...2(n-1 g0y onueiov — TV
( ) [MoAamlaoiacudc ( ) Setm oy !
O(n)

Tynjna 2.1: AhyéoiBpog mtoramhaotaopot rolvwvipwy og xoovo O(nlogn).

INo tov molMathaolooud XeeLdtovior oL TWWES Twv TolMwviuwy ota B 2n — 1 on-
ueie. "Eowo 6w 10 A(z) avamagiotawar oav (To,Yo);- - - (Ta(n—1), Y2(n—1)) o 10 B(z) ava-
moQloToTaL ooV (wo,yf)),---($2(n_1),y'2(n,1))- To ywdpevo A(z)B(z) éyel avomaQdotoon
(0, You), - - - » ($2(n—1)a?/2(n—1)?/'2(n,1)) OV WITOQEEL VoL VITOMOYLOTEL Uroha 08 Ydvo O(n).

To poord petovéntnuo ™me avamoQdotaons pe Cetyn onuelwv-tipdy eivol 6T 0 VTOAOYLONGS
™S TLWNS TOV TOAVWVOROV 08 Eval ONUE(D IOV OV GUUTEQIAAUPAVETOL 0TV AVOTTOQAOTOON UTOQEL
vau YiveL povo agpot VTOAOYIOOVIE TOVS GUVTELEOTES TOU TOAIWVIUOU.

KdBe avamapdotoaon €yel To Otnd TS TAEOVERTHIATO RO LELOVERTHUATA, TAL omtoio Bal pwo-
0UoaY VO OUVOVAOTOUV AV VTTHEXE €VOS 0mtodoTIXGS OhYGQLOUOS YLOL TN UETATQOTY TS Mg ovaL-
TOQAOTOONS 0TV GAAY.

Aedopévng T avartopdoTaons EVES TOAWMVIUOU UE TO JLAVVOUM TWV CUVTEAECTMV, O UTOAO-
YLOUOS TS OVATAQAoTAoNS e CEUYN ONUELMV-TLUMY EIVAL YVWOTOS ROl OAV TEIPANUC VITOAOYIGUOT
Tu@y o€ n ogueia (n-point evaluation problem). O VTOAOYLOUGS TWWDV O 7 ONELD PTOQEL val
yiver e ™m néBodo Horner oe xoévo ©(n?). Av dume to onuelo z; emheyovv xordMnha, progel
va, epapnootel 1 nEB0dOS dialipel-xau-Paoiheve xow 0 VTOAOYLONGS Va. Yivel og yoovo O(nlogn).

O vToAOYLOUGS TOV ALAVIOUOTOS TWV GUVTEAECTOV ATTG TV avaTopdoToon e Cevyn onuelmv-
TV ovoudCetonw xow meopAnua s mageuforjc oe n onueia (n-point interpolation problem).
To medPAnua s maeuforis oe (ratdlnla emheypuéva) n onpeior pwogel va Avbel og yodvo
©(nlogn).

"Exovtag alyopiBpovg yodvov ©(n logn) yio tar TQoPARUATO VITOAOYLOUOU TLUMY RO TOLQEN-
oA, UTOQOVUE VO, VTTOAOYICOUIE TO YLVOUEVO OVO TTOAVMVUIWY TTOV OLVOITALQIOTOVTOL UE CUVTENE-
otég og o6vo O(nlogn) axolovbdvras o Prinora Tov Exrjuoatos 2.1: Agywrd vroloyilovpe g
TWES TV TOA®VONLWY O 21 — 1 onuela, ot ouvEyELd EQAQUOTOVIE TOV ONYGQLBUO TTOAAATACOLAL-
OuoU YOOUWXOU YOGVOU YLOL TOAMMVUUOL TTOV AVATTOLQIOTOVTOL PE CEUYN ONUEIMV-TLUADV, ROl TEAOG
eooUSCovpe ToReUPor] og 2n — 1 onueio Yo vo. VITOAOYICOUPE TOUS CUVTEAEOTES TOV YLVOUEVOU.
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2.4.1 Ymoloyiopog Twpov pe Ty M£0odo Awaiger-zar-Baoiheve

"Eotw A(z) éva moludvupo Babuot n — 1 yia 1o omoio Bhovpe va AMicovpe o mofAnuo Tov
vrohoyopov n uudv. o arhdmra vroBétovpe 6m 1o n givan dvvoun tov 2.

To molvdvupo A(z) pmoget vo. duapebel oe o mohvdvupo fabpot §—1: 10 Ag(z) amorehov-
HEVO OTTG TOUS OUVTEAEOTES YLaL TIS AQTLES DUVANELS TOV , %ot TO A1 () amoTtehoUUeEVO atd Tovg ov-
VIELEOTEC Y10l TIC TEQUTTEC duvdpers Tov 2. “Erouto A(z) yodpetou oav A(z) = Ag(z?) +x A1 (x?),
émov

2 2-1 2 2-1
Ao(x) = ag+asx +agx”+ ... + ap_oz™ xouw Ai(z) =a1+asr+azz+...+ an—13"
EmAéyovue n onuelot g, 1, 2, ..., Ln_3, Tn—2, Ln—1 OTO OTOl0L B0 vIoAoyioovue TIC TLUE
) ) ) ) b b

721/2“- 3. O mpéc Tov A(z) 0o
vohoytotowv amé m oxéon A(z) = Ag(z?) + zA(z?). H emdoyij twv onueiov pe ovtd tov

tov A(z) dote o vdbe i = 0,...,% — 1, va woxieL 27 = z

TQOMO EMTOEMEL TOV VITOMOYLOUS 1 TV tov A(z) omd n/2 Tpég ywa 1o mohvdvupo Ag(z) xon
n/2 Tpég yia 1o mohvdvouo Ai(z).

Svyxexouéva, Ba vrohoyioovpe TS THES TV ToMwvipmy Ag(z) xon Ai(z) pévo yw o
TETQAYOVO TV onuelov te delnm wuxdteQo Tov n/2, dh. ta onueia 23, 73, . .. ,mi/%l. Avté
UTOQEL VoL yiver pe avadoomxy emtixAnon tov dov akydolBpov emetd] to mohvdvupo Ag(z) won
Aq(x) elvon abpot n/2 — 1 won vworoyiCovpe n/2 TUES Yo 0 ®aBEva. 2T cuvExeLa, Yo ®doe
i=0,...,n/2 —1, éovpe:

A(z;) = Ao(27) + 241 (27) (2.3)

KoL
AT jars) = Ao(@h j914) + T jaii (@ jg05) = Ao(@F) + T oA (2F) (2.4)

2TV TEAEVTOLO LOGTNTO. EXOVUE XONOLUOTOMOEL TNV LOLGTNTOL TWV CNUEIWY TTOU €XOUV EMAEYEL YIO!
TOV UTTOAOYLOUS TWV TUUDV.

"Eotw T'(n) 0 x06voS Y10 ToV VTOAOYLOUS 1 Tldv evog molvwvipov A(z) pabuod n — 1. H
uEBodog draipel-rat-faoiheve voroyilel Tg TéS Tov A(z) amd n/2 tpég o molvmvipwy Ag(z)
xol Aq(z) Pabuot n/2 — 1. Autég ol TIHES PTOQOBY VAL VITOMOYLOTOUY avadQOomxrd 08 CUVOMAG
xo6vo 2T (n/2) (dnh. yodvog T'(n/2) yio tov vohoyloud n/2 tudv xdbs molwvipou faduod
n/2 — 1). O ouvdVOOoUGS TOUS YL TOV VITOAOYLOUS TMV 7 TGV TOV TOAWVIRoy A(z) pmooel
va, yivelr og xo6vo O(n) obugpwva pe Tig oxéoels (2.3) now (2.4). Emouévog, n avadoowxy oxéon
OV TEQLYQAPEL TO YOOVO extéleans Tov alydpbuov eivaw T'(n) = 2T (n/2) + O(n) pe ooy
ovvOiixn T'(1) = ©(1). H Mon avtiig mg eElowong eivon T'(n) = ©(nlogn).

SuumweQaonoTivd, N ovodQOWXY) EPAQUOYT TOU dLaipel-»at-Baciieve alydolBuov Tov ToQov-
OLAOTN®E EMLTQETEL TOV VITOAOYLOUS 1 TGV (0 ROTAMNA emAEYUEVO ONpUElR) EVOS TOAWVUIROU
Babuot n — 1 oe yoévo O(nlogn). T vo eQaOUOOTEL GUWS AVOIQOUILA O CUYXEXQUUEVOS CA-
YOoLONOG TTEETEL TaL ONUEL TTOV EMAEYOVTOL VoL EXOUV TIS €EY|S 1OLOTNTES: avd dvo va €xouv xowvd
TeTedymva (Yo 1o 1o eminedo avadouns), avd TEooepa Vo €X0VV ROWVES TETOQTES duvArelS (Yo
10 20 emimedo ovASQOWNAC), ..., ®ow YeEVXd avd 27 vo €xouv #xowée 27-00TéC Suvdpels (Yo To
eninedo j me avadoowic), j = 1,...,[logn| — 1.

T mapdderypo, avtd wyvel ov smhéEovpe To onpeia 1,2, ..., 3, =1, =2,

|3
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AT eEaopalCeTon av pmwoQel vo 0olotel 1 TeTearymvirt oo xdbe apuBuot (BeTirov 1 avn-
T®oV). SuyrerQuéva, Oempotpe oav onueio vroroylopoU to 1 oto televtaio (ratdTeQo) emimedo
™S AVAOQONTS, TIS TETQOYWVIXES TOV QICeg —1 %o 1 oto motehevtaio emimedo, TIG TETOAYWVIRES
o(Cec TV TETRAYWVIXR®DY QILDV 0T0 TEO-TEOoTEAEVTAlO EMimedo, ®ox. Katagpevyoviog Aotmdy otovg
uyaduxovg aLBpovs, eEAopaALeToL OTL OL Iy dIRES QITES TS NOVADOS NTTOQOUV VAl XONOLULOTTOL-
080UV yia TV goopoy tov aiydolbuov (BA. Zyqua 2.2).

Magdaderypo 2.1. “Eotw 6t 6éhovpe vo viroloyioovpe 8 Tipég yio to molvdvopo A(z) = Zi?:O a;x’
Babuov 7. Awohéyoupe toL onpeia po, . .., pr €T0L DOTE: p% =pi,p? = p%,p% = p%,p% = p% %O
pé = p%, p‘l1 = p§ (o ovvéxewa Ba delEovpe dm or myadirés e g povddag 6ydong Tdtng
€XOUV QUTES OXQLPAOS TS LOLGTNTES).

I va yiver 10 mapdderyor EUXOAGTEQX. RATAVONTO TOQOAEITTOVUE TN pdon TS dlaipeons /
OVATTUENS TNG OVOLOQONTIE RO AVAPEQOUOOTE UGVO OTH PACY TOU VITOAOYLOMOU %Ol TS ouvBEoNS
TV eMUEQOVS Aloewv. Ot oxtd) ®Ajoelg oto 110 eminedo / fdon Tng avadoung amias emoTQE-
POVV TOVUS aVTIOTOLXOVUS OUVIEAEOTES. Ol T€00EQLE ®Moel oTo devteQo emimedo TG avadQOUNg
VIOAOYILOVV TIG TOQOXATW TLUES:

Apo (103) ap + (14173 Ao (p]) = ao+ asp]
Ani(py) = a2+ aepg Ao (p]) = a2+ aep]
Aw(pg) = a1 +asp} Ao(p}) = a1+ aspl
An(py) = az+ampg An(p}) = a3+ ampt

Me fdon autéc THES ®ow TV WLOTHTO pg = p% el 10‘11 = p%, ot 3o wMjoglg oto mEwTo eminmedo
™e avadoouns Ba vrohoyicovv TS THES:

Ao(pg) = Aoo(pg) + p3Aoi (pg) = (a0 + aapg) + pi(az + aspp)
Ao (p?) Ago(p1) + piAoi(pl) = (a0 + aspi) + pi (az + acp?)
Ao(p3) Aoo(po) + P3Aai (pg) = (a0 + aspy) + p3(as + aep)
Ao(p3) Aoo(p1) + P3Aa (p1) = (a0 + asps) + p3(az + aeps)
A1 (p) A10(py) + PiA11(po) = (a1 + aspg) + pp(as + arpg)
Ai(p}) = Awo(pl) +piAn(pi) = (a1 + aspl) + pi(as + arpy)
Ai(p3) = Aw(po) + p3A1(po) = (a1 + aspy) + ps(as + arps)
Ai(p3) = Aw(pl) + p3An(p}) = (a1 + asps) + p3(as + a7p3)

Me Bdion awtég TES vaw my WSTte pi = pa, p? = p2, p3 = p2, wou p3 = p?, n agyuei xhjon
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(undevind emimedo g avadgowic) Ba vrohoyioet TG TES Tov A(x) Tou YEEICONAOTE:

A(po) = Ao(pp) + poAi(p)
A(pa) Ao(p§) + paAi(pg) = Ao(p}) + padi(p})
A(p1) = Ao(p?) +piAi(p?)
A(ps) Ao(p?) + ps A1 (p]) = Ao(p3) + ps A (p3)
A(p2) = Ao(p3) + p2Ai(p3)
A(ps) = Ao(p3) + peAi(p3) = Ao(pg) + peAi(pg)
A(ps) Ao(p3) + p3Ai(p3)
A(pr) = Ao(p3) + prAi(p3) = Ao(p3) + prAi(p3)

TMagatneovue ot yio ®dfe eminedo g avadoouic, o alydoBuos vroloyitet cuvolxd 8 THES
(n Tpég ot yevnrj megimtmwon). Ta emimeda mg avadgomis elvan 3 (log n ot yevirng mepimwon)
eneldn o Pabuds Twv molvwvipmy vroduthaotdletar oe xdfe enmimedo g avadoouns (7 oto
undevird emimedo / apyixn ®Ajon, 3 oto mewto, 1 oto devteQO, ®aw 0 oto TolTo emimedo / fdon g
ovodQous). A6 cuTh TV TAQOTHENON XAl ON6 TO YEYOVOS OTL »dBe Tt vmohoyiteton pe €voy
TOMOTAQOLALOUS ®oL oL TEGOHED, TEOXUVITEL GTL O YOGVOS EXTEAEONS TOV alySoLOuov ©(n) Yo
%A0¢ eninedo eni O(logn) enineda = O(nlogn). 0

2.4.2 Muwyadwxég Pites tng Movddag

O 1-007t€g Wyadmég piteg g povddag elval To OUVOAD TOV ULYOdXDV 0QLORDY TOU OTToTEAOUY
T Mioelg g eElowong =" = 1. Me dAha Aoy, ®d0e puyaduxds aobuds w t€tolog wote w" =1
amotelel pio n-0om oo g povadag. Ymdoyovv axolpag n myadwmés n-00tég oltes e novddag,
oL agpoi 2™/ k= 0,1,...,n — 1, émov e = 2.71... 1 Bdon TWV POV AoyaQIOuMY,

m=3.14..., non i = —1. A6 1oV EXOeTIRG OQLOPGS TV YOGV CLOLOUDY

™ = cos(u) + i sin(u)
TEORUTTTEL GTL OL -00TES PYAdES QILES TG MOVAdaS elvan ot aubpol cos(2mk /n) +i sin(27k/n),
kE=0,1,...,n—1.

O mryaduxég iCeg g HovAadag ®ATOVEUOVTOL OUOLOGIOQEA, OF VAV ®UXAO e HOVOALOL0 OXTIVOL
%ol ®EVTEO TNV Aoy TV a&Gvawv tou pryadwmot emmédov (Eynua 2.2). H wpi w, = e2mi/n
ovoudteton xvpta m-o00ot QLo ™G MOVAdOS, %o CAES OL VITGAOLTIES N-00TES QILES UTOQOUV VoL
YOOPOUV oav dQUVANELS TS Wy “ETol To 00volho TV n-00tdv QILOV TS Novddag YodpeToL oav
{wd wl o w1},

To oBvoho TV n-00TwV QIEDY TS LOVADOS EIVaLL RAELOTS MG QOGS TOV TOAATAACLAOUS, dNAOLOY|
TO YWWOUEVO dU0 N-00TaV QDY THE POVADAS EIvaL ETTIONG N-00TH QIEA TS POVADAGS. ZUYRERQLUEVAL,

k _ wgl—l—k — w%—l—kmodn

J
wn wn

H Baowi didmra 1wV n-00tdv oudv g Hovadog Tov XONOUOTOLOUUE ivol GTL oV To 1
glvow dvvapun Tov 2, 10 GUVORO TV TETQOYDVOV TWV N-00TMV QILOV TS povddag eivar 10 ouvolo
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(@)

(w8)) ;
(og)° (wp)!

(w9)* (3)

—1 1

(@)’ S @y

(w9)°

(@) (@)’ (@)’ @) @ (@) (@) ()

Tynra 2.2: (o) Ou oiCeg TS novddog yia n = 8 »xoit 1 ROTOVOUT| TOVg 010 mryadxo enimedo. (f)
O oiCeg g novddag yioo n = 1,2,4, nou 8. H nigua oo amewmoviCetan mdvra aguotepd. Ot

. 2+k . < . . ¢ ,
oiCec-maudid wﬁ %Ol wﬁ/ T xd0e ®xoufov wﬁ/Q elvan o 8o teTparywvirég tov ites. T vdbe k,
‘ . 2+k . . . .
0 <k < n/2, égovpe (i) wk = —wﬁ/ + (ou oiCeg-maudid tov wﬁ/Q elvon avtiBetor aLbpor), wou

(i) (wk)? = (wﬁ/ 2 = wﬁﬂ (To TeTRAywVO TOoVG Elvan (0o pe ) pilla-tatépa). Erouévag, ol n-
00TES QICES TNG NOVADUS LXOVOTTOLOUV TNV LOLOTNTOL TTOU OITOULTEITOLL VLA TOV OVOOQOMHG aAySoLBpo
g Evomrag 2.4.1.

TOV 5-00TMV QWY TG HOVAdaS. ZUyrEXQULEVQ, LOYUEL GTL

(@92, @h)?, ., @ Y2} = {0l lln '}

TNa va amodei€ovpe 10V TOQOTAVD LOYVQLOUG, TAQoTnEOUUE 0Tt Y ®dfe axéoono k =
0,...,n/2 — 1, apevdg

(wﬁ)Q — (627rz'k/n)2 — e27rik/(n/2) — wﬁ/g

%O APETEQOV

2k 2k _ 627rz'2k/n _ 627rz'k/(n/2) k

n/2+k\2 __  2k+n _ _
(wn/ ) = Wy n — Wnp - wn/2

= w,w
Anhadij yia »a0g axéoono k =0,...,n/2 — 1,

k)2 — (wg/2+k)2 k

(wn = wn/2

Avt 1 LBIIGTTO. TWV 1-00TMV EWLDV TS Povddag eyyvdton 6Tl av 1o 7 glval dvoun tov 2,
UTOQOUE VoL ETAEEOUE EVOL GUVOLO (UYODHADV) 0OLBNDY WoTe avd 27 va Exouv nowég 27 -ooTég
duvduelg, yia xdbe j = 1,...logn. "Etol umogotue vo vitoAoyiCove TS TLES £VOS TOAVMVIUOU
Babuot n— 1 otg n-00tég PiCes ™ povddag oe xedvo ©(n log n) yonoyomoldviag Tov ahyéLipo
daipel-wou-Paotheve wov mogovodotyxe oty Evémra 2.4.1.

2.5 Awxgrrog Metaoynuatiopos Fourier vow FFT

O Awaxourog Metaoynuatiopds Fourier (Discrete Fourier Transform - DFT) evdg diavioporog

A = [ag,...,ap—1] ne n otouyeio eivon 1o didvvona Y = [yo, ..., Yn—1] 6mov yi = Z?:_(]l ajwﬁj
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viardBe k = 0, ..., n—1. Mg amhd Méyia o Awoxortdc Metaoynuatiouds Fourier tov Stoviopotog
A amoteheiton ot TS TWES Tov Tohwvipov A(x) = Z;‘l:_ol a;x) ong pyadmés n-ootég olteg e
HOVASOS. ZUYREXQUWEVA, TO k-00T6 oToyelo Tov Alaxgrtoy Metaoynuatiopov Fourier givae n tyu
TOU TOMWVIROU oty k 0T 0gLod n-00TH 0o TS povadac, dMhady oto onueio e2™*/™, Tumxd,
yp = A(e*™kIM) = A(wk), yio vaBe k= 0,...,n — 1.

O Awaxourég Metaoynuotiopds Fourier €yel mAnBmoo onuoviindy eQpaouoyoy. 1o miaiola
tov padnuarog dev Ba aoyoinBoiue pe Tg epaguoyEs Tov Aaxgrtoy Metaoynuatiopoy Fourier
OAMG UGVO Pe ToV UTTOAOYLONO Tov e T uéBodo draipel-rat-facileve. Ze SAOxANEN ™V evétnta
vmoBétoupe 6T to N elvar duvaum Tov 2.

2.5.1 T'onyogos Metaoynuartionos Fourier

T Tov vwohoyops tov Ataxgitot Metaoynuatiopot Fourier evég duaviopotog A pue n otol-
xeila, 10 didvuopa BemQeital GTL TEQLEYEL TOVS CUVTELEOTES TOV ToAVdVINIOY A(z) = Z}:& ajmj
ne abus n — 1. O petaoynUoTIonds omoteheltal amd g TWES Tou ToAvmvipov A(z) oug n-
00TES QICeg g wovddag xan wwoel va, vmohoyloBel pe tov drailper-rai-pactheve akydobpo g
Evémnrag 2.4.1.

SV TEOYRATIRGTNTO, oWTOS 0 akydolBpog ovopdletal Ioryogos Metaoynuatiouds Fourier
(Fast Fourier Transform - FFT) xauw dwatumdOnxe and tovg Cooley zow Tukey, 1965, ywa tov
vohoyLopd Tou Atoxoitot Metaoynuotiopot Fourier. AxohovBel pua arvadgopixii vhomoinon tov

alySoBpov og Pevdoxrddra’:

FFT(A[ao, R an_l]) /* To n glvow dvvoun tov 2 */
if n = 1 then return(ap);
Wy — €2 Gy 1:
Ay [ao, as, ... ,an,g]; Al [al, as,. .. ,anfl]; /* Awolpeon og vro-otyidtumo */
Yo < FFT(Ap); Y1 < FFT(A;); /* Avodgopnii exihvon vro-otymomimmy */
for k< 0 ton/2—1do /*I6veon hiong and Moeig vro-ouypoTinewy */
Yk < Yolk] + wY1[k]; Yp ok < Yolk] — wYi[k]; w < w X wy;
return([yo, . . ., Yn—1]);

v Evémra 2.4.1 €yovpe eEnynoet m Paowxy Wéa miow amd tov alyoobuo FFT ol €éxovue
amodelEel 6t €xel xoovo extéheong ©(nlogn).

4T moardtm VAOTOMOon, 1 LETAPANTH wy, lval (om e TV %L n-00m olLo ™ Hovadag. Sty k-00m exavdinyn
tov for-loop, k = 0,...,n/2 — 1, n petafinmi w slvon ion pe mv k om 0g1d n-00T Lo ™S HOVAdag wk. Smv
k-oom emavalnym tov for-loop, xonotpuomoovviar ot dTTeg:
(o) H n/2 4+ k om og1pd n-oomi oila ™ povadag w2t etvon ion pe —wk (Snhodij tov avtiBeto me k om oglpd

otag). Tlpdyuom,

wn/2+k _ e271'1'('/1/2+k:)/n _ eQwik/nerri _ wk(COS(TF) +i Sil’l(ﬂ')) — _wk
Smov yenowomomjoapue cos(m) = —1 »ow sin(mw) = 0. "Etol YonOoWoToLlotpe 10 —w YIo. vo. VItoAOYIoOVIE ™V T OTo
onueto wi/ >,
(B) Eivaw
wfi X Wy = e27rzk:/ne27r1,/n — e27r1(k:+1)/n — w:i«l»l

SUVERWE, 1) UETOPANTI w €XEL TV TLWY] TOV TEETEL OTNV EXSUEVH ETAVANYN.
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Aoxnon 2.6. Xonowomowdvrag tov akyéoBuo FFT, va vmoloyioete 1o Awaxgurd Metaoynuo-
topd Fourier twv dwavvopdtov A = [1,0,0,1,0,0,0,1], B = [1,4,2,-3,4,5,-2,1], =
¢ =11,0,0,0,0,0,0,0,1,0,0,—1,0,0, 1, 1].

Avan. EgagudsCovpe m nebodoroyia tov Tpadelypatog 2.1 yia ta draviopotoa A, B, xan C' »ou
TS Pyadwmég piCes T novddag avtiotowyng TaEng.

TNt A now B, 8a yonowomomoovpe g oices 6ydong TdEng. Anhadn Oa elvar pg = 1,p1 =
2(1+i),pp = dops = Y2(~1+14),ps = —1,p5 = =2 (1 +1),p6 = —i, now pr = (1 — ).
AxorovBodvrag 1o Tlapdderypa 2.1, folorovue to amoteAEoUOTO TMV OVAIQOMHKDV RANOTEMV TOV
aiyéopov FFT. Telxd, o Ataxortds Metaoynuotiopds Fourier tov dtaviopatog A elvon [3,1,1—
2i,1,—1,1,14 24, 1], »outov B elvou [12, —0.879 +0.4644, 5+ 114, —5.121 — 7.5364, —2, —5.121 +
7.536i,5 — 114, —0.879 — 0.4641].

Me mapdpora pefodoAoyia ®oL YONOOTOLWVTAS TS QILes TS Novddag 16mg T1dEng, folorovue
61t 0 Alaxourés Metaoynuatiopds Fourier tov daviopatog C eivon [3,2.014 — 0.1667, 3.414 —
2.4147,-1.248 — 2.0147,1,—-0.166 — 0.5997,0.586 — 0.4144, —0.599 + 1.248:,3, —0.599 —
1.248i,0.586 + 0.4147, —0.166 + 0.5997, 1, —1.248 + 2.0144, 3.414 + 2.4144,2.014 + 0.166i]. O

2.5.2 Tagepporn nar Avriorgogos Meraoynnortiopnos Fourier

"Exovtog AVoel 10 mOSPANUC VTOAOYLOUOU TIUWV OTIS n-00TES QILeg ™S wovddag oe xodvo
O(nlogn), amouéver va. Micovpe to TEOPANUO TG TAREWPBOMIS 0TS N-00TES OICES TG NOVADAS
o€ xo6vo O(n logn) dote va ohoxAnowoovpe Tov ahyoeBpo ToOMATAACIAONOU TOAVOVIRMY TOU
meQLypdpeton oto Zyjua 2.1.

T va vtohoyioovpe to didvvoua Twv ouvteleotdv A = [ag, a1, . . . , Gp—1] EVES TOMIOVIROU
A(z) and 1o ddvvopa Twv Tudv v ots Y = [Yo, Y1, - -, Yn—1] N-00TES QLS ™S novadag,
TEETEL VO. MOOOUUE TO OVOTNUC, EELODOEMV

n—1
yk:Zaj ki k=0,...,n—1
§=0
WS TEOS TOVS AYVAOTOVS ag, @1, - - . ,Ap—1. 10 TESPANUA TS TaepPfoiic cuviotaton Aowmdv oty

gnthuon Tov ovotuotogs Y =V X A e n eELlOdOELS ®ou . ayvdoTtovg, 6mov A givol to didvuouo
TOV OYVAOOTWV CUVIEAEOTMOV TOU TOAVWVIROV, Y €ival 10 SLAVUOUC TV TIMDV TOV TOAV®VUROU
ot n-00TES PICes TS povddag, xaw V givan o mivaxag n X n ue otovgeio V[k, j| = wﬁj, k,j €
{0,1,...,n —1}.

To Sudvvopa A mpoxvmrel amd 1o ywdpevo V! x Y, émov V! elvon o avriotpogoc tov
nivaxo V. H poogij tov avtiotpogov mivaxa V= mpoxvmtel and myv axdhovdn modtoon.

Iodraon 2.1. ‘Eotw V o mivaxas n X n ue oroyeia V[k,j] =wh kg€ {0,1,...,n—1}. Ta
otougeia Tov avtioteogov mivaxa V' eivar V- k, j] = wn* /n, k,j € {0,1,...,n —1}.

AmédeiEn. Qo amodeiEovpe 61 1o yvopevo V x V1 eivan foo pe To povadiaio mivoxo. To #d0e
k,j€{0,1,...,n—1}, eivan

nfl n—1

(VxV )k, 7] = Zw bwrn == Z Lh=7) = ;Z(wgk_j))e (2.5)

Z 0 £=0
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To ToL Srarydviar otouyeia (k. Stav k = 5) woydet 6ntwk = = Wl = 1w (Vx V1) [k, k] = 1
vy rdOe k = 0,1,...,n—1. T ta un-duorydvia otovgeia eivow k # jroaw —(n—1) < k—j < n—1.
Enouévwg, n moodmra k — 7 dev elval TOAATAAGLO TOU N %Al wﬁ_j # 1. To tehevtaio dBgowoua
omv (2.5) amotehelton 0mwé TOUS N GEOVS YEWUETQIXNG TEOGAOU [E TOWTO GQO (wz_j )0 =1 %o
AGYO wh . Egaoudtovrog tov timo Yo To dBQOoLopa TV 72 TOMTWV 6QWV YEMUETOIXTS TOOGdOV,
€XOVpE:

wﬁﬁ —1 wﬁﬂ —1 wﬁﬂ —1

£=0
Anhodij amodeiEape Gt Sha o draryddvia otoryela Tov mivoxa V x V1 etvan (oo pe 1 wou Shat

oL pn-Sraryddviar otouyeion eivon toa pe 0. Me dhha Mdya, o V x V=1 eivon o povadiaiog mivaxag
o 0 V1 elvar o aviiotpogog tov V.

Emopévmg, ot dyvwortor ovvieheotés tov molvwvipov A(z) divoviar omd tov Timo ap =

(1/n) Z?;ol ij;kj, kE=0,...,n—1. Anadij, oL ovvieheotég Tov A(x) mEOXRVITOUV ATG TOV
VITOAMOYLOPS TV TGV TOU TOAVGVUUOU UE OUVTENEOTES [Yo /7, - . ., Yn—1/M] OTOVS AVTIOTQOQOVG
OV n-00TGV IOV e povadag {wl, wil, .. wy YL

‘ . p . . ‘ Lk
AVT6 T0 0UVOAO TaWTICETOW Pe TO OUVOAO TV N-00TMV QDY TS povddag, agpol w,” =

Wl wi b = Wk yio wae k € {0,1,...,n — 1}. Emopévog, 1o modéfinua me magepfohic otoug
AVTIOTQOQOVE TWV N-00TAV QLAY TS HoVAdag umopel va Avbei og yoovo O(nlogn) amd Tov oh-
vooOpo FFT av aviirataotioovpe Ty xUoLa n-ooti oo s novddas wy, e Tov aviiotQops g
w, L. O tpomomomuévos alydolBpog xoheitou pe €icodo 1o ddvvopa Y/n = [yo/n, - -, Yn_1/n]
%Ol EMOTEEPEL TO OLAVUOUOL TWV OUVTEAEOTDV TOU TOAVwVIpov Babuol n — 1 mou €xel Tpég
Yoy - - - s Yn—1 OTIS N-00TES QiCeg TS novddag. O Tpomomomuévos alyooLuog eivol yvmotdg oo
Avtiotpogog Metaoynuotionds Fourier (Inverse Fourier Transform).

XoNowomoldvTog Aomdy Ty 061 ®at v avtiotpogn popen tov FFT, pmogoiue va peto-
TOEYOUUE TNV CVOTTOQAOTOON NE OVVTEAEOTES V0 Tolvwvipwy Pabuot n — 1 o8 avoamagdotoon
e Cevyn onuelwv-tpudy og xedvo O(n logn), vo vohoyicovpe 10 YVGUEVO TV VO TOMMVII®Y
0g YoOVo O(n), %aL VoL AVOATHOOVIE TOUS OUVIEAEOTES TOU YIVOUEVOU O Y6vo O(n logn).

Aoxnon 2.7. Na epapudoete 1ov Aviiotgogpo Metaoynuotiowd Fourier oto amotehéopnato tov
Alaxgrtov Metaoymuatiopov Fourier yuo to dtovioporto g Aoxnong 2.6 ®ot vo. emainoevoste
OTL TEOXVTTTOVV TAL OEYIXA LOVIOUOLTOL.

Aoxnon 2.8. 'Eotw A(z) = 3—z »ow B(z) = 243z d%0 molvdvupa pdtov fabpov. Meoryodyte
avolTird Tov vohoytopud tov ywvopsvov C'(z) = A(z)B(z) axohovBivtog Tov alydolipo touv
Syquarog 2.1 »ouw yonoporoldvrog tov FFT yia T Hetatoomes Tmv avamaQooTtdoemy.

Avon. To ywipevo C(x) tov molvoviuwy A(z) waw B(z) eivon fabpoi 2. Xoetalduaote Aowtdv
ToVAdYLoTOV 3 Tevyn onuelwv-tpdv yia va mpoodiogicovue to C(z). Exedj o alydobuog FFT
EPOOUOTETOL POVO YLt QUVANELS TOV 2, Bal VITOAOYIOOUUE TIS TWES TWV TOMWOVUUWY O¢ 4 onueia
(n =4).

Ta daviopato ovvieheotdv eivon A = [3,—1,0,0] xow B = [2,3,0,0]. Ou myadwxés oiCeg
g wovddag yioe n = 4 eivou {1,4, —1, —i} pe xogua Qila 10 wg = i. Ot TeETEAYWVIRES QITES TNG
uovadag eivow {1, —1} ne wioia oo mv we = —1.



2.6. Biphoypogpnés AvagpoEs 33

T to wohvdvupo A(z), o FFT wahelton pe mopduetoo [3, —1,0,0], Oter Ag = [3,0], 41 =
[—1,0], wy = i, wou xdver 1g avadoownés wijoeig wou FET([—1, 0]).

H avadgopxn xMjon FET([3, 0]) 6éter we = —1, xou nahel avadgomxrd FFT([3]) »anw FET([0]).
Avtég o »Mjoelg emotpégpovy Yy = [3] wouw Y1 = [0], omdte o alydolBuog vrohoyCel 1o yo =
3+1x0=3namy =3—1x0=3. Erouévmg, n xAjon FFT([3,0]) emotoépel 3, 3].

Owoiwg, n ®Mjon FFT([—1, 0]) vmohoyiettoyg = —1+1x0 = —1nomwy; = —1—-1x0= —1,
%o emotoégeL [—1, —1].

Emotpégpovpe oty paowxii xAjon tov alyopiBuov FFT([3, —1,0,0]). Tw k& = 0, o ahyéoibpog
vrohoyiCet yo = 3+ 1 x (=1) = 2, vy = 3+ (—1) x (—=1) = 4. Tw k = 1, 0 akyéobpog
vrohoyiCer y1 = 3+ i x (1) = 3 —4, waw y3 = 3+ (—1) x (=1) = 3 + 4. Emopévwg, o
aky6oiBuog emoteéger 10 Y4 = [2,3 — 4,4, 3 + 4. Eivaw gvzoho va empepondoovpe 6t 1o Va4 =
[A(1), A(i), A(—1), A(—1i)], hadrj amoterelitan omd Tg s Tov A(x) ong ieg e povddag
tétamg taéng {1,4, —1, —i}.

Mze mapdpoto 1odmo 1 #Mijon FFT([2,3,0,0]) v to molvdvupo B(z) emotoégel 10 Yp =
5,2 + 3, —1,2 — 3].

Ot Tég tov ywvougévou C(z) ong mryadirés oiles g wovddog eivon Yo = [10,9 4+ 74, —4,9 —
7i]. O avtiotpogpos FFT »aletton pe mooduetoo to ddvvopa Yo /4 = [5/2, 94271-’ -1, 9’47i] el
moayparomotel g avadoopnés whjoews FFT([5/2, —1]) waw FFT([ZHE, 251]). H avadgopw
#Mijon FFT([5/2, —1]) emorpéper Yo = [3/2,7/2]. H whjon FFT([Z, 251]) emorpéger Vi =
[9/2,7i/2].

Ta k = 0, n oo xMjon Tov akyopiBuov vmohoyitet yo = 3/2 + 171 x 9/2 = 6 za
yo =3/2+ (1)1 x9/2 = -3. o k = 1, 0 ahySptbpog vworoyCer c; = 7/2+i ' x 7i/2 =17,
wow c3 = 7/2 + (—i) " 17i/2 = 0. "Eror maipvoupe 10 SIdvuoua Tmv OUVTEAEOTMOV TOU YIVOREVOL
C = [6,7,—3,0] mov avuotolyel oo mohvdvupo C(x) = 6 + Tz — 32, O

2.6 Biphoygagizés Avagogés

H péBodog diaipet-ra-faotheve rahimreton mohd xohd ota [7] xou [11]. O akydoiBpog mohhamha-
olaopov aLBu®y eivon twv Karatsuba xow Ofman [25]. O alySoiBpog ToAMaTAAoLLOUOT TUVARMY
glvaw tov Strassen [39]. O mo y017y000g (ACUUTTOTIHG) YVOOTOS ONYGQLOROG TOAMOTAAOLAOUOU
mvdxrwv elval tov Coppersmith xor Winograd [10]. To mopddetypa ommé v »Qumtoyoopio Tov
JelyveL TNV avayrodTTo TS VPmons LeYGlmv alludv oe peyaies dvvapers eivon twv Diffie xau
Hellman [13]. O akydpiBuog FFT eivou twv Cooley xou Tukey [9].
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3 Avvauurog Ilgoyoappotiopnog

H nébodog tov dvvauixov mooyoauuatiouov (dynamic programming), Smmg o 1 néBodog daipet-
xa-faciheve, emhver §vo oTypdTuTo cuvoudtoviag T AUOEIS ROTAMNAGL ETAEYUEVOV VTTO-
onypotinwv. Ta v emihvorn evég mpoPijuarog, n néBodog draipet-rat-faocileve dionpel 10
OTLYILOTUTIO €LOOOOV O VITO-OTLYULGTUTIAL, ETAVEL TOL VITO-OTLYILOTVTOL. aveEdotnta (CuviiBme pe
avadgoury] entxinon Tov (dov alydeLBrov), xot vrohoyiCel ™ AUon Tou aQYLHoU OTLYIGTUTTOU
OUVOETOVTAG TIS AMUOELS TWV VITO-OTLYIMOTUTTWV. Z€ TOAAG TteofAuara, 1 gpdon g dioigeong odn-
vet og O 1 emxodvmopevo vo-otrypdtuno. H aveEdomm enthuon toug onpaiver 6t xatd
YLOL TOV UTTOAOYLOUG TG AUomG Tov aQyIxoU oTiydtuntov Oa meémel va emhioovupe TOMES POQES
TO (OO0 VTO-OTLYIUOTUTO aTtd TV oYY AVTG €lvol OaTdAn VITOAOYLOTIHOU YEOVOU %ol 0dNYel o€
un-oamwodotinovs aiydoibuovs (PA. Aoxnon 2.1).

A6 v dA AeVd, UTOQOVUE VO, EXUETOMEVTOVUE TV ETAVAAM YT TWV VITO-CTLYIOTUTIWV
mEOS OPENSS pog AUvovrag xdBe Vmo-oTyoTumo pio povo od %ot amoBnreliovias 10 omoTé-
Aeopa yioo pehhoviny] xonon. Avty eivarl n faowy Wéa miow and ™ nébodo tou duvaproy
meoyoaupoTiopov:  YmohoyiCovpue »dbe Aion pio od ®ow v amobnxrevovue g §vov mivoxa
OV CUUTANQOVETAL ®OBMS emAVOVNE OhO ®aL pueyalitega vro-otymdtunoe. O duvourds mo-
YOOUUOTIOUOS EQAQUOteTal amd ) Pdon mpog v xoeuer| (bottom-up). Eexivd pe v emthuon
TV OTOLXELWIDV OTIYWLOTUTIWV KOl OUVEXICEL e GAO ROl PEYOAITEQD OTLYMGTUTCL, TV OTTOLMV TIG
Mioglg ouvBETeL amd Tig Aoelg ou €xel O vohoyioel. H nébodog tepuatiCer dtav vmohoyioet
™ Aon Tov aEyLxoU oTydtumov. O 6Qog “TQOYQOUUATIONSS” TTEQLYQAMEL TN dLodtraoia VTTOAO-
YLOUOU / GUUTAQMONG TWV OTOLYElWV EVOS Tivaxa %ot YL T dInuovgyio eveg TEOYQAUIOTOS Yo
EXTELEOT OE VITOAOYLOTY).

Toéoo n péBodog daipel-rar-faciteve 6oo xat  uéBodog Tov duVaULROT TEOYQOUUATIOROU
eaouotovtal o€ TEOPAUATA TTOV HTOQOVV Vo emAvBovY avadoouixd (recursively) pe “ovvBeon”
™S MioNG €VOS OTLYIGTUTTOU OTt6 TLS MIOELS (RATAANACL ETUAEYUEVOV) UTTO-OTLYIOTUTT®V. ‘Opwg ot
900 nEBodot arorovBotv dragopetiny otpatnyny. H pébodog dwaipet-rar-pacireve epaoudleton
amd VY ®0QUEY| OGS T Pdon (top-down), “emitiBeton’” dnhadn amevBelog 0To AR OTIYGTUTTO
ETUYELQWVTOS xaTdAAnAn dwalpeon. To dialper-war-facideve €xel vald amoteAéopoto otav ®dae
onypoTumo uropet va diapeBel oe ave&doryra vmo-otyotuma (fA. alydolBuovg TaEvepmong
merge-sort zou quicksort xaw ahydoiOuo FFT).

O duvapurog TEOYQOUUATIONOS EPAQUOCETAL amd T fdom mEog v ropug (bottom-up), emt-
YELREL IMAaDY| va “xTloel” TN AMIon Tov aEYIrOU OTIYILOTUTTOU ATt TS AUCELS TMV VITO-OTLYMOTUTTMV.
O duvapurds TEOYQOUUOTIONGS EQPAQUOLETAL GTOV TAL VTTO-OTLYULOTUTIAL Oev eivan aveEdotnta, alhd
EMOVOAUBAVOVTOL 1) EIVOL EMROMTTOUEVA. AUTO TO YOQOXTNOLOTHG OVORAleTan tdidTnTa Ty
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emxalvarouevay vro-otryuotimwy (overlapping sub-instances). Ou aiydoiBpor duvapnoy moo-
YOOUUATIOUOU €mAIOUV o od ®ABE VTO-OTLYULOTUTO %ol amoBnxrevovy Tig AMIoELS og €vav
mivoxa yior LMoV XoNon. Avté To XOQaXTNELOTIXG RAVEL TOVS ahyoQiBpovg duvouxot meo-
YOOUUATIOUOU LOLOL{TEQX ATTOLTNTIXOUS OF ATOBNKEVTIXRG YDQO.

Mogdderypa 3.1 (Atovuproi Lvvrereatés - Toiyovo tov Pascal). Ac Esxwvijoovpe ue to moQd-
derypa Twv SVOVUIIXDOV oUvTELEOTOV Tov BupiCel v Aoxnon 2.1. Ou dtwvupirol ouvteheoTeg
dilvouv Tovg dLapoEETIXOVS oVVOVAOUOVS k Otd 1 OLAPOQETIXG, OVTLXEIUEVOL:

n n!

Ot SLoVuUXOl GUVTELEOTES ElVaL OL CUVTEAEOTES TWV OVOVUp®Y ¥

OTO OVATTTUYILCL TOU OLOVUUOU
(1+2)" =Y} ())z* (a6 avté mponimrer xon 10 Gvopd Tovg).

To C'(n, k) umogel va vtohoylotel ammd vy ovadoomry oxgon

Cn—1,k-1)4+C(n—1,k) oav0<k<n
1 dlapogeTind

C(n, k) = { 3.1)

O avtiotouyog ahydpBuog oe Pevdonwdira elval:

BinomialDC(n, k)
if £ = 0 or £k = n then return(1);
else return(BinomialDC(n — 1, £ — 1) + BinomialDC(n — 1, k));

O xo6vog extéheong xoetdtetar Q(C(n, k)) mooobéoeic (to C(n, k) stvon Q((n/e)*) non O(n¥)
- hadn exBetnd oto k) agol to amotéheopa mooximtel and 1o dbgowoua C(n, k) povddwy.
"Evag modyelpog voloyLOUOS ammodenvieL OTL 0 OlYGQLOBUOS auTds €ival TTOA 0QYSS OxGUN %Al
Yol OYeTRd IMRQES TWES TV n wo k (w.y. C(30,15) = 155117520).

To Aeyouevo todywvo tov Pascal amotehel muo. amodotixy néBodo yio 1ov vroAoyLous twv duw-
vupuxdv ovvreheotdv. H 1déa eival va diatnootpe évay mivaxa C' pe otovgeio Cln, k] = C(n, k),
0 <k < n. O ypouuég Tou mivara oupmAno®vovtol  iioe netd Ty dAAn XONOLWWOTOLHOVTOS TV
avadoounrj eElowon (3.1). O avriotouyog akyoQBuog og Pevdoxrwdra eivor:

Binomial(n, k)
for : < 0 to n do
Ci,0] < 1; Cli, 1] < 1;
for j < 1ton—1do
Cli,j] < Cli—1,j =1+ C[i —1,7];
return(C|n, k]);

O yo6vog extéheons eivan O(nk) xow ararrovvion O (nk) Béoeis pvijung (umogeite vo TQOTOTOL]-
O€TE TOV OhYSoLOI0 ote va yonowomotel pévo O (k) Béoeig uvijuns;). Ouolootind TQGRELTAL VIO,
ULOL LAY EPOLOUOYY] TS UeBG0V TOU JUVOULROU TTOOYQAUIOTLOUOV. O
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H péBodog tov duvapxoy meoyQopupotiopoy epaouoletar ouviibms og TEofiquato cuvdua-
otiig Beltiotomoinong mov £xouvy TV WLSTTO TV féATIOTWY emiuépovs AMvoewy (optimal substruc-
tures 1 principle of optimality): Kdfe tuijpa puog fEATotg Abong yio €vo oTydTumo amotehel
BEATLIoT) AMdom Yo To avTioTolyo vto-otymdturo. TIoAd onuaviind mpofAjuata €xovy vty v
ool (xol ToMG dAhor dev TV €xOoUV).

Mogdderypa 3.2 (Evvropotega zar Maxgvtega Movondria). And ™ Oewpio  T'oagpnudtwv
yvmpiovue 6Tt ®AOe TUUOL EVES OUVTOUGTEQOV UOVOTOTIOU €(VOL €VOL OUVTOUGTEQO NOVOTTATL
neToEY Twv drowv tov. Me diha Adywa, to TTpdPAqua touv Zvvropdtegoy Movomatiol €yel
™mv WLIeTNTe TV PEATLOTOV EMUEQOVS AVoewy. Aloodntixd, ovtd ouppaivel yiort to eAdyLoTo
%®G0TOG UETAPOIONS TG ULCL ROQUYT] v O€ iol xoQUEN w elvol aveEAQTNTO 06 TO EAALOTO XGOTOS
ueTdpoons amd m w oe wo. Ay xooupn u. “Etol av evioouvue €vo cuvtopdTteQo NOVOTATL OTtd
T ¥ 0T W ROl VO, CUVTOUOTEQO UOVOTTATL Otd T w 0T v, Ba TAQOVUE TO GUVTOUITEQO UOVOTTATL
oand T v ot u 7ov JLEQYETAL amd ™ w. Ilalpvoviog To GUVTONGTEQD TETOLO WOVOTIATL WS TTEOS
OAEC TIG EVOLANETES ROQUPES W, Bl fOOUNE TO CUVTOUGTEQO UOVOTATL UETAEY ¥ RO U.

Ao dev 1oyvel Yo to IIpdpinua tov Maxpitepov Movomatiov. Zto ITpdfAnua tov Moxu-
TeEQOV Movomatioy divovtor §va yodgpnuo xo dV0 SLORERQLUEVES XOQUEES § XL £, ROl CTEITOL TO
UOXQUTEQO ATAd MOVOTATL Ot TO § 0TO t. AV BewEoOVNE EVOL LOXQUTEQO MOVOTATL HETOED do
ROQUPAV, TGTE Tt TUUATA TOV OV ElVOL ROT OVAYHNV HOXQUTEQO LOVOTATLO. LETAED TV AXQMV
TOVS (SLOTVTTOOTE CUYRERQUUEVA TaQadelypata). Atenotnmrd, avtd ocupfaiver ylorl av evaoovue
évol panQUTEQO HOVOTTATL OTTO TN ¥ 0T W ®OL €VOL HORQUTEQO MOVOTIATL a6 TN W Ot v, TOAVOV
vo. Tdeovue €va, HovordTl Tov eV elval athd. O

Avtiotpépovtag ) dloTtimmwon, dtav €va meofAnua £xel ™V OLGTNTA TWV PEATLOTMV ETUEQOVS
Moewv, N BEATLOTN Mo EVOS OTLYMGTUTTOU UTOQEL VoL TQOXUYEL amtd TN ovvBeon TV BEATIOTWV
Moewv xatdiinia emideyuévay vo-ouymdTuTwy. e apxetd TeofAuato Spums dev yvweiCovpe
EX TV TROTEQMV TToLaL elvall AVTd T “RaTAMMNAAL ETAEYUEVO” VTO-OTLYILOTUTTOL (TT.). €V UTOQOVUE
VoL YVoEItovpe OTL T0 GUVTOUOTEQO UOVOTIATL UETOEY TMV ROQUPAV U oL ¥ OLEQYETAL OO ULOL
OULYXREXRQLUEVN ROQUPN W). AUTS R0OLOTA duoyeEN TNV EQPOEUOYT WOS top-down TQOCEYYLONG, GTWS
ouT] ™S neBGdov diaipel-»ou-paciheve, Tov xoeLATETOL VA, YVWEITEL TTOLOL VITO-OTLYMOTUTTOL TTQETEL
va Adogl yio var givor amodotixn. AvtiBeta, emipdiel v epapuoyr wog bottom-up mooogylong,
OTwS 0 OUVOULXOS TTEOYQUUUOTLONGS, TTOV TOMWTC, AOVEL GAOL TO. SLOLPOQETIAA. VITO-OTLYUGTUITOL KOl
UETA amoaoilel oo Bo ovvdvaoTovy Yo va, dddcouv T BEATLOTY Ao,

O oyedlaouss evog aAyoplopov duvouxol TEOYQAUUTIOUOU YLOL OUYXEXQLUEVO TOOPANUC
ouvovaoTxng Pertiotomoinong axolovBel ouviiBwg ta TopoaxdTw PrinoTa:

1. EEetdlovue av 1o meopAnua €xel tnv 1OLOTTO TV BEATLOTOV ETLUEQOVS MICEMV ROl TWS OL
EMLUEQOVS MIOELS OUVOVALOVTOL YLOL VO TTEOXRVWPEL 1) BEATIOTN AHON TOV CLOYLXOV OTLYULGTUTTOV.

2. Awomumdvoupe Ty avodgouxy eElomon mov meQLyedpeL TV T TS BEATLOTNG AdomS.

3. Me Bdon v avadgowny eElocwon, vroloyilCovpue ™ PEATLOTN OVILXELUEVIXY TIW Ot T
Bdon mpog v xouyn (epapudfovue bottom-up oTEOTNYLXY).
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4. TvwpiCovrag Tolo axQLB®OS VITO-CTLYMATUTTOL TTRETEL VAL CUVOVACOVPE, VITohoyitoupue pic BEN-
ot Mion. To frijua avtd pmwopel va mogoalngdet av evdlapeoduaote pdvo yio m PEATOT
OVTIXELPEVIXT] TLUY %ot S yiaL TV (Ota T Adom.

3.1 IloAhamiaoraopnos AxolovOiag IIivarmnv

Ofhovie VO UTOAOYICOUIE TO YIVOUEVO OGS OXOAOVOIOS TIVAXRWY YONOUWOTOLWVTAS TOV OITAG
olyoolBpo mov Aettovpyel pe fdon tov oouopd g medEng (PA. EElocwon 2.2 oto mponyoipevo
%eQAAaLo). Tio ToV VTOAOYLOUG TOU YLVOUEVOU EVOS THIVAROL P X g e EVAV TTIVOROL ¢ X T, O AAYSQLOROG
otog extelel QPG p ¢ r TOMATAAGIOOUOUS UETAEY OTOLYEIMY TOV TLVARDV.

"Eotw 6t diveton o axolovBio mvdnwy Aq, As, ..., Ay, 6mov o wivarag A; elvon d;—1 X dj,
i =1,2,...,n, nal Béhovue vo. vwohoyicovue 1o ywvopevo A = A1 As--- A, . O molhouthoola-
oSS VAWV ElVaL TEOCETOLOLOTIXY TTOAEN! %ot To YIvépevo pmogel vo vtohoyLoTtel e woAovg
dlapopeTinots Todmovs. T'a mapddetypa, wrogotue va, vtoloyioovue:

A = (- ((A142)A43) - Ay) 1
A = (Ai(Ax(A45---(Ap1A4n)--+))) M omdun
A = ((AlAQ)(A3A4) ce (An—lAn)) HOA.

[Tpémel Aotmdv vo XONOLUOTTOOOVIE TOOEVOETELS YO Vo, xaBoQicoue T OELQd, e TNV OTTOola. oL
nivareg O molamhaotaotovyv. To Tymua eivar 6t  oelpd. pe v omoio B TOAMATAAOIACOVUE
TOUG TIVARES €YEL ONUAVTLXY EMIOQALON OTOV YQOVO EXTEAEONS TOU ahySoLBuov!

Mogdderypa 3.3. Oswpovpe 10 ywvopevo AjAs Az Ay, mov o Ay elvon 13 X 5, 0 Ay elvan 5 x 89,
0 Az eilval 89 x 3, naL 0 Ay eivar 3 X 34. Yndoyouv mévie dlopoQeTivol Todmol vo. TomofeTooue
mapevOéoels / vmohoyioovpe to yivopevo. KdBe diogogemnt oglpd vmoloylopol omoutet v
EXTENEOT OLOLPOQETIXOU OO0V TTOAMATAACIOOUDV PETAEY OTOLXEIWV TOV TUVARWV.

Yepd Yroloyiopov AoOpog Iohdamhaoraopnomv
(((A1A9)A3)Ay) [ 13 x5 x 89413 x89x3+13 x3 x 34 =10582
((A142)(A344)) 54201
((A1(A2435))Aq) 2856
(A1((A243)A4)) 4055
(A1(A2(A3A4))) 26418

Eivou edhoyo vo vmoB€covpe GtL 0 agBpnds Tmv molamiacioaondv xaopiel og onuavars fabus
TO XQOVO VTOAOYLONOU TOU Yivouévou. BAEmovpe hotmdv oti 1 0€19d extéleons Twv TOAATAQOLAL-
oMV RETAED TV TVAR®WY ®0B0QICelL 08 onuavtird Pabud to xoGvo VITOAOYLOUOU. O

To Ipdpinua tov IloAamiaoiaouov uag Axorovbias Iivaxwv (Matrix Chain Multiplication)
giva dedopgvng og axohovdiog n mvaxwy (A1, As, ..., Ay), 6mov o mivaxag A; givon d;—1 X dj,

"M tpdEn ® eival TEOCETALQLOTHY] O il #ABe TOLAdOL OTOYElWY T, 7Y, 2 WXVEL SN T R YR 2z = R (Y Q@ 2) =
(r ® y) ® z. Hpdyuot, yio Tov ToAMarhooaopd mvarmv wyvel 6t A1 As Az = (A1A42)As = A1(A2A43).
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1=1,2,...,n, va. vmohoyLotel 10 Yivdpuevo A1 As - - - Ay, exteddvrag Tov eldyioto aolfud molha-
TAAOLAOPAV PETAEY oToLyElMV TwV Tvdxwv. TTodxnerton dNAadn yia €va medpAnua cuvduaotxng
pehtiotomoinong. Kdabe dragopetiny oglpd vmoAoyLOHOU TOU YIVOUEVOU OTTOTEAEL PO ATTOOEXTY
Mon. To Tnrovuevo etvon m Pélriorny oglpd voloylopnov (woodbvaua, o PEATLOTOS TEOTOS va
tomofeTnBovv TapeVOETELS).

"Evag 1oémog va Micovpe to mdPinua elivon n eaviAntixn avalijtynon (exhaustive search):
YmohoyiCovpe tov 0oBud Tmv moAhamhaotaoudv (UeTaEy otoryeliwv mvdxmv) yio ®dbe duopooe-
L1} 0€104 VITOMOYLOUOY, RO VoL ETAEYOUpE cuTi| e TV eAdytom) T, "Eotw P(n) ol dtagogetinég
OELOES VITOAOYLOMOU Y 1 Tivaxes. Mmopoupe vo dtapécovpe (TomoBeTwviog mapevOEoels) Ty
oxohovBio peTaly TV mvaxwy ¢ ®ol ¢ + 1, yio ®dmowo ¢ = 1,2,...,n — 1, xaw v Tomo0eT)-
ocovpe aveEdomta mapevi€oels otg do emuEQoug axorovBies (UNxOVg 4 ®ow 1 — ¢ avtioTorya).
Emopévac, 1o P(n) Sivetou amd mv avadoomxn oxéon?

ue apyrey ovvbijxn P(1) = 1. Mmogel va amodewyBei éu P(n) = T(n — 1), émov T'(n) givan o

o0 =51 ) =2

Emopévag, o aoBpds tmv SLopoQeTindy TEQLTTMOOEWV IOV TEEMEL VO EAeYXB0UV glvon TEQAOTIOS

n-00to¢ 0Bude Catalan:

(m.y. 10 P(n) etvorme 1dEng tov 10 yioen = 30) %o 0 306vog Yo my eqaopoyq me eSaviinunrg
ovoliitnong umoel va givow oM peyalitepog amd Ty emrdyvvon mov Ba €xovue MOyw Tov
PEATLOTOV VTOAOYLOUOU TOV YIVOREVOU.

Mia evallaxtixg mEoo€yyLon eivan n egpagpoyn s pefodou Tou duvapuxov TEOYQAUUATIGUOV.
Agynd eEetdlovpe av to TEOPAUO €xel TV WTNTAL TV BEATIOTWV empuéQovg AMicewv. Ag
ovuporicovpe pe A; ; 1o empgéoovs ywopevo A;--- A;. To Tnrovuevo elvar o vworoylopnds tov
ywopévov A; . Kdbe (Béhtiom) Aon dwongel v axorovBia peta&l twv mvdxmy ¢ xou i + 1,
yioe vdmoto 1 < 4 < n, vmoloyiCel aveEdomra to. emUEQOVS YIvouevo. Ay ; wo A;r1. ., ®oL petd
vtoAoyiCel to ywouevo A, = Ay Air1..n. O 0QOUGE TV TOAATAOCLACUDY TOV VTOAOYLOUS
tov A1, elvan (0og pe dy X d; X dy, ovv 10V 0QLOUS TV TOMATACCIOUDY YLOL TOV VITOAOYIOUG
tov Ay ; wol Ajy1.n. AV AOtév 1 0glpd voloylopov tov Ap , elvor Béltoty, xal 1 ogled
vrohoYLopov Twv Aj ; wo A1, mEEmeL elvan fEATLOTN (av VITHEYE ROMITEQN OELQA VITOAOYLOROU
yioL ®dmolo omd o A o Ajq1. 5, 0L TN YONOLUOTOLOVOAUE YO VO, BEATICOVIE TOV VTOAOYLOUO
Tov Ay, .

Ac emotpéypovue oto [Magdderypa 3.3. H féltiomn Aion dwouget v axolovBio ot B€om 3
%o VITOAOYICEL TO ywvduevo A, 3 A4 exteddvrag 1326 molamiaoioopois. Yadeyouv dvo todmot
vo. vmoroyloBet 10 Ap 3. O évog eivon wg A 9 Az pe 9256 moloamhaoloopovs xow o dAAog
ws A1 Az 3 pne 1530 morlamhaowaopuov. H Béhtiom Mion xonowomotel tov Béltioto (devtepo
Te6m0) VohoyopoU Tov Aj_3 %o vroloyilel 10 ouvolrS yvdpevo wg (Aq(AaAs3))As ne 2856
TOAOLTTACLOLALO OV,

oporneotpe 61 #dfe Stoogetnij Terod VITOAOYIOHOT avTloToLyel ot €vor duadnd dévipo pe m @ulho.
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Me Bdon v TEONYOUUEVT TALQOTHONON, UTTOQOUUE VO SLOTVTTOTOUNE TNV avadoopxy eElcwon
nov meQrydget T Péhtoty Mion. “Eotw mli, j] o eddyioros 0ibpds moMamhactaopdy yio tov
vrohoyous tov ywopévov A; ;. T xdBe 1 < i < n, elvou mfi,i] = 0 agod A; ; = A; elvon
évag pepovopévos mivaxag. T'a va vmoloyicovpe 1o A; ;j pe Péltoto T1odmo, voloylCovpe e
PéNTIOTO TEOTO Tt A ) now App1.; Yot wdmowo k, 1 < k < j #al eXTENOVIE TOV TOAMMATAOOLAONS
A; i Ak1..j. O ouvolrdg alBuds v mtolhamhaotaoudy eivar mli, k| +mk + 1, j] + di—1 dy, d;.
Emeidn dev yvopiovpe 1o nalitepo onuelo ya vo diapécovpe Ty axohovbic A;, . .., A;, vio-
AoyCovpe ToV oUVOMKG 0ELOUS TTOAAATACOLAOUMY Yo OAES TIC duvorég Ooeic k = 4,1+1, ..., 7—1
%o dtahéyoupe v xohvtepn. Emouévog, o eAddyioros aoBnds ToMATAAGLOOUDV Y10 TOV VITOAO-
YLouS tov ywouévov A; ;i diverar amd mv avadoopnry oxgon:

(3.2)

.. mini<k<j{m[i, k] +ml[k + 1,7] + dj—1 dg dj} ovi<j
m[,L?]] = 0 N v 'l :j

To Tnrovuevo eivar o vrohoylouds Tov m[1, n], Mhady Tov eAdyiotou aOUoy TOMATAACIOONDY
YLOL TOV VTTOAOYLOUG TOV Yvougvoy Aq .

O vmohoylopds Tov ml, n] amontel Tov VTOAOYIOUS TV m[i, j] yior OAeS TG TES TWV 4 %o J,
1 <4 < j < n. Anhadij mpémel va, vtoloyioovpe TG PEATLOTES TLUES YO @ VTTO-OTLYLGTUTTAL.
H Béhuom wj m[i, j] yia xdfe vro-ouywdérumo A;. j umoel vo vrohoytofel og yooupurs xo6vo
av givar yvwotég ot Béhtiotes tuég mli, k| xow m[k + 1, j] ywa 6ha 1o vvo-owymdtunma A; g non
Apyr.5, 0 <k <j.

EgapusCovpe ™ péBodo tou duvapuxol meoyQouuationoy yio Tov vrohoyopd tov m(l, nl.
Eopyaldpaote and ) fdon mog v ®oQuepn. ZvyxexQuuéva, vroloyilovpue T PEMTIOTES TLUES
m[i, j] yia Sha Tow omypstuma A; j pe j — i < p — 1 %ot TG YONOWOTOLOUpE VL0l Ve VITOMOYICOUNE
T PEMTLOTES TIWES Yl Tow omymdtuma A; j 6mov j — i = p, p = 2,...,n — 1. Me dAla Adya,
Eenwvdpe e g TUES mli, 5] 6mov taL i xow § elvon dradoyrol apduol, ouvexiCovpe Ne i xat j TOU
drapégovy ratd 2, 3, xox. Amd ) ox€on (3.2) mooximrel ot yio #dfe 1 < 4 < j < n, oL TWWES
mli, k] wow m[k + 1, 7], 1 < k < 7, égovv vwohoyotel mowv omd v mpy mli, j]. Avnj n uébodog
VAOTOLE(TOL QTS TOV TaQARATM PeVdorMILKAL:

MatrixChainMultiplication(d[0, 1, ..., n]) /* To didvvoua d negiéyet 1o, 1Y€ Twv mvdnwy */
for i < 1 ton do
mli,i] < 0;
for p < 2 to n do
fori < 1ton—p+1do
Jj—i+p—1;,mfi,j] < oo;
for k< itoj—1do
q < mli, k] + m[k + 1, j] + d[i — 1]d[k]d[j];
if ¢ < mli, j] then m[i, j] < ¢;
return(m/[1,n));
e »ndBe emoavalnyn tov Pacirov for-loop mov oyetiCetan pe ™ petafinmi p, N MatrixChain-

Multiplication vohoyiCet Tig TWES M, j] yra Sha ta i zon j, 1 < 4 < j < n, ToU dlpgovy ratd
p—1@®nkh. j—i=p—1). To devrego for-loop mov oyetiCeron pe ™ petafinty ¢ extehelron
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@ @oQgc. O yodvog extéheons vdbe emavdinyns ivar O(n). Eropévmg, o ouvolxds xodvog
gutéheonc Tov ahyopiBpov eivon O(n3). Emiong, o alydoibpog yonouomotel ©(n?) Béoeic pvipng

yia v amobijrevon Twv otoyeiov mli, 5], 1 <i < j < n.

Aoxnon 3.1. EEnyeiote mwg Aettovpyei m MatrixChainMultiplication pe eicodo to didvvopa d =
[30, 35, 15, 5, 10, 20, 25] (éxovue n = 6 mivaxes).

Avon. Yrohloyiote ta mli, j] yuo #d0e 1 < i < j < n. Elvaw m[1,n] = 15125 »on fértiom ogod
vrrohoywopou ((A1(AsA43))((A4A5)Ag). H Mion diveton oto [11], Zyvjua 15.3. O

Aoxnon 3.2. Awrvdote §vav avadgomrs (top-down) akydoiuo mov vohoyiter 1o m[1, n] pe
Bdon v avadgowxii oxéon (3.2). Iowog elvar o yedvog extéleons Tov akyopiBuov; Iogovoidote
avoivtird ™ doun TwV avadQOIKMV ¥ANoE®mY Tov alydolBpov yia 4 mivaxes. Me Bdon autd 1o
mopddetypo eEnyelote yiatti o avadoomnds akydolBpog €xel NeYOMiTEQO YOOVO EXTEAEONS ATO
TOV aAYOQLOUO duvauxoy TEOYQOUUOTIONOU.

Avon. O avadgomunds ahydeOpog VAOTOLEITAL OTtG TOV TTOQOXRATM YPEVOORMILRAL:

RecMatrixChain(d[i — 1,...,j])

if + = j then return(0);

m <— o0; /* To m Oo mdpeL mv wuy m[i, 5] */

for k< itoj—1do
q < RecMatrixChain(d[i — 1,...,k]) +

RecMatrixChain(d[k, . .., j]) + d[i — 1]d[k]d][j];

if ¢ < m then m + q;

return(m);

H agyuj xMjon moémer va eivar RecMatrixChain(d|0, . .., n]). Togotmoodue 6t yio tov
vroAoytoud tov m[1, n] yivovtow %o avadgomxrés xhjoeig o vdbe extéheon tov for-loop (dnhadn
dvo wMoeig yio »dbe k = 1,...,n — 1 nou éva moramiaowaopds. H modtn #Ajon agopd €va
onymdtumo pe k mivaxes wow vrohoyiCer to m1, k] xow n devtepn x¥Mjon agopd §va otypdtumo
ue n — k mivareg xow vworoyiCer 1o mlk + 1, n]. Tuvende, §va ®ATm QAN OTO XOGVO EXTELEONG
T(n) Tov avadOm®oU ahyGELBIOV YL N TIVORES TQORUTTEL TG TNV AVOdQOMKT] OYEoN:

n—1 n—1
T(n) > 14> [T(k)+T(n—k) +1]=n+2>_ T(k)
k=1 k=1

ne aywii ovvbixn T(1) = Q(1). Me pabnuotxy exaywyy, UToQovue Vo amodeiEovpe Gt
T(n) = Q(2"), 10 omoio eivan dpapomnd peyahitego amé O(n?) mov elvar o xodvoc extéde-
ONg TOU AAYSQLOIOU JUVOILLOU TTOOYQOUIOTLOUOV.

O Moyog gilvan 6t to ITpdpAnua tov IToAhamAiaoiaonoy AxohovBiog ITivdxwy €xel v Widmta
TOV ETACAVTTOUEVOV VTO-0TLYIotUmwy. “Etol o avadgourds alydolbpuog AMiver morég popég
70 (010 VIO-OTIYIOTUITO O¢ avtiBeon pe tov ahydolBpo duvoptroy TEOYQAUUOTIONOU ®AOE VITo-
otyioTumo axQupass pia poed (BA. Zyfupa 3.1). O
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1.4

MN

1.2

N

3.3 4.4 2.2 3.3

Yyrjra 3.1: To dévrpo Twv avadgoprdv xAoemv 1ov akydpBuov RecMatrixChain yio 4 mivoxeg.
Ta vmo-otydtuma pe yeiCo yoduo ot deEud €xouvv 1idn Mbel and mponyovueves ¥Moelg. Xe
OUTES TIG TTEQLTTAOELS O AVAOQOWRAS OhySELBNOS EAVOAIVEL TO VTTO-OTLYILOTUTIO, EVE 0 0MYOQLOROG
QUVOLROU TTEOYQOUUOTIONOU aADS avoxolet ™) BEMTIOT avixeypwevixy Ty, To mopdderypo
elvon amd to [11], Zyfqua 15.5.

Aoxnon 3.3. H MatrixChainMultiplication emotgégel povo ™ PEATIOT] OvTIRELNEVIXY TN
m[l,n]. Na tgomomonjoete Tov alydobuo dote vmohoyiler a féhtiom Adon. Na dotumd-
oete 0g Pevdoxddma €vav aiydoBpo mov Ba vworoyilel to ywvduevo Aj , XONOWOTOLDVTOS
axQUPAdS m[1, n] TOMATAACIOOPOUS HETAED OTOUXEIWV TWV TTVARWV.

Avon. Twa va gtvon duvar) n avoxarooxevy me PEAMTIOTNG Mong mEEmeL Vo amoOnxevovue TV
T Tov k (onuelo dralpeons g vraxolovbiag A; ... A;) yio mv omolo mpoxuntel 1 fEATLOT
g mli, ], yio %dBe 1 < i < j < m. Auvté pmoel vo yiver YoNoWomotdvIas §vay mivoxka
sli,7]. Me auvté tov 196mo, agot vrokoyicovue ™ Péltoty Ty m[l, n], pmogotue va ava-
raAéoovpe TS EMPUEQOVS PEATLOTES MIGELS TTOU CUVOUAOTNRAY YLAL VO OYNUOTLOTEL 1 BEATLIOTY Adom
yuoL 1o 0EYWO oTLYmoTuto. O vmoloYLoRGS TOv YLVOUEVOU UToQEl Vo yivel avadgomxd doi-
odvtag mv vaxolovdia A; ... A; oto onpeio s[i, j] xar vwoloyoviag 10 emUEQOVS YIVOUEVO
Aij = Ai i) Asli 1.5 u

3.1.1 Avadgopn pe Mvijun

Zmv Aoxnon 3.2 dwatvrdoape Evayv top-down akydpiBuo yia to TlpdpAnua tov Tohhamhaoiaopoy
AxnohovBiog IMivdrmv ue xoovo exBetind extéleongs, T oTLypi] IOV O AvIioToL0S aAyoQLOuog du-
VOOV TTQOYQOUUATIONOV Elye WOALS ®UPLRS YeOVo extéleons. Mmopolue Suwg va ouvduvdoovpe
™V arodoTRAOTNTO TOV SUVOIXOU TTQOYQOUUOTLOUOU UE TNV OTTAGTITOL 0TO OXEOLAOUS RO TNV VAO-
molnon wov TEOOPEREL N avadopxy (top-down) TEOCEYYLON YONOWOTOUDVIOS TNV TEXVIXY TNG
avadoourjs pe pvijun.

‘Onwg 010 JUVOIRG TEOYQOUUATIONS, omobnxevouvne Tg PéAtioTeg AUOELS TV VTO-
OTLYWOTUTTWV 0€ €vav mivaxa., ‘Opmg 1 oupumAfomon cutol Tov Fivoxo PUETaL TV ToQela Tov
avodouxoy alkyopBuov. Agyxd, To OTolyEld TOV Tivaxa meQLExouv pio €011} Ty} tov On-
MdOVEL OTL Tl awvtioToly o vITo-oTymdTunta dev €xouvv emAvOel. Kdbe avadoouxi] xAqon aoywxd
eEetdlel v aviiotoyn B€on Tov mivaxa. Av 10 vmo-oTrypdtumo €yxel 110N emivBel, n fElTioT
OVTIXELUEVIXT] T OVOXOAELTOL AT TOV TVOXA RaL 1) #AOT OAORANQMVETOL. ALOPOQETIRA, TO
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VIO-OTLYIGTUTTO €MAUETOL RO 1) BEATLOTH OVTIXELUEVIXT] TN 0TTOBNREVETOL OTOV TIVOROL YioL PEN-
hovxn xofion. Me amhd Adyla, xdBe @od Tov gugaviCeTol To (910 VITO-OTLYIMGTUTO, OVTE VA TO
gmAvoovpe anmd TV oy Omwe Ba €xave o avadQords akySQLBUOS, aVATEEXOUIE OTOV TTivara
TV EMUEQOVS BEAMTIOTWV AVOEWY, CUNPOVO UE TIS ETUTOYES TOU SUVAILXOV TTQOYQUUUOTLONOVU.

Ol oQondTm CUVOQTHOELS EPAQUALOUY TNV TEXVIXY TS avadoomis ue uviun oto ITodpAnua
tov IToAamhaoiaonoy AxolovBiog ITivaxwmy.

RecMemMatrixChain(d[0, . .. , n])

for i < 1 ton do
for j < 1 ton do
mli, j] < 0o;  /* Agymomoinon mivaxa */
return(RecMemChain(d[0, . .. ,n)));

RecMemChain(d[i — 1,. .., j]);

if m[i, j] < oo then return(m|i, j]);

if i = j then m[i, j] = 0;

else

for k< itoj—1do
q < RecMemChain(d[i — 1,...,k]) +
RecMemChain(d[k, . .., j]) + d[i — 1]d[k]d[j];

if ¢ < mli, j] then m[i, j] < ¢;

return(mli, j));

O yodvog extéheonc e RecMemMatrixChain eivow ©(n?) emeidij xdbe 0éon tov mivana
mli,j], 1 < i < j < n, agyomoleltal pévo pict od. Ymobétmviog emoywyrd 6t ou B€oeig
mli, k] now mlk + 1, 7] éxovv 1idn apywwomonbel, to mepiexduevo g BEong mi, 5] vwohoyCeton
O€ YOOUWAROS YOOVO.

3.2 To ledéprinua tov Ilegrodevovrog Iminty

"Eva tumxd mapdderyna meofAinotog ovvduaotixis PEATIOTOTOMONS 0TO 0Tol0 €QUQUALETAL 1
nEBodog Tov duva ol meoyooupatiopot eivan 1o IIpdpAnua tov Iegrodevovrog Iwinti (Travel-
ling Salesman Problem, TSP). To ITppinpa tov TTegrodetovrog TTwint) eivon amd Tor onuovtireo-
TEQO ®aLl EVEUTOTA PedeTnuéva toofiipata ovvdvaotnic PeATiotomoinong ue ToAES TAQUAAAYES
%o TANBDOOL EEAUQETINA ONUAVTIRDV TQURTIXDV EPOLOUOYDV.

Ac avorohéCGOUNE TOMTA TOV 0OQLOUS TOV TROPAMUATOS WOV Topovotdotnre oty Evémra 1.2.
"Eva onywdtumo yuo 1o [pdPinua tov Iegrodevoviog Tlwinty amotelelton and €va ovvoho
N = {1,2,...,n} onuelwv »ow wo ovvdomon oméotoons d : N x N — IRy wov opiet g
amootdoelg d;j xan dj; yuo ™ peTdPoom amd 1o onpelo ¢ 0To ONUELD J %ot OITO TO j OTO & AVTIOTOLYCL.
To Tnrovuevo eival wa seprodeior (dnh. €vag xixhog mov dLEQyeTon amd ®dbe onueio oxQUPds it
popd) elayiotou uyrovs.

Xwoig PAAPN g YeVIROTTOS, BEWEOTIE GTL OL 0TTOO0TAOELS €lval BETIMES ®OL OTL M) OTTGOTAON
%d0e onueiov and Tov eowtd Tov elvon undevinr), Omh. d;; = 0, Vi € N. g avti myv evomra
Ba BewpEnoovpe T YEVIXY HOEYY] TOU TQOPAMUATOS GOV Ol AOOTACELS OV €lvor ROT avdyxn
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OVUUETOWRES (IMA. pmogel va elvon d;j # dj;) nan dev emodnOevovy #ot avdyxn Ty TOLYwVIRY
oviootta. KdBe meprodeia amotelel pa amodexty) Mion yua to TlpdfAnua tov Ilegrodevovrog
TTwAnti ue avieypevixy Ty 1o ovvolxd wijxog me. H péltion Mion, wov eivan xot 1o tnrovpevo,
elvou 1 mepLodeia pe to xEdTeQo Wirog (1 amhovoteQa 1 ovvToudteen mepLodeia).

A@ov i megrodeia SLéyeTon amd ndbe onpeio axQLB®S wiat Pod, urroovue vo BewE1covne
ot xdBe mepLodeior Eemvd amd to onueio 1. Emewdn dev vadgyovv dhhor meglogiopol, xdbe
uetdbeon (permutation) Twv onueimv mov diatneel To onueio 1 oty medT B€on ovviotd pa
mepuodeio. Me dhha Adywa, #dbe 1-1 nou eni ovvdomon (avuotorgio) 7 : N — N pe n(l) =1
VOTTOLOLOTA pLaL TTEQLODETDL 1) omtolaL emIoxRENTETOAL TO ONuelo (7)) ot 0g1pd 7. To ouVOMAS WroS
™g mwepLodeiog m elvaul:

n—1
L(7) = druy + D dr(iya(i+)
=1

Yrdoyouwv howtdv (n — 1)! duagpopeTinés mepLodeies, GOeg %ot oL dAPOQETIRES HeTABETELS TV
onueiov N \ {1}. To yeyovis awtd %ablotd OmoyOQEVTIRG TOV VTOAOYLOUS TS CUVTOUGTEQNS
mepLodeiog ne eEavrAntiny] avalitmon.

To Medpinpa Tov Tleprodevovrog TTwhnt eival dUorolo yioL TNV ®AAON VTOAOYLOTLAIS TOAV-
mhoxomrag NP (NP-hard, fAéne aviiotou o xepdlaio). Amotelel ®oLvi} EmLOTNUOVIXY TTETOLONON
OTL yLoL ovEVa TOGPANUOL 08 ot TV ®atnyopior dev videyel akydolBrog mov vor vtohoyitel
BEATLOTN AUom %o VoL EYEL XOOVO EXTEAEONS XELQOTEQNS MxEOTEQO Ot exBeTIRG (Ssub-exponential).
Ze avt) mv evotta, 0o dtaturdoouve Evay ahydpLlBno duvapxoy ToYQOUIATIOROY Yo To I1pd-
Ao tov Ieprodevovrog ITwint). O akydeBuog, av xot €xel eXOETIRG YOOVO eXTEAEONS, E(VOL
ONUOVTLXG TOXUTEQOS amtd TV eSavTAnTXn avalntmon.

Agynd eEetdCovpe av To mESPANUa €xel TV OLGTNTAL TV BEMTIOTOV emLUEQOVS Aoemv. "Eotw
wo BEATLoTy TeLodeion mov Eexivd amd to onueio 1 xow cvveyitel oto onuelo j. To wixog g
mepLodeiag elvou dij ovV TO KOS TOV TURUATOS / HOVOTTOTLOY TS atd To onueio 7 oto 1. Emewdny
TOOXELTOLL YLOL TTEQLOOELDL, TO TUNUAL TNG OTtS TO j 070 1 dLEQyeTal amd Sha Tal vdhowro onueiot (dn.
6ha taw onueion tov ovvéhov N\ {1, 7}). Emeidii n meprodeia eivan BEATIOT, TO TUHUO TS OTTG TO
j oo 1 gival To ovvTOUdTEQD MOVOTTATL TOV CUVOEEL TO j UE To 1 dlepyduevo amd GAha to. onuelo
tov \ {1,7}. Me amhd Aoywo, »a0e BErtiot) meQLodeio oxohovBel névo cuvtoudtepa / BErtiota
novordTiol (1o OLEQYOVTAL 0TS GACL TOL VITGAOLTTOL ONUELDL) YLaL VO TP el amd Tal evOLdpeoo onueio
oto aywxd. IMogateovue hotdv ot to TTpdPAnua Tov Ieprodevovrog Iwinty €xel TRy WLGTYTAL
TV BEATIOTWV EMPEQOVS AMICEWV.

Me pdon aut) TV T0QTHENON, TEOOTAOOVIE VO, SLOTUTMOOVIE L0 AVAOQOULXY OXE0T TOU
Ba meorypdpet T BErtiom Mon. “Eotw S C N\ {1} éva vmootvoro onuelwy, xow éotw i € N\ .S
éva, onueio dLapoeTs amtd to ayxé onueio 1 epdoov N \ S # {1}. SupporiCovue pe L(i,S)
TO WJXOS TOV OUVTOUGTEQOV POVOTOTLOU TTOV GUVAEEL TOo onueio ¢ pe to onueio 1 diegyduevo amd
Sha Taw onueia tov S. Tlpogavdg, av S = () (dev €yl ueivel xavévo onueio axdivmro), eivor
L(i,0) = dj1 ywa 260e i € N\ {1}. Av S # 0, t61e T0 P0G TOU CVVTIOUGTEQOV LOVOTOTLOU
mov Eenvdel amd to i, xotaAiyel oto 1, xow EQyETon amd Sha To onueio Tov S divetal amd TV
avodoouxy oyéon:

LG, $) = min{dij + L(j, S\ {7D} (3.3)
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‘Otav S = N\ {1}, Bewpovue cav onueio exxivnong to onueio 1 emewdrj elivon to povadind onueio
oto ovvoho N \ S. Enouévmg, to povordn Eexwvder xon xatahijyer oto onueio 1 diegydpevo amd
Oha to vrShoutar onpeias o to L(1, N\ {1}) eivan to wijrog g ovvtoudteons meQuodeiag.

“Exovtag dratvmadoel Ty avadooutxi] oxéon 3.3 Yo 10 URRog TS ouvTopdTeQNS teglodeiag, Ha
TQOYWOENOOUWE OTOV VTTOAOYLOUS TOV e TH WEB0dO Tou duvauroy mooyoauuatiopov. O vmwoloyL-
OUOS TV EVOLAUECHV UNKDV YIVETAL OO TO. WKQOTEQX. OTOL UEYOAITEQA CUVOAD. ZUYKEXQUUEVQL,
yo. vo. vrohoyioovpe 1o L(i, S) ywo wdmolo ovvoho S ue k + 1 onueia, moémet va éxovue 1jom
vrohoyioer 6hes tg Tmés L(4,S \ {j}). YmohoyCovue howtdv tg ég L(i, S) Eenwvdviag amd
S = (), nou ovveyiCovrag pe ovvoha peyébouve 1,2,...,n — 1.

Mo vhomoinon avtic g otpatnywig diveton and Tov maaxdtw Ppevdoxrmdirna. XENotuo-
Tolovpe Tov Pondnuxd mivaxa J yio v amodixevon mg pEAtiome mepodeiog. To J (7, S) diver
TO EMSUEVO onueio 7 Tov povormatoy and 1o ¢ 0to 1 mov axohovBel n fEATIOTY TEQLODETDL.

TSP(d[L...n][l...n])
for : < 2 ton do
L(i,0) « d[i, 1];
for k < 1ton —2 do
forall S C N\ {1},|S| =k do
for alli € (N \ {1})\ S do
q < 09
for all j € S do
if d[i,j] + L(j,S \ {j}) < ¢ then
q < dli, ]+ L(5, S\ {j}); t+j;
L(i,S) +q; J(i,S) « ¢
q < 005
for j < 2 ton do
if d[1,7] + L(j,N \ {1,7}) < g then
g« d[1,j]+L(j, N\ {1,5}); t<j;
L, N\{1}) ¢ J(I,N\{1}) « ¢
return(L(1, N \ {1}), J);

H agyromoinon twv ototxelwv L(i, §) zot o vrohoyionds tov otoryeiov L(1, N\ {1}) yivovron
oe xo6vo ©O(n — 1). Tw k = 1,...,n — 2, 0 0QOUGS TOV JLOPOQETIRDV YVHOLOV VITOCUVCAMY
S C N\ {1} ne uéyebog k eivou (”;2) I %dBe T€T010 Ovvoho Bemwpovue n— k — 1 agywmd onueio
i € (N\ {1} \ S. T =d6e tétol0 ouvdvaous (i, S), o vroroyouds s wug L(i, S) yiveton
og xo6vo O(k) and mv avadgomxrj oxgon 3.3, Suvends, 0 YOOVOS EXTENEONS TOV aAyGQLOUOU
duvapLrov mpoypaupatiopov yia 1o [Ipépinua tov Ieprodevovrog Iwhnty eivau:

0 (nf (" . 2) (n—k— 1)k> — O(n22")

k=1
‘O00V apoEd OTIE ATOUTHOELS OE Uvijun, o mivaxas L éxer ©(n2™) oroxeio. Erouévmg, o alydolo-
Hog duVaILZOU TOYQEAUUOTIONOU YeLGleTon ©(n2™) BEoels uviung yia var virohoyioel T PEATIOT
meQLodeiaL.
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Tynre 3.2: Zuypdtumo tov IpopAjuatog tov Iegrodevovrog ITwinty ue 4 onueio. To mopd-
devypa gtvon amd 1o |7], apdderypa 5.6.1.

O Y00vog exTELEONS %Al O XDEOS OoBreEVONS AVEAVOVTAL AOWTGV eXOETIRA UE TOV aQLOUS
TV onueiwv. Emopévwg, avtdg o alydolbpog umopel vo yonowwomomnoel oty medEn uévo yo
OTLYIOTUTTOL PE QO afud onpeiwv (y. n < 20). And v dn mheved, o alydBuog duva-
WOV TOOYQOUUATIONOU €lvoL dQUOTIXA TOYUTEQOS amd TV eESaviAntixy avalimon. Evdswmmixd
avagpépoupe 6t yia 20 onpeia, N moodmro n?2" givou mepimov ton pe 4.2 x 108, evd 0 apLOpSe Tov
OLOLPOQETINMV TTEQLOJELWV TTOV TTRETEL VaL eAeYYBOUV amd Tov akydolBno eEaviintixig avalimong

givar 1.2 x 1017,

Aoxnon 3.4. "Eotw €éva ovvolo tecodomv onueiov N = {1,2,3,4} 1mwv omolwv oL omootdoels
anewovicovior oto Zynua 3.2. Iepryodapte ) Aertovpyia Tov aAydolBuou duvouxoy Teoyoau-
notopoVv TSP yia awtd to onypudtumo eloddov.

Avon. Ou Tpég v mvdxrwv L »ol J patvoviol otov mopaxdtm mivoxo. To otouyelo Tov mivoxo
CUUTANQ®VOVTOL 07T6 0QLOTEQC TTROS TO. OEELA %ol amtd TAvw TEOS Tal ®ATw. “Exouv peivel ®evég
oL B€oelg Tov mivoxa ToV OEV AVTLOTOLYOUV OF EYAVQOVS CUVAUAOUOUS TAQUUETOMV.

is] 0 | {2} | {32 | {4} | {34} | {24} | {2,3} | {2.3,4}
1 35 (2)
2 | 5 15 (3) | 18 (4) | 25 (4)

3] 6 [18(2) 20 (4) 25 (4)

41 8 [13(2)]15(3) 23 (2)

H péhniotn megrodeia €xeL prixog 35. ArolovBdvtog Ta meglexdpeva mov mivoxa J, dtoamotdvoupe
on n Péltiotn meprodeia etvon 1,2, 4, 3. O

3.3 To Illgéprinuae tov Laxidiov

“Eva dMo oSRAnua ovvduaotinng feltiotomoinong oto omoio epooudletal ue emtuyio 1 néBodog
ToU duvapxoy mpoypapuatiopoy givon 1o Axépoto Ipdpinua tov Zoxdiov (1 amhd TTodfinua
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tou Zaxdiov — Knapsack Problem). Ag avaxalécoupe Tov 0QLOUS Tov TQOPMIUTOS TOU TOQOV-
owdomxe omv Evémra 1.2. Atvoviou €va ooxidio peyéfovg B > 0 wow n avureipevo peyéovg
s; > 0 now aklog p; > 0,7 =1,...,n. To Inrovpevo elval 1 CUANOYY] OVIIXEWUEVWV PE TV PEYO-
Mitegn agilo mov xwodetl oto oaxido. Tumxd, Tnrelton 1) peylotomonon tov Y .- fi pi V6 Tovg
TEQLOQLONOVS Y ity fisi < B won fi € {0,1} yuondBe i =1,...,n.

‘Onwg wou 1o TlpdPAnua tov Iegrodevoviog Twint), 1o TTpdPAnua tov Zaxdiov eivar dU-
oxrolo yio v »hdon NP. Eivar howwov »owvy emomquovinn memoifnon ot xdbe akyéoiBuog yia
1o [TeSPAnua tov Sondiov €xel xoOVo eXTELEONS XELQOTEQNS MEQIMTWONGS eXOETIMS 01O péyeBog
TOU OTLYIGTUITOV EL06J0V. O aiydpBpog eEavrinuxig avalitnong doxindiel dha ta duvotd vmo-
OUVOADL OVTIRELUEVMV RO EXEL XOOVO extéheons O(n2™). e avni Ty evémra, Oa dlaTudoouue
gvay oAU artodoTvdTEQO aAYOQLOUO dUVaKOU TEOYQOUUATIONOV.

Agynd eEetdlovue av 1o TTpSPAua Tov Zaxidiov €xel v LOWGMTA TwV BEAMTLOTWV ETUEQOUS
Moewv. ‘Eotw A* C {1,...,n} n féhkuiom ovdhoyq avuxewévov. Tagammeoipe 6tL av amopo-
#QUVoVIE 0mroL0dNjTToTE avtieinevo j € A* amd m féltiom ovhhoyn, n ovihoyii A*\ {j} amotehel
wa fEATo Mo yua oaxido ueyébovg B — s xow avuxeipeva {1,...,n} \ {j}. Av pdhorta j
elvou To avtirelpevo ™ PEATLOTNG CUANOYTG UE TO PEYOAITEQO QEIXTY), TO CUVOLO TWV AVIIXELUEVWV
umoQel va megroplotel og {1,...,75 — 1}.

Me Bdon avti v mopationon, 6o SlaTudoovpE T NaOnUOTIY OXECT OV TEQLYQAPEL TN
Bértiom Mon. TwxdBe i = 0,1,...,nxadb=0,..., B, éotw P(i, b) n uéyrom a&io ovuxeuévmy
a6 to ovvoho {1, ..., i} mov xweouv e caxidio peyéBous b. H akia mg fértotg ovhhoyrg eivon
P(n, B) agot emAéyoupe avireiueva amd 1o obvoko {1,. .., n} mov mpénet va xyweovv oe coxidto
ueyéboug B.

Eivaw P(0,6) = 0 yia #dbe b = 0,..., B (t0 »ev6 ouvolo €xel undevinyj akia). Emiong drav
b <0, éxovue P(i,b) = 0y »dBe i = 1,...,n (vavéva avuxeipevo deV PTOQEL Vo wQEOEL 08
ooxido pe undevind 1| agvnmrd péyebog).

“Eyovtag vohoyioer 1o P(i — 1,b), eEetdlovpe I dQuvaTSTNTES Y10 TO AVTLKEINEVO © VL0 ®GOE
drapogeTny] Ty tov b, b = 0,..., B. H modtn duvordmra elval o ¢ va PHelveL eXTOg oaxidiov
omdte N akila Twv avixenEvav oto ooxidlo mopapével P(i—1,b). H devteon duvatdmra elvon to
i vo. oupuTTEQMPOEL 0TO TOridLO, OTTGTE O YWEOS oV dartiBeton Yo to ovvoho {1, ..., i} yiveton
b— s;. H ouvolxij a&io tmv avieeuévov yivetor P(i —1,b— s;) 4+ p;. EmAéyovue ) duvardmnra
OV UEYLOTOTOLEL TV TLwyj Tov P(4, b). Emouévmg, ot pés tov P(i, b) divovron ammd mv avadgopuxyi
eElowon;:

max{P(i — 1,b),P(i —1,b —s;) +pi} ywoxdbei=1,...,nnwoub=1,...,B
P(i,b) =< 0 avb <0
0 avi=20
(3.4)
O vmohoyYLoUGS TG PEATLOTNG OIVIIXELUEVIANG TLUNS UTTOQEL VaL YIVEL e dUVAILHG TTOOYQOUOLTL-
oud. YmohoyCovror mpdta ot Tnég P(7, b) mov aviiotoryouv o xedTteQes TES tov i. Lo #dbe
OUYXEXQLUEVN TLUY] TOV %, VTTOAOYICOVTOUL TTOWDTOL TOL OTOLYELCL TTOV OVTLOTOLYOUV OF UWXQGTEQES TLUES
tov b. KaBe otouyelo g yoouuwis ¢ umwopet va, viroloylotel oe otaBed xodvo av elval diabéoLua
Sha T otoryeion g yoauunis @ — 1. Suvolxd vrohoyiCovian (n + 1)(B + 1) tués. O yodvog
extéheons Tov akydpBuov duvapuxol mpoyoaupuatiowot givor ©(nB). Ou B€oelg uviung mov
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QTTOUTOVVTOL YL0L TOV VITOMOYIOUS TG BEATLOTNG aviielpevinns Tyis eivon © (B) emeldij o vrohoyt-
OGS TV OTOLYEIMV TNG YQOUMNS ¢ ATtallTel udvo ta ototyeio me yoouunc ¢ — 1. “"Etot o alydoibuog
YOEWALETOU VO OTTOONXEVEL UGVO TIS TWES TNG TOEYOVOUS YOUUUNS 4 RO TS TQONYOUUEVNS YOOUUNG
i—1.

T Ayous amhdmrag, mapabgtovue o vhomoinon Tov akyéolpou o yonowwomolel O (nB)
0goelc uviung. AQNveTal oav doxnomn Vo TQoTomoOel 0 TAQARATH PEVIORDIWMOS DOTE Vo
yonowpormotel ©(B) BEoeig puviune.

Knapsack(B, (s1,p1); - - (Sn,Pn))
for i < 0 to n do P[i, 0] < 0;
for b < 1 to B do P[0,b] < 0;
for i < 1 ton do

for b+ 1 to B do
if b — s; > 0 then
t« Pli—1,b— s;] +pi;
else ¢ + 0;
if P[i — 1,b] > ¢ then
P[i,b] + P[i — 1,b];
else P[i, b] «+ t;
return(P[n, B]);

Aoxnon 3.5. Na toomou|oete Tov TaQAmdvm PeudorRMIMA DOTE VA EXTUTWVEL TAL OTOLXElD TNG
Bértiotng ovihoync. Tlolég elvan oL amauT|oels o€ vy Tov TQOoToMuUEVOU akyooLBuou;

Avon. I tov vmohoyioud g BEATLOTNS AMiong, TEETEL VO AVATQEEOUIE OTOV TEOTTO VITOAOYLOUOU
tov P(n, B) #ou va dovpe oo ovureipeva moémel vo, ovumeouingBotv ot BEAtiotn ovhoy.

ALaTeEyoupe ToV Tvora oItd TLS YOOUUES Ue NEYAAUTEQO OE(HTN TTQOS TLS YOAUUES € PRQOTEQO
delntn. Wdyvouue Tov peyalitepo deixtn j ywo tov omoio P(j, B) > P(j — 1,B). To j eivau
TO TEAEVTOLO OTOLYElO OV €xEL ovumeQAngOel ot PEATLIOT oVALOYT. Mewwvouue to péyeBog Tov
ooxdiov oe B — 5; (deouedovrag xmwEo Yo 1o OToLyelo 7) %o cuveyLovpte Pdyvoviog ToV Peyol-
Miteo deixtn j' ywo tov omolo Plj’, B —s;] > P[j' — 1, B — 5], ®ox. O mogamdvem peudorddixag
TEETEL VO, OVUTANOWOEL QLS TOLY TV €VIOAY| return wg eENg:

b+ B;
for : <— n down to 1 do
if P[i,b] > P[i — 1,b] then
print(z); b < b— s;;

BAémoupe 6tL yio voo vtohoyioovue ™) BEATIOT) oVANOYY, O aAYSELONOS duvaIXOU TEOYQ-
UATLOROU XELATeETOL VO 0obnretoel ohdxhngo tov mivaxa P[0...n,0... B]. Tvvendg, evd yio
TOV VITOAOYLOUG ™S BEATLOTNG aVTLXELNEVIRIG TWES YoELdLovTol O (B) Béoeis uviung, yuo. Tov vio-
Moyops g Bértote Miong xeeldtoviar ©(nB) B€oeis uviung. 0
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Agxnon 3.6. EEnyeiote ) Aertovgylo Tov alydoLlopov duvoprol TQoYQOUUOTIOUOU YO TO OTLY-
wétumo (10, ((3,5),(2,7),(4,4), (6,8),(5,4))) tov IMMoopMjnatog Tov Toxidiov.

Avon. AxohovBouv ol TIES TS ouvdETonS P yia To GUYREXQUUEVO OTIYILOTUTO.

ib|0(1]2|314|5 |6 |7]8]9]10
0(0(0j0j0j0]JO0O|O0OJ0O|010]0O0
110/0/0({5|5|5| 5|5 |85 |55
21007 |7|7|12]12|12|12| 12| 12
3 10(0|7|7|7|12|12 1212|1616
410107 7|7]|12|12 12|15 |16| 16
5100777121212 |15|16| 16

H a&ia g féhtiome ovhoyric elvan P(4,10) = 16. To ovyxexQuuévo ouymdtumo éxe dvo
Bértoteg Mioeig, g {1,2,3} wou {1,2,5}. H tpomomoinon g Aoxnong 3.5, 6o vrohoyiogl v
TQWTY). O

Aoxnon 3.7. Zto IToopAnua s Awauéoions (Partition Problem) diveton €va 09voro guotrdv alb-
udv X = {x1,z9,..., Ty} %o TQETEL VO ATOPOCICOVUE CLV UTTOQEL VOL XWOLOTEL 08 d0 VITOTTVOha
X1 now Xg pe 1o tdo dBpotopa otoyeiwv. [gémel nhadn va amopacicovpe av 1 magaxdtw Ao-
ywn medtoon aknbevel yia To ouvolo X:

IXL X CX:(XiNXa =0 A (X1 UXo=X)A[ DY mi= > a (3.5)
1€ X1 i€Xo

Noa dratvmmoete ®ou va avalioete Evay akyoBpo duvopirot moyooapuuatiopnoy yio to [pdpAnua
™me Awpéorong. Tlowdg elvon o xpdvog Yo vo AvbBet to medPAnua eEetdlovrog Gha Tor mbavd
VTOOUVOAD TOU X ;

Avan. Xwoig PAAPN g yevirdmrag, Bempotue 6t 1o dBgolopa Tmv otoryeimv Tou X givon Luydg
aoBpde. Me dlho Ayra, vdyet puowds agbpds S tétolog wote 2.5 = ), 5 z;. Ioodivapa,
mognel va amogpaotoovpe av vrdoyet X' C X pe dBpowopa otorxelwv axopag S. Tlagam-
povpe emiong ot to IIpdPAnpa g Atopéorong dev elvar medPinua Pehtiotomoinong (PA. emiong
Aoxnon 3.8). Mohatavta, to [TpdfAnua g Atapgéorong €xel puat OLETTO TOVTOOTUE UE CUTH TWV
BEATIoTOV EMUEQOVS MICEMV %Al UTOQEL VoL AVOEl Pe OUVOUIXO TTOOYQAUUOTLOUS.

"Eotw X' éva vrootvoho touv X pe dBgotopa otoxeiwv S (Bewoovue 1o X' oav m “Aion”
Tov meoPMjuatos). ‘Eotw j € X' to otoueio tov X' pe 1o peyalitego deixtn. Tdte 10 olvoho
X'\ {j} amotehel wo “Mon” oto gpdmua av “vrdoyet £vo vIroowvolo Tov {Z1,...,Tj_1} NE
dbpotopa ororyelwv axowg S — z;;”. Avti n Widmra tov ITpoPMjparog e Atapugorong elvon
Tavtdonun pe v WeTNTa TV BEATLOTOV ETUEQOVS MIGEMV.

Oofitovpe ™ Moy ovvdomon p : [n] x [S] — {0,1} g e&ic®: p(i,7) = 1 av vadoyet
vroovvoro tov X; = {z1,...,x;} ne dBpowopa orovgeimv j, »an pli, j] = 0 av dev vdgyeL 61010
vroovvoro, 0 <1 <n, 0 <5< S,

¥Eotw k guomde aouopde. Suppoiitovpe pe [k] 1o 0ivolo twv guomdv aolbudy ov dev Eemeovoiv 1o k, Snhadii
10 ovvoro {0, ..., k}.
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T #@0e j > 0, givou p[0, j] = 0 yati 1o GO TV OTOKEIWY TOV ®EVOU ouVGhou givau 0.
T #dBe i € [n], eivan p[i, 0] = 1 yia Tov dro AGyo, »aw pli, j] = 0 av j < 0, exedn dev vdoyeL
VTTOOUVOLO e aQVNTIrG ABgolopa oTor Elimy.

Naxabei=1,...,numj=1,...,85, elvaup[i, j] = 1 Srav elte p[i — 1, j] = 1 (A, vrdoyer
NN VTOGBVOAO TOV {Z1, . .., x;—1} e dBgowopa otovyeinv 7) eite pli—1, j —x;] = 1 (A, vmdoyer
VITOOWVOAO TOV {21, ..., Ti—1} NE AOQOLONO. OTOLYEIWY § — Z; TTOU YIVETOL § UE THV TQOOHN®Y TOV

x;). Me dMa Moy, pli, 3] = pli — 1, 4] V pli — 1,5 — x;]. Katahjyovue howmwéy oty mooxdtm
avadoouy] oxéon mov meQryedgel ™) Avon oto IlpdfAnua g AlauéoLong:

pli—1,j)Vp(i—1,7—z;) yaxdbei=1,...,nnawj=1,...,8

. 1 avj=0
= 3.6
p(i, ) 0 v j <0 (3.6)
0 avi=0xaj >0

H andvmon oto IedPinua e Atapgéolong divetor omd vy i p(n, S) xow uroQel va vmo-
royLoBel pe ™ néBodo Tou duvapxot TEoyeaunaTIopoy. O Pevdoxmdrag eivol ToQGUoL0g e
avtov yio to [TpéPAnua tov Zaxtdiov xo 1 SLOTHTWOoN TOU OPHVETAL GOV AORNOT| OTOV OVOLYVAOT).

O aky6Bpog duvoxol TEOYQOUUATLONOU €XeL XoOvVo extéleons O(n.S) xat xonowomotel
O(S) Boeic uvijune. O aEBUGE TV SLOPOQETIRGY VITOOUVAAWY Tov X elvon 2". Emopévog, o
YOOVOS exTEAEONS Yt TOV ahySBpo eEaviAnuxiic avalrmong eivan Q(n2™), dpauatixnd peyoh-
TEQOS OO TO YEOVO EXTELEONS TOV GAYOQLOUOV dUVAILAOU TTQOYQAUUOTIOUOU. O

Acxnon 3.8. To ITpdPAua Ts ALOUEQLONG OLVHREL OTNV RATIYOQIOL TOV TQOBANUATWY QméPacTs.
Tomud, éva mEofANUa ardpaons SLOTUTAVETOL LE T HOQEMN OIS AOYLXTIS TTQOTAONS YLAL TNV OTtolo
TEETEL VO OTTOPAOICOVPE av givar weavomomjoyun. H “Mion” evdc mpofhipnatog andgaong eival
Nat av 1 mpdtaon eival iavomomjolun o Oy dtogpoetind, Mhadn €xel unxog poMg evog dva-
AxovU Yneiov. TN CUVTOLTTLAY TTAELOYNPIC TOV TEQIITOOEMY, £Va TEOPANUOL ATTGPAONS NTOQEL
va OewonBet oav eSetdixevon evig (M val TEQLOCOTEQWV) TEORANUAT®WY Pertiotomoinong: Alveton
wo Teurj xatweAiov B »al 1 epdtnon elval “umdyel Aor pe ®00Ttog To oAU B;” GTov TROXELTOL
v TESPANUO. ghayLotomoinons , xoL “vrdoyel Mon pe x€0dog Tovldylotov B;” yio medpAnua
ueytotomoimons. H Adom yio to medpAnua amdpaong elvor “Noi” av xal uévo av n fEAToT
ovTixelpeviry T eivor B 1 woAltepn. Emopévog, av yvwpiCovue ) BEATLOT OVTLXELUEVIXY]
T, Advoupe euxoha to avtiotowo mEORAua andgaons. loyvel Spwg xou 1o avriotgogo: Av
UTOQOVUE VO OTTOVTHOOVIE TNV EQWDTNOT, TOTE VITOLOYICOUNE T PEMTLOTI AVTIRELUEVIXT] OE TOMVM-
VOO ¥QEOVO xonotpomoldvras dvadixy avalitnon (PA. aviiotoyn evétnto oto ®e@Alao Yo
VITOAOYLOTIXY] TTOAUTTAOROTNTCL).

Aroturdote €va medPAnua feltiotomoinong Tov omoiov wo eEedixevon amoteei to oS
™ AlouégLong.

Avon. Na dapéoete to ovvoho X = {z1,...,x,} 0g do ovvora X7 naw Xo dote vo ehayoto-
mowBel to peyohitego amd ta dvo abgoioparo:

max E .731',5 ZI;

1€X1 i€Xs
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"Eotw B = %216 x Ti ) zorwghiov. H BéAtiom aviepevinr Ty eivow 1o mohd B ov xou
uévo av to avriotowyo otymdturo tov [pofijuatog e Atopéoiong €xet Aon “Naow”. O

3.3.1 Alyoeifpor Wevdo-IloAvovumzoy Xpovov

Avagépape 6m 10 [ToSpAnua tov Saxdiov eivor dvoxoro yio Ty ®xhdon NP xou amotehet nowvn
gmotuovixy memoiBnon ot yia 1étoov eidovg dev vmdEyxouv akydolBuol pe xodvo eXTENEONS
YELQOTEQENS TEQIMTWONG 7oV elval molvwvvuixds oto néyebog tou otypdtumor gloédov. Amd
™V dA Aeved, 0 aAySOU0S JUVOULXOT TTEOYQOUUOTIONOU EXEL YOOVO EXTEAEONS TTOV €lVOL
TOAVWVUILRGS OTOV 0OLBIO TWV OVTLXELUEVWVY T %Ol 0TO UEYEBOS Tou caxdiov B.

H mogandve aviipoon eival pévo garvopeviry. To péyeBog tov onymdtumov elgédou eivar
{00 pe Tov aELBUo TV duadLH®Y YNPLoV TOV XOELATOVTOL Yo Vo AmoBN®EVOEl TO OTLYILOTUTIO OTY
uviiun tov vrohoylot. H dvadwn xwdiwomoinon tov B yonowomotel log B xow v B dvadird
ymoia. “Etol o mopdyoviag B 0T0 Y00V0o eXTEAEONS TOU OAYSQLOMOU REYOAMDVEL EXOETIXRA YO YOQO
w¢ mEog TV oodtta log B mov amotehel néTQO Yo 10 HEYEB0S TOU OTLYIGTUTTOU ELOGJ0OV. Zuve-
DG, 0 YOOVOS EXTELEONS TOU AAYSQLOUOV dUVOULLOU TOOYQAUUATIONOU SV elvar (o dev mEETEL)
VoL X0QaXTNELOOEl TOAVWVUIUXOS 0TO HEYEDOS TOV OTLYIGTUTIOV €LGGJ0V.

To Axépauo ITpdpAnua tov Zaxtdiov amoteAel €va Tumnd TaddeLyno aptbuntixov moopiijua-
to¢ (number problem). "Eva modfAnua xapaxtnoiCetan aofuntird étav 1o uéyefog tmv agOudv
TOVU EUTTAEXOVTAL O €VOL OTLYIGTUITO TOV TTQOPAUOTOS UITOQEL VoL ElvaL HEYAAITEQO ATt OTTOLOdN-
mote ToAMdVUPO Tov TABoVS TwV “Bacdy cuviotwo®v”’ tov. Zto TTpdfinua tov Zaxwdiov ot
“Baorés ovviotwoeg” elvon Tor avixeipeva xou to mABog Toug eivon n. ‘Opwg 1o néyebog 1 m
0&lo ®ATOLWV avTIRENEVOV UoQel vo Eemevd ratd mold to 27, Ze avti v megimtwon, &i-
vou 70 PEYEDOS TV 0BGV %o OYL T0 TARO0S TOV OVTIXEWUEVWV TTOv ®aB0QICel T0 néyebog Tov
OTLYULOTUTTOV EL0GO0V.

To péyebog tov orymdTUIOV £L06J0V VS aBUNTIXOU TEORMHOTOg ®aBoQiletal amd to
MB0C TV “POOLR®OY CUVIOTWOMV” TOU %ol ATtd TO TAH00G TV dVAdROY YNeimV IOV aTaLTovvVTaL
YLl TV amoBnxevon Twv alBudv mov gpgpavicovion oto onymdtumo. To wAiBog Twv dvadixdv
Ynoplov yro v amodixevorn evog apbuov eivor Aoyaolduxd oto puéyebog tov apbuov. “Evag
alyoEON0g €Yl ToAvwvvuixd YOOVO EXTEAEONS GTOV OMOXANQMVETOL O XOGVo Ttov dev EemeQvd
€va, TOAMVUIO TOV TAB0VS TV “PACIR@V CUVICTWOWMY ®ol ToV Aoydotbuov Tov ueyohiteQou
0QLBUOY TOV EUPAVITETOL OTO OTLYUOTUTO.

I apxetd apBunTixd TEOPAUATO VITAQYOUV AAYSQLOUOL UE YOOVO EXTEAEONS TOAMIWVUULXG
010 TAMB0G TV “factrdv ovvoT®o®V” (Tov cuvROws cupufolileTon ne n) xal oto uEyefog Tmv
aLORAV tov epgaviCovion oto otymdtumo. TEtolol alydoLBuol yopoaxtoitovrial oav alydoiuor
Yevdo-molvwvvuixov yoovov (pseudo-polynomial-time algorithms). "Eva mopdderypo alydoiBuov
PYEVJO-TIOAVMVUILXOV XOGVOU Elval 0 aAYSLOROg duVOLLoy TOYQOUUATIONOU Yo to TTpdpAnua
Tov Saxtdiov.

Tumnd, €éotw = M dvadixy ®WAOTONON KATOLOV OTLYILOTUTTOV EVOS CELBUNTLXROV TEORAMIAL-
T0G, 1. TO TM{O0S TV “PACIRDOV CUVIOTWODY” TOV Z, %ol max(z) 1 Ty Tov UEYOAMITEQOV aQLOIOY
7oV gUaviCeTal 0to otryudtuo. "Evag alydptBunog €xel Yeudo-rtolmvupLie Xoovo EXTEAEONS OV
ohoxhnodvetal e xodvo O((n max(z))¥), yuo ndmora ota@eod k > 1. Anmé v Ay mhevod, €vag
alYGOLOROC EXEL TOMMVUILLGS XOGVO eXTELEONS oty ohorAnodvetal e xodvo O((n log max(x))*),
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yia ®dmola otafepd k > 1.

Kdfe pevdo-molvmvupunyj moodmra, mov €xel TdEn peyébove O((nmax(x))F), peyohdver
exBeTind yoriyopa o ox€on pe 1o Wijrog g dvadixng xwdiwomoinong (dmhadi to péyebog) tov
OTLYIGTUITOU €L0GJ0V, TToU €xEL TAEN neyébovg O(nlog max(x)). Emouévog, évag ahydoibpog
PYEVAO-TTIOAVMVUILKOU YOOVOU eV €YEL TOAMMVUILAG OANG exOeTinG YOOVO eXTENEONS!

Tvmxd mapadeiynorta alyéoBuwy Pevdo-rolvmvuprol xodvou elval ol alydolBuor duva-
mxov mooyooupatiopot yia 1o Iodpinua tov Soaxidiov »zow to TIgofAnua ths Avopéoiong (PA.
Aoxnon 3.7).

3.4 Biphoyoagirnés Avagoeés

H pébodog tov duvopurol TQOYQAUUOTIONOU %Al Ol EPOQUOYES TS 0TV emiAvon mpoPAnudTmy
ouvdvaotxyc fertiotoroinong magovotdletar moAd xald ota [11], [32], »ou [5]. O Bellman 6e-
weeltal ot Eexlivnoe ™ cvompotxy] HeELET g nebddov Tov duvauxol mpoyooppotiopoy. O
akyépBpog duvopuxot mooyoappatiopov yio to [pdpinua tov Iegrodevovrog Mwinti eivan Ttwv
Held »ou Karp [22].



4 AmAnotor AlyooiBuot

O mepLoodtegot alydgipol yio mpofijuato Peitiotomoinong Aettovpyouv og PUATO. RAVOVTOS
HATOLES ETMAOYEC YLl TN LOOPN TNS PEATLOTNG AUong o ®ABe frino. 210 SUVOULKO TTQOYQAUUOATIONS,
vroloyiCovpe ™ PEATLOTN MO AV TOV VITO-OTLYIMOTUTMV X0l ETMAEYOVUE TS EMUEQOVS MIOELS
OV MRENEL VOL CUVOVOOTOUV YL Vo oxnuaticovv ) féltiot) Mion. “Etor Aivoupe oAy meQlooo-
TEQOL VIO-OTLYMOTUTTOL 0TS owtd Tov TRaypotixd eerdiovral yia va vohoyioovpe T PEATLOT
AOom ®al aVEAVOUUE CNUOVTIXG TO XOGVO EXTEAEONS TOV OAYOQLOHOL.

Mo SLopoQeTIXY OTEATNYLXY] €lval Vo emAEYOoUIE autd ov delyver raAutepo ue Pdon mv
TOEYOVOO RATAOTOON %Ol VO AGvoupe (EQaouiloviag Ty (0L OTEATNYIXY]) TO UTO-OTLYULGTUTTO
TTOV TTRORVTTEL ALTO QLUTY) TV ETAOYN. AvTth elval 1 Paowxy otoatnywry| ®dbe dadnorov alydeibuov
(greedy algorithm). Me dla Adyia, ot AtAnoTtol alyoQLpol xdvouv tomixd PEATLOTES EMAOYES
eMTiCovTog 6Tl avtég Bo odnyrjoouvv og wio ovvolixd BENTIoTn Avon.

O dmnotor ahyépLBpol epapudtovion og moofAuato fektiotomoinong. H faowny doprj evig
dminotov alysolbuov eivou Wiaitega amhy. O alydoBuog Aettovgyet og Prjuato xou ®AVEL Pt
emAOYN O Ox€omn ue T noepn s Aong oe ®dbe Prina. O dminotog alydglOpog:

1. ta€ivouel g “Paoirés ovvoTHOES” TOV OTLYILOTUTTOU ELOGOOV MG TTEOS KATTOLO KQOLTIQLO TTOV
eEapTdrol amd To TEAPANUC,

2. emA€yelL apeTdxnto av Oo cuuTEQLAAREL TNV ROAUTEQT (WG TTQOG TO GUYREXQLUEVO KQLTHQLO)
“Baoixy ovviotdoa” ot Aom, ®o

3. €OEUSCEL TOV EQVTS TOV OTO UTTO-OTLYILOTUTTO TTOU TTQOXUTTTEL UE A0 TNV TAQATAVW ETTL-
Aoyn.

Me Bdon v ToQamdvem TeQLYQapY}, VoS AmANOTOS aAySELBUOS XAQOXTNQICETOL 0TS TO RQLTY-
010 TAELVSUNONE TV “Paotrdv CUVIOTHOMV ROl ATTG TO ROLTNELO ETUAOYNS TNG xaAUTEONS ““Booi®iig
ouvILoTHOOoOS” ot Aom.

"Evag dmhnotog alydoibpog ovoudteton moooapuootixds (adaptive) av umogel vo duogpogo-
momoeL TNV TaEvéunon Twv “Ractndv cuvioTmo®V”’ ard fRuc og PRI, XL UN-TTQOTAQUOOTIXIS
oV axoAovOel TNV 0y x1] TAELVOUNoN TV “POotrdV CUVLOTWOTOV” 08 A Ta. PiUATOL.

H emhoyn yia ®dbe “Pooiny ovviotdoa” elvol auetdxinry (irrevocable), dnhadn dev umoel
va. aAAGEeL oto néhhov. H xahitepn “paoinr] ouviotdoa” eEaLQeiTal amd TO VITO-OTLYILOTUTO TTOV
0o eSetaotel oto emduevo Prua. Av €xel emAeyel otn AMon, TOTE OL VIGAOLTES TAQAUETQOL TOU
VITO-OTLYWGTUTTOV GVOTTQO00UOLovTOL Ue Bdon avti v emhoyn. AldpoQetird, n xalvtepn “pa-
owij ovviotwoa” ayvoeital. ‘Oleg oL vmolowtes “Paoirég ouvioTdoes” (EXTOS 0TS TV ROAUTEQN)
ouuTEQLAALUPAVOVTOL OTO VITO-OTLYWGTUTO YLl VoL EETaB0UV oToL EmouevoL Prjartat.
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e ndbe Princ, 0 ATANoTog ahySEIBNOS EQOOUAEEL TV (OLaL OTQOTNYIXY OTO VTO-OTLYULGTUTIO
OV TTEOXVMTEL ONS TS EMAOYES TwV mEoNyouuevwv Pnudtmv. Opmg N epoQUoY] Tou GITthn-
0ToV 0hySQLBpROV 0TO VTO-OTLYULOTUTTO eV elvon el TG ovoiag avadoouxry, agol oe xdBe Priua
€xovpe meQLoQLOUS / eEedixevon wou Gyl dalpeon Tov owymdtumov. “Etol ot dsinotol ahyo-
oBuot dratvmdvovion eravalnmTrd ol dev Bemwpovvtal avadoomxrol alyéobuol. To yeyovog
OTL EQAQUAECOVY TV (Lo oTEOTNYIXY|] 0€ GAO %Ol MKQEOTEQO OTLYWATUTIOL POIO%EL EQaQUOYT OtV
anddelEn opbSTTOG, N OTOlKL YiveTaL CUVIIOWGS UE LOOMUOTIXY ETTAyWY).

Ou dmAnotot alydolBuol givar ouvBwe amhot oty cUAMNYY, edxolol 0to oYedLAOUS, ®o LOLOL-
TEQO OOdOTIXOL OO TTAEVQAS OTCAUTOEWV O VITOAOYLOTLIROUS TGQOVS (.. YQOVOS EXTEAEONG,
0pBuos B€oewv pviung). ‘Ouwg yior TOAG meoPAjuata, N drhnoty otaTnywy] dev odnyel o
Bétiom) Mon. H emitvyio evég dminotov alydolbuov PaoiCetol otig WeTTes s dAnortns emi-
Aoyric (greedy-choice) xal twv BéAtiotov emuéoovs AMioemv. H didmra g dminotg emloynig
eSaopaliCel 6t oL Tomxd BENTLOTES EMAOYES UTOQEOVV VoL 0ONYROOUV Og o cuvolxd BEATLOT
Mon. H 1diomta twv EAMTLOT™V EMUEQOVS AVOEMV TOETEL VAL LOYVEL YLOL TOL VITO-OTLYULOTUITOL TTOU
TQEOXVTTOUV OO TLS EMAOYES oV Yivovrow o€ #dBe Prijua. H avdlvon xdBe dminotov akysoibuov
meQLMaUBAVEL TN AeYOUEVN addetEn 00B0TnTAS, GTTOV OTTOJELRVUETAL GTL O AAYGELBUOS VITOAOYILEL
modypatt po fEATIOTN Adon.

4.1 Emloyn Aviayoviotizov AQaotiolotTiTonv

ZmVv amhovoTteQY] TOV oy, €éva meopinua Emdoyic Aviaywviotixdy Agaotnoiotijtwy (activity
selection problem) amoteheitan amd €va ouvolo dpaotnorotijtov A = {1,2,...,n} mov ararrovy
™ X01ON EVOS HOLVGYONOTOU TGQOV YIOL VO EXTEAEOTOUV (T.). €TEEEQYAOTH TQORELUEVOL YLOL VITO-
hoylonuxrég diepyaoies, aibBovoog ddaoxaiiog yio pabquota, xAw.). Kdbe dpaomoidmra i € A
OOLTEL OTTOXAELOTIXY] XONOT TOV TTOQOV Atd TNV EVAQEY TNG, TN XOOVIXY] OTLYUY S;, WEXOL TNV OAO-
®AMjewon ™S, ™ xoovixy otywy fi, fi > s; > 0. To Tnrovpevo elvon vo vroroyloBel o uéylotog
00Ouds dpaoTnELOTHTWY TTov UIwoel va. dpouoroynOel.

AT TOVg TEQLOQLOUOVS TOV TROPAUATOS, TO oAU Nio dpaotnoldtnTa woel vo foloxeto
oe eEEMEN »dbe yooviry otyuy. Oewpovue Ot 1 eXTELEOT TS dQAOTNOLOTNTOS % OECUEVEL TOV
#OLVOYONOTO QO YLt TO ddotnua [s;, fi). Avo doaotnoidtntes i xow j eivol ovufatés 6tov 1
extéheomn g wio dev amoxheier MV extéheon g ddng, dhadi Stav [s;, fi) N [s;, f;) = 0. H
BéAtiotn Mon avtiotolyel o €vo oUVoho cuPPATHV dQAOTNOLOTITMV UE UEYLOTO TANOLKS aloLBnod.

OL “Baoxég ouvioT®oes” Yo T0 TEOPANUO ETAOYNS OVTAYWVLOTIXGY dQAOTNOLOTIT®WVY Elvall
ot dpaoteLdtntes. Me Bdon ™ yevixy meQLyapy], Yo T SLotimmon evog Aminotov alkydoLuou
TOETMEL VOL TOOOOLOQICOVIE EVAL XOLTHOLO TOELVAUNONG %O VAL XOLTHOLO EMAOYIS YO TLS dQALOTY-
QLoTNTEC.

Yrdoyouvv didgpopa xoltiola. TaEvéunong tov dpaotolotitwy. H Paowxny Wéa elvar 6t n
“ralUteQn” dQOOTNOLOTNTAL EMITRENEL T UEYLOTY EXUETAAEVOT TOU ROLVOYXONOTOU TOQOU ONd TIS
vréhowes. Oa UTOQOVOUE AOLTOV VO TOELVOUOOVPE TIS dQAOTNOLOTNTES (OS TEOS TN JLAQXELOL
(A. o avEovoa oelpd TV f; — s;), WS QOGS TO XEOVO €vaEns (dnA. oe avEovoa oeLd T®V S;),
WS OGS TO YEGVo ohoxhnewons (k. oe avEovoa oelpd TV f;), 1§ oréun ®ow wg TEog To Pabud
EMRAMYNS UE TIC VIGAOLTTES OQAOTNQLOTITES.

Oa avalioovue ToV ATANoTo alydeLlBuo mov TaEWVOUEL TS dQUOTNEATHTES 08 aiEovoa oeLRd



4.1. Emhoyn Avioyoviouxrav AQaotholotitwy 55

1 _ 3 - 6 8

v . v . v . > Xpovoc
o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

Yyue 4.1: Mo fédtotn Avorn yio 10 ToQAdELYIO TOV TTQOPAIOTOS ETAOYNS OVTAYWVLOTLXDY
d00OTNELOTHTMWV.

¢ TEOS TO YEOVo oloxdowong. Xweilg PAAPN e yevirdmntag, vmoBétoupe o1t 1 aQiBunon
Twv dpaotnoLoTiwv givon tétola wote f1 < fo < --- < f, (Wwopel va emtevyOel og ydvo
O(nlogn) extehdvrag évav ahydgiuo ta&ivéunong). Komjoro emhoyris eivan j cupfardmra mg
RAAUTEQNS HQOAOTNOLOTNTOS OTO TEEYOV VTO-OTLYULOTUTO PE TIS OQAOTNOLOTITES OV €X0VV EMAEYEL
oe mponyovueva frjpato. AxorovBei 1 datimwon autoy Tov akydeBuov og Peudorddura:

greedySelection((s1, f1),- -, (Sns fn)) /* YroBétovpe 6u f1 < fo <--- < fn ¥/
C{1}j« L
for i < 2 to n do
if s; > fj then
C+«+ CU{i};j«1
return(C');

O1 3p00TNELITNTES EAEYYOVTAL 08 AiEovoa 0eLRd XoOvou oloxijpmong. Ot emheyuéveg doai-
otnELOTNTES TomoBeTOUVTOL 010 ovvoho C xat 1 petafinmi j diatneel To delntn g Tedevtaiog
dpaotTnELOTTOS oL €xeL emheyel. Av 1 dpaoTnOLdTNTA ¢ EMAEYEL, O ROLVOXONOTOS WOQOS Og-
oueveTOL PEYQOL TN Yeoviry otywyi f; ov 1 ¢ ohoxrknodveton. Mmogoupe va Bewprjooupe 6Tl 0
alySGOnog ouveyiCel paEUOLovTas Tov £autd Tov 0To Vro-ouymdtumo A; = {k € A : s > fi}
amnd 10 omoto €xovv eEalpebel oL dpaoTNELOTNTES WOV OV ElvVOlL CUUPOTES e TNV 4.

ITpdxertan yior Evay Pn-mreocoQUooT®G AANoTo alydoLOno, agol ol dpaotnoldTntes Tagivo-
ULOUVTOLL 0L XOLL LGV oA 0TIV 0N TOU aAyopiBuov. O xodvog extéleons Tov alkydoLBuov eivor
O(n) av vwoBécovue STl oL dpaotnotdttes divovior Tavounuéves oe aiEovoa oeLRd XGVOU
OMOXAQWONG.

TN mopddewypa, ag Bemonioovpe ™ Aettovpyia Tou alydpiBuov greedySelection yio to ma-
QOUATW OTLYIMATUITO

1 | 1]2|3(4(5]6 | 718|910
s 1012131541109 |11]11|14
fi|3]5]16|7]9(11|12|15|16 |17

O aAydpBuog emhéyel ) dpaomoidtnra 1, omdte amoxleteTon 1 dpaoteidTnTa 2. Xt ouve-
yela, emAEyetal 1 dpaotnordmrta 3, amoxeliovral ou dpaotnolotntes 4 %ol 5, emAéyeTon M 6,
amoxrhetetan 1 7, emAéyeton n 8, wow amoxAeiovian ov 9 xon 10. To amotéheopa elvor 1 emhoyn
TE00GQWV apolfaio cupupfatdv doaoTnELoTHTWY Tov dQoporoyotivtal STwe gaivetor oto Zyfua 4.1.
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To ovvoro {1, 3, 6,8} amotehrel piat fENTLOTH Adom Yo AvTS TO OTLYIGTUTO, Aoy eV VITAQYEL
RAVEVO OUVOLO TTEVTE 1] TEQLOOGTEQWV oupPatdv dpaotnorotitwy. Mia dtagopetiny BEATLIOTN Aion
elvaw o ovvoro {2,4,7,10}. Tlagatngotpe 6t 1 doaoTnELETNTO. 2 PITOQREL VoL aviirataotadel and
™mv 1 xwels va emmeeaototv ol vtoloures dQaoTnELOTTES TS deUTEQNS AUonS. Avtd ouppaiver
vzt f1 < fo. 2 ovvéxela, n dpaotnoldtta 4 umoel vo avtirotaotabel amtd vy 3, n 7 and my
6, »ou 1 10 amd mv 8 (ue avt ) ogpd).

Aoxnon 4.1. Ocwopeiote TOVg ATANOTOVS OlYGELBUOVS TTOU TOELVOPOTVY TG dQOOTNOLGTNTES OF V-
Eovoa 0elpd g TEOS TN JLAQHUELDL, WS TEOS TO XOGVO EVOQENS, ®OL WS TTEOS TO PaBUG emndlvyng
LE TIS VIOAOLTES SQOOTNOLOTNTES, XAl YONOLUOTOLOUV OOV RQITHELO EMAOYNS TN ouppotdtnta pe
Tg NON emheyuéveg dpaomoidtnres. Na dwoete aviimwoagadeliyparo émov avtol ol alydolbuol
amoTUYAVOLV Vo vtohoyicouv T BENTIOTN Avon).

Avon. “Eotw o ahydplBuog mov taEivouel tig dpaotnoldtnteg oe aiEovoo Oelpd, WS TEOS TN
dudoxrewa. Zto otrywdtumo ((1,5), (4,6),(5,10)) o akydoBuog emiéyer pdvo ™ dpaoteLdTnTo.
2, evdd 1 ENTLIOTN Mon emiléyel Tig dpaotnotdtnres 1 »ow 3.

"Eotw o akydpbuog mou tavouel tig dpaomeldtres o avEovoa 0eLpd WS TEOS TO YEOVO
évapéng. Zto onywdtmo ((1,10),(2,3),(3,4), (4,5), (5,6),(6,7),(7,8),(8,9),(9,10)), o akys-
oBuog emAéyel uovo ) dpaotnordmra 1, evad 1 PEATIOTN AMdon emAEYEL OAES TLS VITGAOLITES OQOL-
OTNELOTNTES.

"Eotw o alydpLBpog mov 1aEvopel Tig dpaotnoLdmtes o aEovoa oelpd mg TEOg To Badud
emxdlvyne.  Zto onywdtvno ((1,3),(1,3),(2,4),(2,4),(3,5), (4,6),(5,7), (6,8), (6,8),(7,9),
(7,9)), o akydpBpog emAéyer apuetrdxnra ™ dpaomoldtra 6. =t CUVEXELX, O OAYGOLONOG
uwoQel va. emAEEEL TO oAV dhheg dvo dpaotmoldtnteg, m.y. g 1 xau 8. AvtiBeta, n fEATioT Avon
eMAEYEL TEOOEQLS dpaoTnoLoTNTES, .Y, TS 1, 5, 7, now 10, ad

4.1.1 AmodeiEn Ogbotnrag

Zmv Aoxnon 4.1 eidape tolo mopadelyparo drinotmv alyooibBuwy Tov amoTuyyAvouV va VIo-
Aoyloouv ) BEATIOT Mon Og vdmoleg weQLTToels. O WGVog TEOmog VoL ENAOTE GlyouoL OTL Evaig
dminotog olyopBuog vroAoyiCel ) BEATIOTN AMdon Yo #dBe oTLymdTumo eLoGdov elval vo. dLoTu-
TOooVIE ULa nadnuaTiry amddelEn. Tétolov eidovg amodelEels ovoudlovral amodeibeis opbdrnrag
%Ol OTTOTEAOVV OUTOLQOITTO CVOTOTIXG TNG avdAlvong xdBe dminotov alysoLbuov.

Oedonna 4.1. O alydeibuog greedySelection vmoloyier uia Bértiory Avon yia to IodfAnua g
Emidoyrc Avtaywviotixdv Apaotnototijtwm.

AmodeiEn. "Eotw A éva otvolo dQootnolotitmwy ToEvounuévey og avgovoa oelpd XoGvVmv OAo-
xpwons. O akydpBpog greedySelection emAgyer T dpaomordmra 1 (avti dnhadii pe to wi-
%Q0TEQO YXOOVO OMOXMIOMONG) el EPOQUSTEL TOV EQUTS TOV OTO Vo-ottymdtumo A; = {i € A :
si > fi1}. "Eotw C(A) (C(A1)) 0 apbuds tmv d0aomolotitwy mov emAEYeL 0 olydolBuog amrd
10 ovvoho A (amé 1o A; avtiotowya). Ioyver 6t C(A) =1+ C(Ay).

Oa amodeiEovue to Bedonuo ne puodnuoTKYy emaywyn. Av €xovue uévo pio dpaotneLotTa,
0 aAyopLBpog v emAEyeL xal vty elval n BEATLoT) Mion. Emaywywrd vrobétovue 6tL 0 aAyo-
oBpog vohoyiCer T PEATLOTY Miom yua ®dBe ouvolo amd n — 1 1 Mydtepeg dpaommoLdmtes. Oa
amodeiEovpe TOV LOYVELONS YL #dBe oUvoho A e n dQAOTNOLOTNTES.



4.1. Emhoyn Avioyoviouxrav AQaotholotitwy 57

"Eotw C*(A) (C*(A1)) n Béltom avuxepevinti Ty (u€ytotog agubuds ovpfoatdv doaot-
QLOTHTWV) Yo T0 o¥voho A (yio to A aviiotolya). A6 Ty emorywywrti vrofeon, o ahyoolOnog
vrroloyiCer ™ BéAtiom Mon v 10 A1. “Etor C(Aq) = C*(Ay) won C(A) = 14+ C*(41). Oa
detEovpe 6u C*(A) < 1+ C*(A;) = C(A) mov onuaiverl 6t o akydeiBpog vrohoyiCer t EAtiom
Mion yia 1o otvoho A.

"Eotw wa féhtiomn Mion C* yua 1o otvvoro A, xan €otw £ 1 dpaotmordmra tov C* ov ohoxAn-
odvetan o). Ioyver 6t fr > f1 emed] vmobEoapue Gt oL dQAOTNEIETHTES elval TOELVOUNUEVES
og aiEovoa, 0e1pd yedvov ohoxhjomonc!. Emouévag xdbe dpaomotdmra i € C*\ {£} éxel yoévo
évaptng s; > fr > f1 wow 1o C* \ {£} amotelei amodexti Aion yua 1o vo-ouywdtumo A;. O
aBuds twv dpaomerotitwv oto C* \ {£} eivan C*(A) — 1 €€’ oguopov. Emewdii n féhtiom hion
EMAEYEL TIC TEQLOOOTEQES OQAOTNELOTNTES S #dBe dAAN amodexnti Avom,

C*(A) — 1 < C* (A1) = C*(A) < 1+ C*(4y) = C(A)

0w amaLTeToL. O

Emonquovon. Ovolootxnd omodeiape 6t 1 PEATLOTH AVIKEWUEVIXY TUM] TEQLYQAPETOL OTTG TN
oyéon C*(A) =1+ C*(Ay). Emopuévwg, 10 medfnua el my ididmra g drinotg emloyiic,
ooy N emhoyn TS dQAOTNOLOTNTAS TTOU OAOXANQMVETOL TEWTY 0dNYel 08 o cuvolrd PEATLOTY
Mion, o v Wietta TV BEAMTIOTWVY emuépoug Micgwv, agou 1 BEATLoTy Avon amoteheitan amd
™mv TR doaotnoldTnta xal T BEATLIOTN AMion Tov vro-onrypdtumov A, H amddel&n tov Oe-
weNuatog 4.1 ouvioTtotal 0TV ETAYMYLAY] EQAQUOYN QUTAV TV dU0 WOLoTHTWV. O

H emaywywii amédelEn tov Osmonuotog 4.1 elvarl pio tvmxy) amddelEn opbdmrog dminotov
akyopBpov. H modtn mogationon eivon 6t #dBe EATom AMion mpémet va meQLéyel pua PEATLOTY
Mion yLoL TO VTTO-0TLYILGTUTIO OTO OTT0L0 0 ATANOTOS AAYSQLBNOS EPAQUATEL TOV £0UTS TOV. AnAadn
10 TEASPANUa €xeL TV WOLOTTA TWV PEATIOTOV EMUEQOVE Mioewv. H deitepn mapationon eivan ot
WTOQOUUE VO OLVTIXOTAOTIIOOUIE POl OTT0 TLS EMAOYES TS PEATIOTNE AVoNE 1e TNV ATANoTY emhoyn
Tov alydolOpov. AnAadn to mEdPAnua €xel TV WLOTTA TS AIANOTTS EMAOYNS, OPOV VITAQYEL
we BEATLOTN AUom Tov CUNWVELD e TV drAnotn emhoyr. H amddelEn opbdmrog ovviotaton oty
ETAYWYLRY EQAQUOYT T®V S0 LOLOTTWYV.

Aoxnon 4.2. Na dwatvndoete Evav alyootino duvopurol TQOYQOUUATIONOD Yo TO TQORANUOL EML-
AOYNG avIoyovioTixdv dpaotnolotitwyv. Mmogeite vo vmoB€oete GtL oL dpaotnELdTnTeS elval
duatetayuéveg og aiEovaa oelpd YeGVoU OAORARQ®ONG.

Avon. "Eotw m[i, T] o péyiotog aguiuds dQaomnolotitmv Tov proQovv vo emAeyolv amd To
ovvolo A; = {1,...,i} waw va ohoxknowBotv péxol ™ otywyj T. To mli, T] opileton amd v
maaxrdIm avodoouxy eElcmon:

'AutS omuaiver 6w 1 dpaomoidtta £ popel vo ovtikotaotofel and v 1 xwolc var ETNEENOTOVV Ol VTGAOLTES
dpaomoidmreg oto C*. Me dAho Adyia, vdoyel o, BEATLOTH AGom Tov seQLEyEL T dQOOTNELSTITO. TTOV ONOXANQWVETAL
A ®o 10 TEAPANua ExeL ™V WOLGTHTO TS ATANOTNG EMAOYNS.
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mli —1,T] avi>0xu0<T < f;
mli, T] =< max{m[i — 1,T],m[i —1,8]+1} avi>0xuT > f;
0 awvi=0qT<0

H Béhtiom avuxewevinai tyj divetan amé 1o otoweio mln, f,], dmov f,, xodvog ohoxhjom-
ong ¢ tehevtaiog dpaotnordmrog. H Béltiom aviweipeviri Tun xobog xou n fEATIoT Aion
umoQel vo. vrohoyloBel pue ™ nEBodo Tov duvaprol TEOYQOUUATIONOU o8 Xe6vo O(n f,) wan
yonowomowdvtas O(n fr,) ol pviune.

"Evag dlagoetinds alydolOpog mov av %ol 0 0QLOUOS ToV 0xoAovBel 10 maddeLyno Tov
duvapuxot TEOYQAUUATIONOU, AEITOVQYEL OTIwe 0 ATANOTOS ahydoLBnog, mpoxrvmtel wg e&ric: “Eotw
m[i] = (4,Y;), OOV Z; O PEYLOTOS CELOUGS HEATTNOLOTITMV TTOV UTOQEL VO ETAEYEL ATIG TO GUVOAO
A; = {1,...,1} nouw y; 0 xo6vog ohoxhjowons twv emheyuévov dadiwactdv. To mli] opileton
oré ™V moardTm avadgopxry eElomon:

(Ti1,9i-1)  avi>0nons; <y
mli] =9 (zi-1+1,fi) avi>0nows; > g1
(0,0) avi=0

OemoivTog TS d0aoTELOTNTES TOELVOUNUEVES 0 aiEovoa 0gLRd XOGVOU OANOXRAQWONGS, TO
m[n] umogei va vrohoyotel o€ yoaumxro xo6vo pe yoron otafegov apbpot Bécemv pvijung. O

Aoxnon 4.3. "Eotw n dpaotmoidtntee, émov 1 dpaotmoldmta 2, ¢ = 1,. .., n, €L YOVOo €VOQENG
S5 ®ow Yeovo ohoxMowong fi, fi > s;i > 0. To Tntovpevo givar vo dQOUoAOYHoOURE OAES TIC
dQAOTNELOTNTES XONOLUOTTOLDVTOS TOV EAAYLOTO 0LQUOUO ATG ®OLVOYENOTOVE TOQOUS (.. atbovoeg
ddaornaliog TeoreEVOL yio pofnuata). ‘Onmg xan 0To TEOPANUA TNS ETAOYIG OVTAYWVLOTIXMDV
3p0oTNELOTHTMV, Ol dEACTNELETNTES TTOV dQOUOLOYOTUVTAL OTOV (010 TOQO TEETEL VAL gival CUUPATES.
Noa dwatvmdoete o va avalioete Evav drinoto akydoiBpo mov vroloyiCer pia BEATLoTN Avo.

Avon. To mpdfinua avtd eivon mo yvwotd oav [odPinna Xeowuatiouov Awaotyudtoy (interval
coloring problem). Ot §00OTELETNTES AVTLOTOLXOUV O€ YQOVIXA dlooTiRoTo ®on ®ABe yodpo og
ALapoETING ®OWVEYENOTO TTGE0. To Tnrovnevo elvan 0 YEOUATIONGS TOV ALACTNUATOV PE TOV ENd-
YLOTO 0QLOUS XoWUATWY, Dote ®AOe Tevydol EMAAANTTOUEVOV JLAOTHUATWY VO, €XEL QLOPOQETLRA
KODUATOL.

"Eotw d o péyiotog apbuds diaomudtov (dQaotnoloTtmy) Tov emxalinToval (aviiotoya,
1 €XTELEOY] TOUG CUNTTITTTEL YLoL »AToLaL yeovixy| ottyut)). [lpogavag, xoetalduaote Tovhdylotov d
yowuoro. “Evog dminotog alydolbuog gival vo TaEtvopujoovpe ta. SLoTHUOTO 08 aiEovoa ogLpd
YOOVOU EVapEng. Ze ndfe didotnua avoBETOUNE TO WrQAGTEQO XD TTOV Elval AIAOETLNO ROTA T
yooviryj ottywrj €vaEng. “Eva yodua mov €xel avoteBel og €va didotnua yivetan wdh diaBéoipo
™ YooVt otyuy mov 1o didotnua oroxAngawvetat. Iapartngovue ot o vdbe yoovinn otyuy k,
0 OAYOQLONOS XONOWOTOLEL OxQLPAE TEOA XOWUOTA G0 ROL TO JLACTHUOTO OV TEQLEXOVV T0 k.
Emopévag, o alydgBpog yonotpomolel axolps d xoouato.
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greedyIntervalColoring((s1, f1),- - -, (Sn, fn))
F + maxlgign{fi}; C < 1;
for k < 0 to F' do
forallj € {i:(1<i<n)A(fi=k)} do
c+ c—1; /*To didomuo j ohorAno@VeTOL XKoL TO XODUOL € YiveTal Siabgoo */
forallje{i: (1<i<n)A(s;=k)} do
C[C] —g;cc+1; /*Todomua j Eenvdel xou moiovel To xodua ¢ */
return(C);

Avtij 1 vhomoinon €yl xoovo extéheons O(n F). O yodvog extéheons umoel vo fedtiwOel av
EMREVIQDOOVIE TNV TQOCOYT WOS UOVO 0T ONUELDL IOV €(Te Egntvdel €iTe OAOXANQMDVETAL RATOLO
dudomua. Yrdeyovv 1o moly 2n duogpogetind onuelion €vopEng wot ohoxMowons. Kdbe tétoio
onueio pmoel va vworoylotel og otafed av Ta s; nou f; givon taEvounuéva g avEovoa oelpd.
O 1pomomomuEvos alydplBpog xoetdteton ©(nlogn) xodvo yio mv ta&wdunon xar O(n) yodvo
YLOL TV AVAOEON TOV YOWUATWV. O

4.2 Agoporoynon Egyaociov

"Eotw évog eEumnoemmis (.. VTOAOYLOTHG, EXTUTMTAS, TAUE(D, HECO UETOQOQAS, RAT.) oL N
meAMATES / €QYOOTES NE ATOMROUS XOOVOUS eEVTNEETNONG 1, T2, ..., tn. OEhovue va dgoporoyi-
OOVE TOVS TEMATES OTOV EVMNEETNTY DOTE VO ENOYLOTOTTOWCOUIE TO NEGO YOGVO eEVmNEETNONG.
To mEdPAua avtd eivar yvootd oav meopfAnua Agopordynong yia mv Elayiotomoinon tov Mé-
oov Xpovou EEvmmeémong xau amotelel €va avumpoomnmeutind delypo poag peyding xatnyopiog
TEOPAUAT®V fEATIoTOmOMONG OV €ivor YVWoTd oav meopAfuata dpouoldynons (scheduling prob-
lems).

I'o T0 ovyrexpuéEvo TEAPANUa, wo dQOopoAdYNon eival amAdg (e LETAOEDT TOU OUVOAOU
TV weAaT@dy. Mo dpopoAdynon umopet va. avomogaotafel coav o 1-1 %ot exnt ovvdoton
m: {l,...,n} — {1,...,n} 6mov o mehdws i doopohoyeitan oty oepd 7(i). Kdbe tétown
dponoAdynon amotehel wor amodexty AMon. O yodvog eEumneénong tov mehdtn ¢ 08 (ol OUyre-
2QUUEVN dpouoldynon m, ag Tov ovufohioovue pe ¢;(), elvar (005 ne T0 ABQOLONA TWV ATOUXDY
YOOVWV EVmNEETONS AV TV TeEAATDV te 0eLRd xedteen 1j ton tov (7). Tumxnd,

clm)= Y

g () <m (@)

O néoog e6vog eEVmNEEMONS TV TEAATDV Yol T dQONOAGYNON T, 0 ToV cupPoAricovpe e A(r),
glval "
1
A(m) = = ei(m)

n <
=1

O ouvoMxrAg xdvog eEVmMEETNONG TV TEAATAV YL0 T SQOMOAGYNON 7, S TOV OURPOAIoOVUE [E
T (m), eivon T () = n A(). Tagateovue Gt 0 GUVOMRAS XEGVOS EEVTNEETNONG YL, 0L OQOUOAG-
ynon 7 eivar H Bértiorn dgopohdynon elvor ot mov eAayLoTomolel To HECO YedvVo eEUmNEETNONG
tov mehotdv. Emed) to n elvar xaboglopévo yio xdbe ottypidtumo, n PEAtioty dpopordynon
eAOYLOTOTIOLEL LOOUVOUA TO GUVOMAS XOOVO EEUTTNOETNONG TV TTENATDV.
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Magdderypa 4.1. "Eotw 4 meldteg pe aropuxrovg yoovoug eEvmnpémong 8, 7, 2, »ot 5. Av toug
dponoroynoouvpe pe ot T oeLRd, oL yedvol eEummeémong eivon 8, 15, 17, wouw 22, now o ouvo-
M®GG yoovog eEvmneémong eivow 62. Av toug dpopoloyricovpe pe ™ ogpd 2, 5, 7, 8, oL yodvou
eEummoémong elvan 2, 7, 14, wou 22, »ow 0 ovvolxdg xedvog eSumnoétnong etvon 45. Avti eivar
®al N PEATIOTY Avon.

Yrdgyet €vag mohl amhde dminotog ahydeBuog yuo ovtd to mofAnua dpopordynons. O
olyopOnog Takivopel toug meldreg og AEOVOO OELRA ATOURMV XOOVOV EENTNEETNONG RO TOVUG
doouoroyel pe avty axolpws ™ oeed. O alydolBuog eivor Yvwotdg ®ol oav ®avovag Eldyiotou
Atomxov Xpdvov EEvmnpémons (EAXE).

Xwoig PAAPN TS yevirdttag, vtofEtovne oto €81 GTL 1 aiBuNon TV TEAATMOV Elval TETOLO
wote t; < ty < -+ < 1y, (uwopel vo emrevyOel oe yodvo O(n logn) extehdviog évav alyéobpo
taEwvépnong). O ocvvolxdg xodvog eEVmNEETNONS Elvor:

T = ti+(t+t)+ G +ta+t3)+--+ 1+ +1p)
= nti+(n—1Dta+(n—2)t5+---+tn

n

= > (n—i+ 1)

=1

O moaxrdATm PeVIORWILXRAS VITOAOYITEL TOV MECO YedVo eEvumnoémong ne fdomn tov xavéva EAXE.

greedyScheduling(t1,t2,...,1,) /* YrnoBgtovpe Smty <o < -+ <ty ¥/
c+0; T+ 0;
for i < 1 to n do
c=c+ity; T+ T+
return(7'/n);

Oenonua 4.2. O xavovas EAdyiotov Atouixov Xoovov EEvanoétnong eAayioromorel To uéoo yoovo
e&vmnoéTnong.

Anodei&n. Ioodvvapa, Ba amodeiSovue 611 0 vavévas EAXE ehayiotomnolel to ouvoMxd xoovo
eEumnoémong. "Eotw €va ovvolo n melatdv TaEvounuévmy og aiEovoa 0eLQd. ATOURMY YOOVMV
eSumneémong. T va xatahiEouvpe oe dromo, vrobEéTovue 6T 1 dpouoAdynon tov xavéva EAXE
dev eival BEATLOTN.

"Eotw howrtdv 7 1 BEATIoTn dpouordynon mov ovpgpuvel e ™ dgopoidynon tov xavévo EAXE
ot oeLpd dEOUOAGYNONS 600 TO dUVATOV TEQLOOGTEQWV TEAATHV (08 OXEON UE TLS VTGAOWTES
Béltoteg dpoporoyiioeis). "Eotw axdun A* 1 avtiotpogn netdBeon me 7*. Anhadij, A*(5) elvou o
meldng mov dpouoAoyelTaL ot OeLRd. j ot ™V . O eMdyLOTOS CUVOMXAS XOGVoS eEumneETnong
etvan T(7*) = 3271 (n — j + L)tx-(j)-

A@ov 1 BENTIoT dgopoAGYNoN T elvar OLopoETIXY artd T dpopuoAdynon Tov xavova EAXE,
€0Tw k 0 TEWTOS TEAATNS IOV dQOUOAOYETAL O OELRd MeYaAUTeEN amd k, ko €0tw £ 0 TEMATNS TTOV
dpopohoyeitan ot 0e1pd k omd ™y . XONOLUOTOUDVTAS TOV TAQamdvw cupupoMond, A* (k) > k.
"Eneldn ov mehdreg uéyol xow tov k—1 dgoporoyotvrow oty idia oerpd amd tg dvo dpoporoynoeLs,
woyveL 6t k < £ nou ty, < ty.
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H ouvelogod twv tg #ot ty otov ouvolrd xoovo e€ummoémone T'(7*) etvan (n — A* (k) + 1)ty
o (n — k + 1)ty avtiotorya. Av avtoldEovpe apotaia ) ogpd dpopohdynong Twv k %o 4,
omdte o k Ba dpoporoyeiton ot oe1pd k wow o £ ot ogpd A*(k), 1 0UVELoQOoQA TV T oL ty OTOV
V€O auvoMxd xeovo eEummogmons Oa elvon (n — k + 1)t wow (n — A*(k) + 1), aviiotoa. H
UETAPOAN OTO CUVOMARG YQOVO eEVTNEETNONG TTOV TOORUTTEL OtS THY OvTaAAAYN TV k %o £ elva:

[(n— K+ 1)tp + (n — X (k) + 1)t] —[(n — N (k) + g + (n —k+1)t] =
=(n—k+1)(tk —te) = (n = A (k) + 1)(tp — 1) = (A(k) —k)(tr =) < O

emeld) A (k) > k non t, < ty. Emouévg, M d0ouoldynon mov mooximtel ond vy ™ pe myv
ovrolayn tov k xou £ €xel emiong Tov eMdyLoTo oUvoM®S Ye6vo eEummoeémong (elvon dniadn
BéATioTn) %o ovpgwvel pe v drinot dgouordynon tov xovova EAXE touvhdylotov og €vav
oxoun weldn. Avté amotelel avtipaon oTo ®QLTQLo ETAOYNS TS T*. O

Acgxnon 4.4. AmodeiEte 61 to mESPAnua g Agopordynong yio v Ehayiotomoinon tov Méoov
Xopovou EEvmmnpémnong €xel tig 1didtnteg g PEATIOTG €MAOYNG %Ol TV PEATIOTWV ETUEQOVS
Mioewv.

Avan. H amddelEn tov Oewprjuartog 4.2 ovoraotixnd delyvel ot vadoyet pia BEATLOTN dQOUOAGYNON
mov ovpugpwvel pe ™ dpopordynon tov xavéva EAXE otig oelpés tov £ modtov melatdv, yia
nd0e k =1,2,...,n. Anhadi, To mpdPfinua €xer tv wWidmta e fEATIoTS emhoyic. H 1didmta
TV BEATLOTOV EMUEQOVS MICEWV TQOXVTTEL ATTd TV £EICWOT VITOAOYLOUOU TOU GUVOMROU YOGVOU
eEumneémong. O ouvolxds xo6vog eEVmNEETNONG YiaL 1 TEAATES E(VOL N T GUV TO GUVOMARES YOOVO
eEUMNOETNONS Y10 TOVS VItGAOLTOVS 7 — 1 ehdTeg. AV AOLTOV 0lyVO|COUIE TOV TTEMTO TEAATH PO
BEATLIOTNS dPOUOAGYNONS, TEOXVTTTEL Lat BEATIOTI dQOROAGYNON YLoL TOVS VItdAowtovs n— 1 ehdteg.

O

Aoxnon 4.5. Oewpove T0 TESPANU TS RAAVYNG GAWV TWV ONUEIWY EVOS GUVOAOV ONTWV CLOLO-
U@V e TOV EAAYLOTO 0L LOVOILOL®Y SLoTNUATWY. ZUYRERQUUEVQ, OlVETOL £Vl GUVONO 1 QNTADV
apbudv X = {z1,...,z,} nou mp€mel va vrohoylotel N wxe6teEn GLVALOYI] ¥heLoTdY dtaoTnud-
TV povadioiov pixovg mov megLéyel oha ta otouxeia tov X . No SLoTumaoeTe ®al Vo oavohioeTe
gvav Aminoto alyoglino yia outs To TESPANNa.

Avon. Oewpotpe 61 Ta otoyelo Tov X eivow TaEvounuévo og avgovoa ogled (#QLTNELo TOEL-
vounong), 1 < -+ < x,. O akydpBuog mpoobEter oty Avon €va povadiaio didotnuo pe oy
TO WXQEOTEQO OToLXelo Tov Oev €yel xohvpOEel, apalgel amd 10 TEEYOV OTLYULOTUTO TOL OTOL (N
ToU ®OAMPONROV amd To VEO OLAoTNUO, %ol OUVEYICEL EPOQUALOVTIOS TOV EQUTG TOV OTO UTO-
OTLYIGTUTTO IOV TTEORVUTTTEL (OOV AORNOY, VO SLOTVTTMOOETE TOV olyopLOpo oe Pevdonamdxa). O
YOOVOS extéheons tov alydoBuov eivor ©(nlogn) yio mv taEwvéunon twv otoelwv xo O(n)
YL0L TOV VTTOAOYLOUS TV dtaotnudtwv (»dBe otolyeto eEetdletal nia pévo popd). ' vo amodei-
Eovue v 0pBSTTA TOV dTtANOTOL aAYSQLORov, Bo delEovne GTL To TEOPANUOL EXEL TLS LOLOTNTES
™S AmANOTS EMAOYNS %Ol TV BEATLOTOV ETLUEQOVS MICEMV.

"Eotw A* pla fEATioT) culhoyn Slaotnudtmv Tov eV TEQLEYEL TO TEMTO dLACTNUO TG ATTAN-
omg Aong, dnh. to ddomua [z1, z1 + 1]. And Toug TEQELORLOROUS Tov TEoPMjuatog, N A* TeQLéyet
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%dmoro dAho ddotpa J mov raAimTeL To otouyeio x1. Aot 1o T elvol To HIrQATEQO OTOLYE(D TOV
X, 10 ddomua J progel vo avurotaotabel and 1o [z, 21+ 1]. HAdon (A*\{J}) U{[z1, 21 +1]}
OV TTQORVITEL ATTO TV OVTIROTAOTAON ROAUTTTEL GAal Tl oToLyelo Tov X, doa elvon amodext) Aon,
%At €YEL ToV (010 0O daomudtwyv pe v A*, doa eivar Ehtiom). Emopévmg, vdoyet pio. BEA-
TLOTN Ao OV CUNGP®VEL PE TNV TEAT €MAOYT| TOU ATANoTOU akydolBpov (Wddtnta AmAnoTng
EMAOYTG).

"Eoww X7 = X\ [z1, 21 + 1] 10 06voho Twv onpeiwv Tov X mov dev »aAimroviat omd o 1odTo
didomua g drhnotg Aiong, xat éotw A* wa Béltiorn ovihoyy daotudtov ov TEQLEYEL TO
ddompa [z1,z1 + 1]. H Moy ATA* \ {[z1,71 + 1]} omotelel o féltiom Adon yio o vmo-
otrywotumo X (dragopetind Bo progovoape va feltdoovpe v A*). Eropévag, 1o modpfinua
€xeL TNV OLIOMTA TV BEATIOTWV EMUEQOVS AVCEMV.

H opBdtta tov dminotov ahydelBuov amodetrvUeTOL PE ETAYMYLRY] EQPAQUOYH TOV LOLOTHTWV
™S AmANOTNG EMAOYNS oL TV BEATLOTOV EMUEQOVS MIGEMV. O

Aoxnon 4.6. "Exovue ot dudbeon nag xéouata aiag 1, 5, nat 20 Aemtdv yio vo ddoouvue QEoT
YONOLUOTOLDVTOS TO WXQGTEQO aELBUS REQUATWYV. ALOTUTMOTE Rl AVOATOTE VAV ATANOTO alyOS-
o18uo Yo oo 10 TESPANUAL. AWOTE Eva TARAELYIAL OUVOAOU REQUATMY YLAL TO OO0 O ATTANOTOS
alyopBnog dev vohoyiCer mavra T fEATIOTY Mio.

Avan. O drminortog alysolBnog xonoLpnomoLel 600 mepLoooteQa 20hemta proel, 0T ouvéyeLa doa
TEQLOOGTEQO. SAETTTO UTOQEL, Kol TENOS CUWTANQWDVEL TO TOOSV ne 1Aemral.

"Eotw 2 10 ouvolMxd TooGV (EXPQACUEVO 08 AETTA) OV TQEMEL VAL dDTOVUE QEOTA, ROl E0TW
€20, C5, %OL €1 O 0OLONOS TV ®eEQUATWV 20, 5, %ot 1 AeTTOU QrvTioTOLY O TTOV XONOLUMOTOLEL O ATTANOTOS
ahyoEOuog yio vo. cupuAneoetl 1o . O akydowbpog OéteL:

co < |x/20] now x5 <~ x — 2099 , €5 |T5/4] ®ouwxy — x5 — Dy , €1 < X1

Avomiotavoupe 6t 20 cog + 5 5 +¢1 = z, INAadN 6Tl 0 ahySLBRog VTOAOYICEL ol amodexT| Avon.
T va amodetEovpe 6L 0 ahySLBRog YONOLUOTTOLEL TOV AdLOTO 0QLOUG xeQudTwy, Ba deiEovue
OTL 10 TEAPAUOL €xeL TIS LOOTNTES TNS ATANOTNG EMAOYNS %ot TwV BEAMTIOTWV ETUEQOVS AVCEMV.

oy 1WmTa e dAnotg emA0YNS, TaQaTNEM OTL 1 BEATIOTN Avon dev umoel va. xonot-
HOTTOLEL TTEQLOOATEQO QTG Co¢ ®EQUATA TwV 20 Aemttddv. EmimAéov, av yonopomolovoe Avydtega, Oa
UWTOQOVOUIE VO, VIIXATOOTOOUUE TEOOEQQ 1] TEQLOOGTEQA REQUATO e Eval 20METTO UELDVOVTOS
TOV aLBUS TwV ®eQUATWV. AQa 1 BEATIOTH Ao YONOLUOTTOLET AXQUP™S 00 ®EQUOTA TwV 20\ETTOV
YONOWOTOLEl ®al 0 drAnotog akydpbpos. Emiong 1o modpinua €xel mv Wbidmra tov BEATIoTWY
empugpovg AMioewv. Tlpdypatt, av ayvorjoovpe ta 20hemta pag BEATIOTNS Aong Yo to ood x, Oa
magovpe i BEATLOTN AUon amotehovpevn and Shemta xan Themta Yo 10 mood z — 20 cyg. Egag-
ustovrag emoymywd Tg WOOTNTES ™S AmANOTNG emAOYNS %al Twv BEATIOTWV empuéQovg Mioewv
amodervioupe Tl 0 ahydBnog vrohoyiCer wo fEATIoTn Ao

To meoPAnua dev €xer Ty WOLGTTA TS ATANOTNS EMAOYNIS Yo Shal Tar oUuvola xepudtav. Ta
maddetypa, ov €xovpe xéonato a&tog 20, 12, xow 1 Aemtdv xal BEhovpe vo ddoovpe péota 24
Aemtd, 1 BEATIOTN AUom elvon 2 X 12, eved o dmAnotog aAdyopBuog diver 1 x 20 + 4 x 1. O
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4.3 Kloopatxzo Ieoprinpa tov Xaxidiov

“Eva dhho mogdderypa mpofAjuatos fertiotomoinong mov AMivetal amodotind and évav Aminoto
olyopBpo etvon to Khaopotnd Ipdpfinpa tov Zaxdiov (BA. Evémra 1.2). Zto Khaopotixd
IIoopAnua tov Zaxwdiov, divetor €va oaxidlo peyébovg B > 0 ®ol n OVTLKEINEVO, NE TO CVTIXEL-
uevo i va €xel néyebog s; > 0 nwow atag p; > 0, 1 = 1,...,n. "Eva avixelnevo 7 pmoget va
ovumeQUN@Bel oto caxidlo o omotodijrote mocoots f; € [0, 1] xatahaupdvoviag Yo fi s; wou
mpooBétovrag atia f; p;. To Tnrodpevo elval vo vrohoyliooupe TO0 TOGOOTS OTO OTOIO TOETEL Vi
oupumeQANBel #dBe avuirelnevo oto ooxidlo dote vo unv Tooprdleton 10 péyeog Tou coxldiov
%o Vo peyLotomomBet n ovvoluxy akio. Me dha Adyia, to Tnrovpevo givor va avaBécovie T
onug petafintés f; € [0, 1] yua vdBe avureipevo 4, s Tov TEQLOQLOUS > i fisi < B, dote va
ueywotomomOel 1o Y i fi pi-

Smv Evétmta 3.3, eldape ot m axépata exdoyn tou Igofijpatog tou omdiov omov
fi € {0,1}, amotehei NP-0voxoro mdfinue. “Etol amotehel xowvij memoibnon 6t dev vmdo-
YEL OAySLOR0g moAvwvupxoy xodvou Yo TNV emthvon] Tov. Aviifeta, 1 ®haopotiny] exdoyn Tov
poPMjuartog emiveTon og yoovo O(nlogn) and évav drinoto alydolbuo.

Onwg zow 1 axéooua exdoyn (PA.  Evémra 3.3), to Khaopotuxd IMedfinuo tov Za-
wdiov €xer MV WLOMTA TV PEATIOTOV EMPUEQOVS AIoEWV. ZUYREXQIUEVA, €0T® PO PEATLOTY
Mon F* = (fy,...,fr). Av ayvofoovue €va omolodimote avuxelpevo i, n Aoy F*, =
(fTseo s fists s+ fo) omotehel o BENTIO™ Miom yior coxido peyébovg B — fis; wou o
n — 1 avTeleva Tov amouévouv2,

OemEOUpE OOV ROLTHOLO YLOL TNV TASVOUNON TWV OVTIXEWUEVMY TO AOYO alag mpog uéyebog (ne
omhd Aoy, méoo x€pdog divel xdbe avuireipevo avd povado peyéoug). Ta xdbe avixeipevo
i, O§tTovpe 13 = p;i/s;. Xwoig PAAPN ™G yevirdmtag, Bemoiue Gt Tar aviireipeva lvar TagL-
vounuéva og @bivovoa oglpd tou Adyou atlag mpog uéyebog, dMAadn elvar ry > rg > -+ > 1y
(owt6 pmopel va emrevyOel epaouiloviag évav alyéouo taivépmong oe ©(nlogn) xodvo).
Q¢ %QUTEL0 ETAOYNS, O ATANOTOS GAYOQLOUOS CUUTEQIAMAUPAVEL 600 UEYOAUTEQO TOCOOTS TOU
OVTIXELPEVOU 1 Y wEdEL 010 ooxidlo. O alydolBuog pewdver aviiotorya to diabéoo péyebog Tov
ooxdiov rou ouveyiCel (epoUOtoviog ToV EAUTO TOU) UE TOL VTTOAOLTTOL OLVTIXEUEVOL.

greedyKnapsack(B, (s1,p1), -, (Sn,Pn))
for : < 1 ton do
T (—pi/si; F[’L] 0.
Ta&wdounon oe @bivovoa oelpd Twv 7, MA. 71 > 19 > -+ > 1.
for i < 1 ton do
if B <0 then F'[i] + 0;
else if B > s; then
Fli]+ 1, B+ B —s;;
else
F[i] < B/s;j; B+« B — Fli]s; (=0);
return(F);

ZAv %G TETOL0 SV (OYVE HaL VITHOYE ROATTEQN AMGON YLl TO GUYHEHQUUEVO VITO-OTLYIGTUTTO, Oat TN XONOWUOTOL0VOaE
yio. va. pehtidoovpe v oo e F*. Avtd eivol dromo agod vtofgooue dtn F* givou plo Béhtiot AMdoy.



64 4. Amknotor AlySeiBuon

O ahydpBpog yoetdtetow O(nlogn) xovo yiow TV TOEWSUNON TV OVTIREEVDY ®oL O (n)
YOOVO Yl TNV EMAOYY] TWV OVTLREWEVOVY oV B ovpmeQingBotv oto ocaxido. O cuvvolndg
YOOVOS exTéLeONS TOU ahyopiBuov eivan O(n logn).

OvoLaoTind 0 ArAnotog ahyoolOnog vrohoyiCet To prEdTeQo deintn £ Yo Tov 0molo Zle 8 >
B. ‘Oha o aviireipevo pe pxdtego detnm ¢ = 1,...,k — 1 (non peyohitego Adyo a&log moog
uéyebog) ovumeQuraufdvovior oAdxinga oto coxidwo (k. f; = 1), Sha Ta avuxelpeva pe peyor-
Mitego deiwtn ¢ = k+1, ..., n (»ow urdteQo Adyo atlog mpog uéyefog) dev ouumegilappfdvovron
oto ooxido (dA. f; = 0), evd to avureipevo pe delntn k oupmeghapfdveTon o€ TOGOO0TO

k-1
fr= (B - Zsz) /Sk

MOTE v unv peiver eheiBeQog oS 0to coxido.

TlNa va arodeiEovpe 1L 0 dmAnotog aiydeBuog vmoloyitel pioe fEATIOTY Mdon, mEEmeL va
deiEovpe ot o Khaopotxd TTodpAnua tov Sondiov €xel v dLoTTo T dmAnotg emhoys.

"Eotw 6t o dmwknotog akydoBuog ovpmepuhapfdvel oto coxidio 1o avuxeipevo 1 og moco-
ot f1, 0 < fi < 1. Emedn o dminotog alyéolBpog vmohoyiCer mavro e amodexti Avon,
B > fis51. Ago¥ o dmwhnotog akydolBpog ovpmeQuiaufdvel oto ooxidlo (ov agyrd elivan ddeo)
600 PeYaAITEQO TTOCOOTS amd To avtreipevo 1 umogel, dev vdgyel amodext| Moy mov va ov-
urweQLlapfdver oto oaridlo peyolitepo mooootd anmd 1o aviikeipevo 1. "Eotw wa féltiom Aion
F* mov mepuhapfdver oto caxridlo puxedtepo mooootd fi < f1 amd 1o avuxeipevo 1. e avtj
™ Adom, pmogovue va avuxataotjoovpue (fi1 — fi) s1 novades wdmolwv dAhov avikelwévay (1
elevBeQOV XDEOV) ue (f1 — fi) s1 povddeg Tov avumegvou 1. Autd eival mdvio eQurts xo
odnyel oe amodext) Mon ywoti B > f1 s1. EmumwAéov, 1 AMion mov TQOXUTTEL GUYREVIQWVEL OV-
volx1j aElo TovAdylotov don n F* emeldn 1o avuxeipevo 1 €xel to peyaiitepo Adyo aglog mpog
uéyeBog. Anhady), vdgyel o BEATLOTNY AMon Tou ouppwVvel PE TNV ATTANoT) AMON O0TO TOOOOTO
amd 1o avuxreipevo 1 mov cupmegrhapfdveton oto oaxidio. Emopévme, n ®haopotixy exdoyr tov
[ToopMpatog Tov Zaxidiov €xer v WGTTA ™S ATANOTNS EMAOYNS.

Oedonna 4.3. O alydoibuos greedyKnapsack vrodoyier pia éAtiorn Avon yia to KAaouatixs I[1oo-
BAnua tov Zaxidiov.

Anodei&n. Egoouolovue emaymylrd Tig WOOMTES TS ATANOTNG EMAOYTS ROL TOV BEATIOTWYV ETTLUE-
povg Mioewv. O dmAnotog akyopuog dev agrvel eheiBepo xweo oto coxidlo. Emopévwe yia
®dbe B > 0, o alydpBuog vroloyiCer ™ PEATIOTH AVom Stov €Xouue UOVO €vol OVTLXETNEVO.
YmoBétovpue emaywyd 6t yio xdbe B > 0, o alydpiBupog vrwohoyiCer m féATLoTn Moy yia n — 1
OLVTIXELUEVOQL.

"Eotw éva onyudtumo pe n avureipevo, xow pnéyebog ocoxdiov B. ‘Eotw F = (f1,..., fn) 1
dmnot Adon mov vrohoyiel o alydobuog, xan éotw F* = (ff, ..., f}) wa péhuom hion pe
fi = fi. Hdmra mg dminomg emhoyng eyyvdran Ty Umoosn uog tétolas PEAMTLIoTS Aong.

ATS ™V gmayoywii veébeom, n Mion F_1 = (fa,. .., fn) eivor ma féktiom Adon yuo caxido
uey€fovg B— f1 s1 no 1oL ovTIKEINEVAL 2, . . . , . ATIO TNV WOLGTTOL TOV BEMTLOTOV ETLUEQOVS MICEWYV,
n Mon F*, = (f5,..., f}) elvou o Béhuot Mion yio caxidio peyébovs B — f{s1 = B — f1 51
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®row T avixelpeva 2, ..., n. Anhadn, ov F_; xon F*| amotehovv Bélmoteg AMoeglg yia to do
VIO-OTLYILGTUIO. Oar €xouv Aoutdv Ty ouvolxry Oia aglo:

n n
S fipi=Y_ fipi
XONOOTOUHVTOS TV TAQOTTAV® LOOTNTA ROl TO YEYOVOS OTL f1 = f{, ®omoljyoupe oty 1ootTo:

n n
Ao+ fipi=fip+ Y fpi
i=2 i=2
Anhadn] xou ot Mogrg F ran F* yua 1o ayiré otrypdtumo €xouvy v Oua cuvolxn a&ia. Eropévag,
N damAnot Adon F' etvoun pio BEATIOTY AMdon. O

Aoxnon 4.7. Adote €va mapdderyna otrymotumov yio 1o Axégoro ITpdpinna tov Zaxidiov dmov
0 dmAnotog alyoouBuog dev vrroloyiCel T fEATLIOTY AMion. XONOLUOTOLWVTOS TO TOQAJELYUO., €EN-
veloTe TV amotuyio Tov dAnoTov alydoLopov.

Avon. "Eotww coxidio peyéBovg B, dmov B agretd peyohitego ond o 1 (my. B = 100). "Eotw
emiong dvo avuxeiueva (1,1 4 €) »won (B, B). O AGyol a&iog mpog néyebog elvor r1 = 1 + € wau
ro = 1. T'io #dBe € > 0, ndvo 10 TEWTO avILXElNEVO EMAEYETAL 0TO OOXOLO AT TOV ATANOTO
olyopBpo. H ouvolxy aia tg dminotg Aong eivon 14 €. H péltiot Aon emhéyel to devtego
OVTIXEIUEVO %Al OUYXeVTRWVEL cuvolry] B. H amdxhon g a&iag g fEATIOTNG Miong nmoQet vo
YiveL 0000moTE peydln avEdvoviag 1o uéyefog Tov caxridiov.

O dminotog akydoLBpog amotuyydvel Yot n oxéoaun Tapaiiayn Tov mpofriuatog dev €xeL v
wWdmta e drinotg emhoyiic. Ipdypatt, oto cuyrexQuuévo modderypa dev vmagyel BEATLOTY
AOoN 71OV VO CUUPWVEL PE TNV ATTANOTN ETTLAOYY TOV TTQMTOU CVTIXELUEVOU. ZTNV axEéQoun exdoymn,
VITAQYOVV ETAOYES QVTIXEWUEVMV TTOV €V EMITOETOUV 0T0 ooxido va yeuioer mAinows. “Etou o
AOyog tne aglag mpog 1o uEyebog xdbe avirelnEvou dev elvol TAEOV AOPAAES KOLTNOLO, OOV
TEMEL VO, AdBOVULE VITOYT] KOl TO YWDOO TOU EVOEYOUEVIS VO. ElveL eAeBeQOg av ouumeQMdfouue
AATTOLO OUYRERQLUEVO avTlxelpnevo oto caxiduo. O

4.3.1 Aminorio row Avvouzog Igoygappariopdg

Eidape howdv 6t to Axépato IpdpAnua tov Zaxidiov dev €xel v 1OLITTO TN ATANOTNS EMAOYNS
%Al 0 AWANOTOS alySoLBpog dev eyyvdror Tov vmohoylopd wog Bértiomg Aong. Ta v axépaa
exdoyn, M amépaon av €va aviixeipevo ¢ Bo cupmepungBei oto oaxidio mpémel va Paototel ot
oUyroLon Twv BEATLOTWV AELEV TV dUO VTTO-OTLYILOTUTIMV TOV TTQOXUTTOVV OTtG T1 CUMTEQIAMYN 1
YL TOV 4 0T0 OaxidL0. Avti 1 Bedonon odnyel otov akydolBpo duvouxoy TEOYQOUNATIGUOU THE
Evémrag 3.3.

Ievindtepa, ol emAOYES €VAS aAYSQLOROU dUVAILXLOU TTQOYQAUUOTIOUOU POaCTCovVTaL OTIS TIUES
TV PEATLOTOV AMoEWV RATAMNAC emAeYUEVWVY VITo-oTrymotimtmy.  “Evag alydoibuog duvoyt-
%00 TQOYQOUUATIONOU TOWTA, ETMAVEL GAOL TC OLAPOQETIXA, VITO-OTLYIATUTIOL TTOV €XOUV ULCL CUYHE-
HOLWUEVN ROQYY], ®aL OTN ouvExelo ouvBéTel T BEATLIOTN AUorm Tov aEYLROU OTLYMGTUTTOU Ot TLG
PEATLOTESC MIGELS TV “UANITEQWV VITO-OTLYLOTUTIMV.
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Ou dminotor akydgLBpol etvor o amodotirol amd Toug akySeBuovs duvapuxoy TQoYQOUIOLTL-
opov emeldn expetallevovion TV WLGTNTA TS ATANOTTNS EMAOYNS %Al ETAVOUV €va xS aQLipd
VIo-oTLyoTiTv. “Eva modpAnua €xer v 10l0TTo TS ATANOTNG EMAOYNS OTav ot oxohovBio
tomxd PEATLOTOV ETAOYWY 0dNYel o€ pioe cuvolMxrd Béltiotn AMon. “Evag dminotog ahydotbnog
ETLAEYEL CLUTO TTOU POIVETAL XOAITEQO IUE PAOT TNV TOEXOVON KOUTAOTOON KO XATOLO CUYHERQLUEVO
XOLTHOLO %Ol ETAVEL UGVO TO VTTO-OTLYIMATUTTO TTOV TTQORUTTEL 0t avth Ty emhoyr]. H #dbe emi-
Aoyn evog dminotov alyoiBuov eE0QTdtal HGVo Ot TIS TEONYOUUEVES ETMAOYES TOV ROl Gl Al
TS (BENTIOoTES) MIOELS TV UTTO-OTIYULOTUTWVY OV TEOXUTTOUV. Z€ avtiBeon Aomdv ue 10 duvoprd
TQOYQOURATIONS Tov axolovBel bottom-up otoaTnyry, €vag dminotog akyéoBuog axohovOel
™mv top-down otpatnyixy g eEetdinevong: Ze vdbe Pripa ndver po tomxd fEATIoT) emloyn. Me
Bdon avti v emhoyr], T0 TEOPANUL TEQLOQILETAL O EVaL VTO-OTLYULOTUTO, TO OO0 EMAVETAL
avodouxd.

Ané v dAAn mhevpd, N emTUYict TOOO TOU SUVOULXOU TTQOYQAUUOTIONOU 600 %Al TS UeBO-
dov g aminotiag eEaprdrtal ard ™y WomTo Twv PEATIOTOV emuéQovs Aoswv. H 1didmta
O ETLTOETEL TNV OVOOQOWXY] / ETOLYWYLXY] €TIAVON €VOS TEORAMUOTOS EMELDN €yyvdTal OTL M
BEATLIOTN AMdon Tov 0y IOV OTLYULOTUITOV UToQEt va, cuvOebel amd Tig fEATLOTES AMVOELS RATAMNAOL
ETLAEYUEVOV VITO-OTLY LOTUTTMV.,

4.4 Biphoyoagirnés Avagoeés

H pébodog tg aminotiog xow ov epaguoyEs TS oty enthvon meofinudtmyv ovvduaotixig Belti-
oTomoMoNg moRovoLdteTon Toh wold ota [11], [32], »aw [7]. H meprypogr] Tng foaotxrig dourig g
AeLTovQYiag Twv AmAnotwv ahydlBpmy ogeihetar otovg Borodin, Nielsen, xan Rackoff [6].
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AwooBntxd, yodgnua elvor ondnmote Pmoel vo ovamaQootafel ne onpelon (*0QUEPES) ®ow YOOI~
nég (oxpuéc) petasy twv onueiwv. Ta yooagriuata emMTEETOUV TV ROMPY LOVIEAOTOMON TOAWV
%O ONUOVTIX@Y UTOAOYLOTIXDV TEOPANUAT®Y, YU 0UTd Ol ahYSQLOOL YOOPNUATWOYV ATOTEAOTY oL
oAU onuavixy] ®otnyopio alyooiBuwv omv Emomjun twv Ymoloywotdv. AEiCel va avope-
Bovue og neQurd TaQAJEYIOTA, OTTOV 1] LOVIEAOTOMOT TwV TEOoPANUdTmY YiveTow pue ) fordela
YOOPNUATWV.

“Eva dixtvo vmoloylotdv pmogel va avomogaotafel amd €va yodgmua, Oou Ol ROQUEES
OVATTOQLOTOUV TIG EVEQYES OUOREVES (VTOAOYLOTES, OQOUOAOYNTES, KATL.) %alL OL ORUES TIG OIXTUARES
owdéoels. To Bepeaddeg medPinua g alomotiog evog ArTHoU OVAYETOL OTOV EAEYYO NG
OUVEXTIXGTNTOS EVOS TETOLOU YQUPIUATOS GTOV RATOLES OXUES TEOOUVV €XTAS AELTOVQYIOGC.

e mpoPAuota dQOUOAGYNONG EQYAOLDV TTOU YONOLOTOLOUV XOLVOYXONOTOUS TGQOUS, Ol KO-
QUEES OVOTTAOLOTOUV TIS ALOOIXAOTES RO Ol OXES TV omtaitnon dvo dleQyaoidv Yo Tov (dlo
7600. To BepeMaddes TESPANUO TOU YOOUATIONOU YOOoPNUATWV XwEILEL TIC dieQyaoieg oe opddes
YWQEIG AVTAYOVIOTIRES OTOUTHOELS, ONAaOT] 08 GUVOLAL ROQUPDV XMOIS ARUES UETAEY ROQUPDY OTO
0to ovvoro. EMuega To TEAPANUA TOV KOWUOTIOUOU YoopNUATwV Polorel TOAMES EQAQUOYES O
aovppoto dixtua, 6oV oL XONOTES OVTOYWVICOVTOL Yia TN X010 €VAS TEQLOQLOUEVOL alLOUOY
ROVOMDV ETROVWOVIOG.

e mooPAMUaTO OXESLAOUOU OAORANQWUEVWV HUAADUATOYV, Ol ROQUEPES OLVOITTALOLOTOUY WXQO-
TEQO KVXADUOTO 7TOU OUVOEOVTaL METAEU Tovg me axpués. “Eva BegpeMddeg moofinua elvan m
dudraln (layout) twv x0Quepdv oe pict ouyxrexQLUEVN meQroyy] (7., €vBeio YOOUUY, TETQOYWVIRES
RVPELES - grid, emimedo) dote Vo eELayLoTomTomMBoVV oL SLACTOVQMOELS TOV axpdy. O agldps Tov
SLALOTOVQMTEWV TWV oxpdV ®0B0QICEL TOV 0QLOUS TwV EMTEdWV TOV YOELATOVTAL VL0 VO TUTTWBOET
TO RUXAWNOL.

e mEOoPAUATO VITOAOYLOMOU JLAOQOUMDY, Ol KOQUEPES AVTLOTOLXOUV OF TEQLOYES KOl TO. UjXN
TOV ArUOV INAwvouy 15 aviiotolyes amootdoels. "Exouvue 1dn avagepbet oto IIodfAnua tou Ile-
oodevovrog ITwinti}, TOU apoEd OTOV VITOAOYLOUS LA TTEQLOOEINS EAAYLOTOU CUVOMKOU UNHOVG.
AMha BepeMdd mooPAuata eivor vo vohoylobel To Zuvtoudtepo Movortdtt petoE dvo ®oQu-
PV, xol vo vohoyloBel éva EAdyioto Emraiintov Aévigo (Minimum Spanning Tree), dniadn
€val 0OUVOLAO OxPAV TOU GUVOEEL OLES TG ROQUEES ROl €XEL EAMAYLOTO GUVOMHO UFHOC.

5.1 Baowoi Ogiopot 2o Avartagdotaon I'oagnudtov

“Eva yodgmua G = (V. E), 1 amhovotepa G(V, E), opiteton amé 10 0Gvoro Tov ®oQuepdy V'
%o T0 0UVoro Twv oxpddv E. Tuvmxd, éva yodenua (graph) G etvon €éva datetaypévo Cevyog

67
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®

$9) ©)

Yymjua 5.1: [opadelypoto ®otevBuvOIEVMY ROl UN-ROTEVBUVOUEVDV YOOLPNUATMDV.

G(V.E), émov V = {vy,...v,} €lvar 1o 00voho Twv ®oQuepav ot F = {e1,...,en} elvar 10
OUVOAO TV OxpdV. 210 un-xatevbvvoueva yoognuato (undirected graphs), xdfe oxpn givon
éva. dehég ovvolo xoQupdyv, e = {v1,v9}, Gyl amaQalTTa dLAPOQETIHDY UETAED TOVS. XTal
ratevvvoueva yoogpruata (directed graphs), xdBe axpy] etvan €va drateTorypévo Tevyog »oQuepay,
e = (v1,v2). MeQI®ES POQES, XONOWUOTOLOVIE RATAXONOTXA TO CUUPBOMOUGS (V1, V2) O YLOL ARUES
un-xatevfuvopevoy yoagnudtwv. Ta peyétn mov yagaxtmoilCovv éva yodgnua G(V, E) givon o
aQBuds Twv xoQUEdV Tou, ouviibws cupfoliletan pe n 1 |V|, now 0 aQBpds TV axpdv tov,
ovviifwg ovuPoliCetar ue m 1 | E|.

H (un-xatevbuvépevn) axpn e = {v1, v2} OUVOEEL TIG ROQUPES V1 RO V2, OL OTOLES OVOUALOoVTaL
%o droo TS oxpric e. H notevbuvépevn oxpwi e = (v1,v2) GUVOEEL THV ROQUYY U1 UE TNV V2.
H v; ovopdCeton ovpd (| aQyn) ™S oxung e xou 1 vy ovopdetatl xepain (1] T€hog) g e. Avo
ROQUYPES TTOV OUVOEOVTOL UE O] OVORALoVTOL Yerrovixés. ZvupupoliCovpe pe I'(u) to ovvoho tov
YELTOVIXDV ROQUPADV was dedopuévng xoougns u € V. Tvmrd, I'(u) = {v € V : (u,v) € E}.

Mia oxpn mov ta dvo dxpa g TavtiCovron (1 1 aEyn TS TOVTICETAL PE TO TENOG TG av elvan
ratevBuvopevn) ovoudetar avaxtxhwon (loop). Avo axpués pe xowd dxoa (1 ®own oy xou
Téhog av elvan rotevBuvopeves) ovopdlovion magdiinies. "Eva yodgmuo ovopdletal amio dtov
dev €yeL mapdnheg axuES ot avaxvrhmoels. Ao Bewpotpne mdvta amhd yoopipoto (EXTOS oV
O0paS IMADVETOL RATL OLOPOQETIHG). O avaeEBOUIE WOVO OF TETEQAOUEVA YQAPYUOTO TTOV
0Q(COVIOL 08 METEQUIUEVA TVVOIOL XOQUPMV.

Magadderypa 5.1. To yodgnpo (o) Tou Exnuotog 5.1 elvor xotevBuvopevo, el tiat avoxUrAmon
(axpnj (6,6)), aMAG Gyt mapdhnhes axpés (ov anugs (2,4) nan (4,2) dev eivan mapdAnhes agoy
elvou avtippomeg). Ta yodgnuata (B), (), xan (9) Tov Zynuatog 5.1 givon amhd pn-xratevbuvopeva
YoapiuaTa.

Jug axpéc evog yoapiuatog G(V, E) umogotue va avtiotoryicovue fdon néom piog ouvdo-
mong w : E — IR. Tdte to yodemuo ovoudieton fefaovuévo 1 yodgnuo Ue Bdon ot axués
(weighted graph) zouw ovufolileton G(V, E,w). & ueuéc meQumudoels 10 PAQOS Wog oxpig
Bewpeltal oov 10 URROS i T0 ®60TOS TNG.
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e €va pn-ratevbuvopevo yodgnua, o fabuds (degree) pmog ®oQueric v, mov oupufoAiCeTan
ue deg(v), elvow 0 aQBUGE TWV OXUDY TTOUV EQATTOVIOL 0T . 2& EVa ®aTeVBUVOIEVO YOAQN AL,
dampivoupe tov ewoegyduevo fabud (in-degree) g v, mov cvpfohiCeton pe deg;,(v) nouw givon
0 OQBUOS TOV ARUV TTOV RATOMYOUV OTN v, ®ow ToV e§egyduevo fabud (out-degree) g v, TOV
ovupohiCetan pe deg,,,; (v) xow givon 0 QUGS TwV axpdy oV Eextvouy omd ) v. [a modderypa,
oto yodgmua (B) tov Sxnuatog 5.1, n woguen 2 €xel fabud 2, n xopuer| 3 €xel Pabud 4, xou m
ropupn 5 €xet fabud 1. Zto yodgmua (a), o €Egpyduevog Paduds g xoQuers 3 eivor 3 xan o
ELOEQYOUEVOS PaBuds Tng dLag ®oouer|g elvor 1.

O eldyotos Pabuds §(G) evog yoagpiuatog G(V, E) elvar o wuxpdtepos fabuds rdmoag
xoQuUTic Tov, 0(G) = minyey{deg(v)}. O uéyorog Pabuds A(G) evig yoaginoatog G(V, E)
glvaw 0 peyolitepog Babuds wdmowas xopueric tov, A(G) = max,ey {deg(v)}.

Aoxnon 5.1. No amodelEete 611 08 xdBe pn-ratevbuvépevo yodgnuo G(V, E), >, oy deg(v) =
2|E|, non oe xdBe norevbuvépevo yodgmuae G(V, E), >, oy degy, (v) = >, oy degyyi (v) = |E|.

Avon. TNo ta pn-ratevBuvdpeva yoapnuota, xdbe axuy ovvelopégel 1 oto Babud twv dvo dromv
™s. o ta xatevBuvopeva yoagiuoto, ®dbe axuy ovvelopépel 1 otov elogQyouevo Babud tov
téhovg ™ #ou 1 oto eEepyduevo Pabud g aexns ms. O

Mo axohovBict x0QuUYdV (vg, V1, - . ., V), 6OV N OxWY (vi—1,v;) € E yioo »dbe i = 1,...,k,
amotehel pa dadoouj (walk) pijrovg k. AvowoOnund, dwadgoun eivor e axorovBion #0QUPMOV
mov cuvoEovtal P “ouveydueves” axpés. To pfirog g dadgopnic etvor oo pe Tov aolud Tmv
axpodv me. Mia dtadpoun ovoudCeton uovoxovdviid (trail) Gtov Gheg ov orpég g etvon diapo-
QETES %o ovoudleton uovomdr: (path) dtav Gheg oL ROQUPES ™G eivor dlopoQeTnés. MeQurég
(POQES, XONOLUOTOLETOLL RO O 6RO ATAS povormdtt (simple path) yio pua dradooun pe dropoQeTinés
ROQUPES (noiL daL axES). Oa AEUe GTL PLol XOQUYPY| U ELVOL TEOOTEAdTIUN OTTG PMLCL ROQUET| U OLV
VITAQYEL LOVOTTATL OO T U OTY U.

‘Otav 1) 0QYIXN %O 1) TEMXT] R0QUQT] MLaS SLOOQOUNS CUUTTITTTOUY, EX0VUE Mo xAetotrf diadoout].
Mua xherom) dradpouni ovoudteton xvxldwpa (circuit) 6tov GAES Ol AXUES TNG ECVOL SLOPOQETIREG,
%o ovopdteton »vxdog (cycle) 6tav GAeS oL ®OQUEES TG elval diaopeTinés. Me dhha Adyua, To
rUnhopo elvor piot ®AeLoT WOVorovOUALA, ot 0 ®UxAOS elval €va ®Aewotd povomdt. MeQurég
(POQES, YONOLUOTOLE(TAL %ol O 6QOS amAOg ®Uxhog (simple cycle) yuo o ®hewot dwadoopun pe
OLOPOQETINES ROQUPES.

H andoraon d(u,v) netai 860 x0QuepdV u, v elvow T0 PijrOS TOU CUVTOUGTEQOV HOVOTIOTLOY
ueta& tovg. H dudueroos D(G) evig yoaprinorog G(V, E) elvar n péytot arndotoon peta&l dvo
#oueV oto G, D(G) = maxy ,ev{d(u,v)}.

Aoxnon 5.2. Na anodeiEete 611 08 ®dBe yodgnuo, vrdoyel dodoouy omd ULt XOQUYY| U GE ULaL
ROQUYPN W OV %KoL UGVO OV VTTAQYEL LOVOTATL Ot TN U OTN W.

Avon. H wio xatevBuvon eivor mpopovig, yiatt xdbe povomdtt eivor dadooun €€ oplopov. I'a
™MV aviioTeogn ®aTEVOUVVON, TOQEATNEOVUE OTL OV o dadoou] UETOEY © %l w OEV OVTLOTOL-
Y€l O€ MOVOTTATL, TOTE TOEMEL VO TEQLEYEL XOQUPPES TTOV ETOVOAAUPAvVOvVTOL. ‘Oums, To TURUOL TNG
dradgomic avapeoa og dV0 dLopoQETIRES ERpaVioELS TNS dLag ®oQupng elvon Eva xuxdmua. Ago-
QMVTOS GOl TOL RURADUOTAL, RATOAN YW O€ €va ovordTL amd ™) v o) w. O moQordvem cUALOYLONAS
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odnyel axdun oto ocvpmépaoua 6t xdbe ouvroudtepn dtadgoun ams ™ u ot W EVOL POVOTATL,
ooy 1 aQaiQEoN €VOS HUXADUATOS MrQalver 10 uirog e dtadgouns. Autdg eivor o Adyog
OV OVOUPEQOUOLOTE TTAVTO. O€ CUVIOUGTEQO UOVOTATIOL RO EEALQETIHA OTAVIAL OE GUVTOUOTEQES
dladpouéc.

Me madpolo Todmo pmogeite va, omodeiEete Gt va yodgnua weQLlEyel tia #heroti dadooun
(1] éva ®Uirhopa) oV ®oL POVO OV TEQLEYEL EVAY RUXAO. O

“Eva yodgmua G' (V' E') anotehel vmwoyodgnua (subgraph) tov G(V, E) étav V! C V zou
E' C E. To vroypdgnua G'(V', E') ovopdetar emxolimrov (spanning) dtav V' =V (dnhad,
TEQLEXEL / ROAAUTTTEL OAES TS ROQUEES TOU YKoV YOOPHUATOS), o exayduevo (induced) pe
ovvoro xopuepdv V' Stav E' = {(u,v) € E : u,v € V'} (dnhadif mepiéyel Gheg g anpss Tou
aEYI®OU YOOPHIOTOS NETAEY TwV ®oQuYdV Tov V7).

“Eva pn-zotevBuvdpevo yodognua eival ovvextixd (connected) dtov vdQyel LOVOTATL ovA-
ueoo g ®A0e Cevydol ®0QUEMYV. ANAadY|, 0 €VOL CUVEXTIXG YOAPNUO UTTOQOVUE VO, “UeTOfOUNE”
Ot OTOLOONTTOTE KOQUPY| O€ OTOLAOTOTE AAAY OMOAOVBMVTAS TLS RUES TOU YOOPNUOTOS.

‘Otav éva yodgnua G(V, E) dev elvon ouvextxd, SLopneQlCeTal 08 ovvexTixés ovviothoes (con-
nected components). Miol OUVERTIA] GUVLOTHOW ELVOL EVOL HEYLOTOTIXG OUVERTIXRG VTToyQdgpnua. Ot
OUVERTIXES CUVIOTMOES VOGS yoopuatog elvan E€veg petalyi toug xouw 1 €vwor] Tovg divel To yod-
enua. T mapddevyna, o yoapnuatae (B) xou (8) tov Exjuatog 5.1 eivor ouvertird, €vad To
yodpnua (v) dev elvar ouverTro ®o €xeL OV0 CUVERTIRES OUVIOTDOES, TOL ETAYOUEVOL VITOYQOPT]-
uato ue ovvoha noQupav {1,2,3,4} naw {5,6}. Ou CuveXTIRES CUVIOTHOES EVOS YOOUPUATOS
OVTLOTOLYOUV OTIS YAAOTELS LOOQUVANINS OTIS OTToleES dLOUEQILETOL TO TUVOLO TV XOQUPADV 6 T
Oox£0M LOOOVVOUIOS “UTTAQYEL LOVOTTATL HETOEY TWV ROQUPMDV U ROl v,

“Eva xotevBuvépevo yodpnua eivon ovvextixd Gtov yio wdbe Cevydol ®oQueayv tov u, v € V,
VTTAQYEL LOVOTATL (TTOV OEPETAL TLS ROTEVOUVOELS TV OXUMDV) E(TE ATt T © OTN v €T AN T v
o™ u. "Eva xatevBuvépevo yodgnua eivol toyvoed ovvextixd (strongly connected) dtav yio wdBe
CevydoL ®0QUP®V ToV 4, v € V, uIdoyouv povordito (Tov o€foviol TG XATEVOUVOELS TWV ARUDV)
%O QIO TN U OTN U %Ol X6 T v 0T U.

‘Otav éva xarevbuvépevo yodgnua G(V, E) dev elvar 1oyved cuvextixd, dlopeQietar o
loyved ovvextixés ovviotwoes (strongly connected components). Mio LOYVQEA CUVEXTIXY OUVL-
OTMO0. ElVOL €val PLEYLOTOTIXG LOYVEA OuveEXTIXG voyedpnua. o mopdderypa, to yodenua (o)
Tov Zynuatog 5.1 eivar ouvertind adhd Oyt LOYVEA CUVEXRTIRG XOL OTOTELE(TOL 0TS TOELS LOYVQA
OUVERTIXES OUVIOTDOES, TOL ENOYOGUEVOL VITOYQOUPYUaLTO. ue ovvola xopupadv {1,2,3,4} xou {5} o
{6}. Ou oyvEd CUVEXTIRES CUVIOTWOES EVES YOOPHIOTOS OVTLOTOLXOUV OTLS ®AAOELS Looduvapiog
OTLS OTOIES DLOUEQICETAL TO GUVOAD TWV XOQUPMV OTtd TN OXE0N LoOdUVONIOS “UTdQ)EL HOVOTIATL
QT TNV ROQUMY U OTN ¥ %Ol OIS TN v OtV w”.

Avdloya. ie TIg 1L0TTES Tovg, UrrogoUie vo dtaxpivouue dudpoa gidn yoagnudtwy. Mio amd
TIS ONUOVTIHOTEQES XATNYOQIES Yoopnudtwv elval ta d€évroa. "Eva anvrhxd (acyclic) yodgnua
(Onh. €va yodpmuo wov dev meQLEYEL ®irhovg) ovoudteton ddoos (forest). “Eva axuvxMxd xow
ouvexTxo yodgnuo ovoudCeton dévroo (tree). INa mapddetypa, To yodgnua (8) tov Zxuartog 5.1
elval dévtpo. OL xoQupés eviog dévtpou e Padud 1 ovoudCovror gUuAla. Ol ONUAVTIXGTEQES
6T TES TV EVTOWVY sUVOPiLovtou oto Oewpnua 5.1. H amddel&n tov Bewpnuatos vrdoyer oo
nepLoootepa Pipiioa Oewplog F'oagnudtwy (m.y. [21, 24, 12]).
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Yymjra 5.2: ITopddetypo avamadotaons ®oteviuveieVoy YOUPHIATOS.

Oedonua 5.1. Ta mapaxdrw eivar i0odvvaua yia xde amho un-xatevbvvouevo yodgnua G(V, E):

1 To yodonua G eivar dévro.
2. Kdbe Zevydot xopvpdv tov G evdveral ue novaodixd uovomdrl.

3. To G eivar ehayuototird ouverTns, OnA. av agaipebel uio omoiadjmore axuij, To yodenua
TaVEL VA VAL OVVERTIHG.

4. To G eivau ovvextind xar |E| = |V| — 1.
5. To G elvau axvxdand xau |E| = |V| — 1.

6. To G elvar peylotonnd arvrMns, ond. av mpootelel uia omoladmote axur, To yodenua
aTORTA HUKAO.

Aoxnon 5.3. Na amodeiEete 10 Oedonua 5.1.

5.1.1 Avaroagdotaon I'oagnudrov

H eneSepyaoia evig YOOPIUATOS OTOLTEL TV AVOTOQAOTOON TOU YQOPNUOTOS OTY UVRUN TOU
VITOAOYLOTH PECW ROTAAMANG dourig dedouévary. Ot w0 ouvnOLoREVOL TEOTOL CVOTOQAOTOONS 1
Mota yerrviaons (adjacency list) xouw o wivaxag yeirviaons (adjacency matrix). 2to €Eng Bempoipe
amhé yodgnuo G(V, E) ue n voQueés »ow m axpés. Emiong, Oempoiue 6t vgpiotoran o aoibunon
TV OQUPOV TOVU YQOPHUOTOS Ue Toug apBuovg 1,2, ..., n.

H Aioto yerrviaong tov yoagnuatogs G(V, E) amoteleitol amd ) MOTto ToV YETOVIRGY R0QU-
PAV ylo. #a0e xogupn v € V. O delxteg 010 TOMTO OTOLYEIO OUTAY TWV AMOTMV amodnxevoviol og
Evayv mivoro L pue n 0€oeig. ZuyrexQUUEVa, 0 SEIXTNG 0TO TEWMTO OTOLYE(D TG MOTOS TV YELTOVL-
2V 20UV ™S v € V Poloxeton ot 0€on L[v]. To uéye0og e Motog Twv Yerrdvoy g v elivor
{00 pe 1o Padud mg. Emousvme,  avarapdotaon tov G pe Mota yerrviaong amoutel ©(n 4+ m)
0€oeLg uvung.

O mivaxrag yerrviaong tov yoogijuotos G(V, E), ovupohriCetan pe A, éxet n x n otoyeio. To
otowyelo Ali, 7] eltvar 1 av n axpy (vi,v;) € E »non 0 dagopetnd. Av 1o yodegnua €xer fdon
oG orPES, To otoryelo Afi, 5] elvon (0o pe to Pdoog w(v;, vj) TG AVTOTOL(NS OIS *all EXEL LOL
eldun rpn av 1 axprj (v;, v;) dev vdyet oto yodgnua. H avamrapdotaon tov yoagiuoatos G pe
nivaxao yeuviaong omoutel © (n?) Oéoeic pvipme.
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Xymjuae 5.3: Iopdderyuo avamaedotoons Un-*otevbuvOopIEVOY YOOPYLOTOC.

“Eva modderyna ovortaQdotaons *oTeVOUVOIEVO YOOPNUOTOS e AMoTtal YELTVIOonS ®al Tivaxa
verrviaong divetar oto Zyjua 5.2, eve oto Zxynuo 5.3 divetar €vo moQAadelyua avoraQdoTaong
UN-ROTEVOUVVOUEVOL YOOUPHATOG.

‘Orawy 1o yodgnua eivon apaid (sparse), Mhodij €xet aoBPS axpdy o(n?), N avomadotaon pe
Mota yertviaong ortontel aoupumttoTind MyoTteQes 0€0eLg pvijung orts Ty avotoQAoTo.oN PE TTIVaXRaL
veuviaong. Avrifeta, Stav 1o yodgnuo elvar vxvd (dense), Smhadi €xer apOud axpdv O (n?),
Ol OTTAUTNOELS TOV OV OVOTIOQAOTACEMY 08 BEGELS PVIHING TOUTILOVTAL WS TTOS TNV OLCUUTTTMTLXY
TOUS CUUTTEQLPOQU.

H avamapdotaon pe mivaxro YEITvioons TAEOVEXTED YIOTl EMLTOETEL TOV EAEYXO YLO. UTAQEN
oxINS NETOED QU0 CUYREXQUUEVWV ROQUPMV 0€ 0T00gQ0 ¥odvo. H avamapdotaon pe AMota yertvi-
0LONG TAEOVEXTEL YLOTL EMITOEMEL TNV OTTOQIOUNOT TV YELTOVOV MLAS GUYREXQLUEVNC ROQUYPNC U OF
xo6vo O(deg(v)) (avti yia ©(n) mov glvon 0 AVTIOTOL(OS XOGVOS YL TOV THIVOXAL YELTVIAONG).

210 €&, O Bewgoupe GTL To YOdgnuo L0600V avamagiotaTol Pe AMlota yertviaong, EXTog oV
oNTd OVOPEQETOL XATL SLOLPOQETIAG.

Aoxnon 5.4. No diatummoete alyoQlOovs YOOUULXoU YQOVOU OV UETOTQETOUV TNV AVATOQJ-
OTOOT EVOS YOOPRUOTOS OO AloTOL YELTVIOONS O€ Tivaro YELITVIOONS ROl AVIiOTQOMO.

Aoxnon 5.5. To tetpdywvo evég yoopinatos G(V, E), ovpporiCetar pe G2(V, E?), meoiéyel mv
axp (u, w) oV %o PGVO OV Ol ROQUYES U %Ol w EIVAIL YETOVIXES 1] €XOVV %OWG yeltova oto G
(voodvvapa, av ®ou VO OV 0L ROQUYES u %o w Peloxovial Polioxovial og améoTaon T0 oAU
2 oto G). Na drvmdoete amodotiovs alyopiBuove yio Tov vohoyious tov G2 érav 10 G
avosoptotatal pe Aoto YeLTvioong ®oL e TEvaxro YELTvioong.

Avon. Otav to G avomogiototol we Alota yertviaong, €vag amwodotivds alyoplBuog eival o
axohovbog: T ®dBe nopupn u, mEGoOeoe OTN MOTO TWV YELTOVWV ™S ¢ TS AMOTES CAWV TwV
v eV :(v,u) € E (M 15 Moteg GAmv Tov yertdvmv g w). Ewdwxng uéouuva yoetdletan yo
voL unv epgoviCeton m o xogueny oty vEa Mota ToAES poéc. O alkydpLlBpog avtds umoQel vou
vhomonBei oe xp6évo O(nm).

310 TeTpdymvo A2 Tov mivana yerrviaong, 1o A2[v;, vj] W0oUTOW [ TOV CLOLOUG TV JLOOQOUDY
unxovg 2 petalu v xoQupdv v; xow vj. H axuy (vi,v;) Ba vrdoyel oto G? av xoL pévo av
Alvi,vj] + A[v;, vj] > 0. Avti n maparijonon odnyel otov axdhovbo akydplBuo: YmohoyCovpe
10 TeTRdymvo A% = A x A tov mivaxa yewvicone tov G. ‘Eoww o mivoxog yewrvioong tov
G?. ©ftovpe Blvi,v;] = 0 yua %60 v; € V. T #dbe v;,v; € V, Bétovne Blvg,vj] = 1 av
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Alvi,vj] + A%[v;,v5] > 0 nou Blvg, v;] = 0 duagogemind. O ahydoubpog poel vo viomomBei oe
xo6vo O(n!82 7) yonouyomordviag Tov ahydotpo molamhactaopot mvdxmy Tov Strassen. O

Aoxnon 5.6. To avdorgogo yodgnua (transpose graph) evog x®oTEVOUVOREVOU YQOPNUATOS
G(V,E) eivar 10 yodgnuo GT(V, ET) énov ET = {(v,u) € V x V : (u,v) € E}. Anhodn,
10 avdoTeoo yodgnuo GT mporintel amé 10 G avILOTEEPOVTOS T oA TwV axpdy Tov. Na
AATVTOOETE AAYOQLOROUS YOOUMKOU YQOVOU YIOL TOV VTTOAOYLOUS TOU OVAGTQOQOU YQAMUATOS
GT Gtav 10 G avomapiototon pe AMoTo yerTvioong ®on pe mivoxo yerrvioone.

Avon. Ortav 10 G avamopiototol e Moto yetrvioong, yio xdoe xoguen u € V' xal ®dbe ®xoQuer]
v € Lu], mpooOérovpue ™ v om Motaw LT [v] me nopvgric v yia 1o avdotpogo yodgnua. O
anShovBog Pevdorddinag voloyiCel ™ Aiota yerrvioone tov GT amé ) AMota yeirviaong Tov
G. O akyopbuog €xet xoovo extéheons ©(n + m), dhady yooumxrs oto péyebog g Motog
yeLrTviaong.

for allv € V do
LTv] < 0;
for allu € V do
for all v € L[u| do
LTw] + LTw] U {u};

‘Otav 10 G avamoloToTol (e Tivaxro YELTVIOONS, OQXED VoL VITOAOYICOVUE TOV OVAOTEOMO
nivoxo AT tov A (o avdorpogog mivorag AT evéc mivaxo A €xel oav YOOUUES TIS OTHAES TOV
nivaxa A).

for all v € V do
for allu € V do
AT[u,v] — Alv,ul;

O yo6vog extéheong eivor O(n?), Mhadi yoouuxde oto péyedog tov A. O

5.2 Avaintnon llpota oe IIAdrog

Ba Eenwviioovpe pe dvo amhés uebddovs yior Ty eEepetivion evos yoopnuotos, v Avatitmon
Moo o [TAdTog o v Avalnmon Iowto oe BdBog.

Aedopévov evig yoagpiuatos G(V, E) won puo dtoxexouuévns xoouvpric s € V, n Avalimmon
[Mowrta oe IMhdrog (Breadth-First Search) eSepeuvd T ®0Qupés Tov yoapnuatog oe avgovoa
O€LQA OTAOTOONG TG TV ROQUPY S.

H Avoaliymon Iodta og [Thdtog (AITIT) Aettovgyel oe pdoels. X pdon k, n AIIIT eEgpevvd
TS ®OQUPES oV Poloxoviol 08 omdotaon k omd TV S. ZUYREXQLUEVO, OTNV TEWT Qdon, N
AIIIT eEgpevvd Toug YELTOVOUS TS § (ROQUPES oe amdotaon 1 amd v s). Xt devtepn pdon, N
AIIIT eEepevvd Tig ®oQUpEs mou dev eEepelivnoe otV TOMTN PAoN ROl Elval YEITOVES RATOLOV
veltova g s (0QUEES 0e amdotaom 2 and TV s). [evixdtepa, ot gdon k, n AIIII eEepevvd
TIS ROQUYES TTOV Oev Exouv eEepeuvnOel oe TEONYOUNEVES PATELS RO EIVOL YEITOVES ROQUYPS TTOV
eSepevviinxe ot gdon k — 1. O yoapaxmmoiouds “Tlodta og TThdTog” mEonvmTeL amd 10 YEYOVOS
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ot 1 ATIIT ohoxAn@veL v €EQEVVNOT TWV ROQUPOV O OTG0TOON k amtd TV S TOLV ETEXTAOET
otV €EEQEUVNON TV ROQUYAV O amdotaon k + 1.

Ané v meprypagn tng AIITL Srtaxpivouue toia £(0m wopupdv: Tig aveEepetivnres HOQUYES, TIC
omoteg Oev €xovpe emMOREPOET arAUN, TIS VITO-e§6TA0T ROQUPES, TIC OMOLES eMIOREPO e alhd
OTOUEVEL 1 EEEQEVUVNON TWV YELITGVWV TOVG, O TS EEEQEVVIUEVES ROQUYES, TIS OTOIES EYOUNE
emOXEPOEL naL £xove OMORANQEMOEL TV EEEQEVVNON TWV YELTOVMVY TOVS. AQXIRA GAES OL XOQUYES
elvon aveEepevvntes. ‘Otav M AIIII emoxémteTon pic #0QUEN YO TOMTN PO, 1 XOQUY] YIVETAL
vro-eE€taon. H vmo-eE€taom xoguen Bewpeltor eEepeuvnuévn oty emouevn Ao, 6Tav EXOVUE
emoxreQOel GAOVS TOVG YELTOVOUS TNG.

TN va eEaogpalotel  xotd TAdTOS €E€QEVVNON TWV ROQUPWYV, 1| CELRC e TNV OTO(0. Ol VITO-
eE€T010m ®0QUYES yivovtal eEgpevvnuéves moEmet va elvor (Lo e ™ oeLRd oV oL OVEEEQEVVITES
®OQUPES yivovtal vmo-eSétaon. I'V avtd 1o onond, o alydoOuog dwotneel wo First-In-First-
Out (FIFO) ovpd amd vmo-eE€taon ®oQuepés. Agywd, m uovn vmo-eE€taon xogugr| (xot doo
N wévn xoQuer; oty oved) eivow 1 s. H AIIIT eEdyel v medT ®0QUEY| TS 0vEds, eEepeuvvd
TS YELTOVIXES KOQUYES (e TN O€Lpd Tov moatiBevrar oty AMota yertvicong), xot Bemoel v
1OQUYY] EEEQEVVNUEVY. oV ATOTELEGUA AUTHS TG dLOALRAOTOC, RATIOLES ROQUPES YIVOVTAL VTTO-
eE€taon now mwpootiBevion oto TEAog g ovpds. H ATIIT dwotnpet emiong dvo fondntinovs mivaxeg,
toug m %o p. T #dBe »outj v, 10 Mm[v] TEQLEXEL TV TEEXOVOO RATACTAON TG ¥ OF OXEON
ue v AIIT (dnh. av n v eivan aveEegevvnty, vro-eEétaom, 1j eEegevvnuévn) xouw 1o plv] v
%x0QUYY] atd v omoio. 1 AIIIT emoxépOnxe ™ v Yo TEWTY YoEd (eivanl p[v] = NIL evéom 1 v
mapapuével aveEepeuvin). o va dievrolivouue Ty TEQLYQOPT] Tov ahydoLBpov, yogoxtneitovue
TS aveEEQEVUVNTES KOQUYPES UE TO A, TIS UTTO-EETOON ROQUPES e TO Y, ROL TIS ESEQEVVIUEVES
®0QVQES ue 1o E.

BFS(G(V, E), s)

addToQueue(s); m[s] < Y; p[s] < NIL;
for allv € V'\ {s} do

mlv] < A; p[v] < NIL;
while not emptyQueue() do

u <+ extractFromQueue(); m[u] < E;

for all v € L[u] do

if m[v] = A then
addToQueue(v); m[v] < Y; p[v] + u;

"Eva mopdderypa epaouoyns g AT gaiveton oto Syrjua 5.4. Kdbe nogugn aldlet yo-
0oXTNELOUG dU0 oEES (1 %o Mydtepeg av To yodgnua dev eivor ouvextind): amd A oe Y dtov
mpooTtiBeToL 0To TEMOS TS 0VEdE, ®ou antd Y og E dtav eEdyetal amd tny ayr] tg ovpds. H ei-
oaymyn oto TEAOS ®al 1 eSaywyn amd v agyn was FIFO ovpdg vhomoteltol evxola o€ otabeQd
x06vo. O cuvolMxds XeAVog yior avTés s Aettoveyies eivar O(n). H Mota tmv yerrdvmy pog »o-
ovong eEetdleton dtav 1 ®oQUYT] ahhdlel yapaxmelons and Y ot E. To dBgolona tmv yertdvawy
Shv Twv %0V eivar O(m) (Ph. Aoxknon 5.1) ot 0 alySoLBHog apLeQdveL oTafeQs YOGVO YL
#A0g YELTOVIAY %0QUET] TTOL eV YopaxECeTon A. O aviiotowyog xeovos eivar O(m). Erouévmg,
0 ouvolMxdg xeovog extéheons g AIIIT eivow O(n + m), dnhady yoaumxds oto puéyebog g
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Motog yerrvioong.

TMogatnoovue 6t pe eEalpeon TV oyt xoQuet s, xdBe xoQuEY v mov elval eEgpeuvnuévn
1N vro-eE€taon €yl p[v] # NIL. Emiong, oto téhog Tou akydouBuou GAeg oL OQUEES eivan eite
eCepevvnuéveg eite aveEepetvntes yiatl ®d0e vmo-eE€taon xogugn eEdyeTon 0mtd TV OVEd TTOLY
™V oAOXAO®WON TOV OAySEOuov xan yivetar eEepevvnuévn. MdAMoTo, ov GAeS Ol VTOAOLTES
#0QUEES elval mpoomeldoes and mv s (my. 10 G(V, E) givar un-»atevBuvopevo ouvextind
vodgnua), o ahyooLOpog TeQUaTiCel Ue GAES TIS ROQUMES EEEQEVVNUEVEG.

Ag Beworjoovpe to vroyedgnua Gp(V, Ep) mov amoteheiton and Tig eEEQEVVNUEVES ROQUPES
RO TS OXUES NEOW TV omolwV TS emOoReQOfxape yioo T ood. Ankady, 1o G,(V)p, Ep)
opiCetan wg:

Vp={veV :mv|=E} ru E,={(pv],v) e E:veV,\{s}}

0 yodpnuo elvan dévtpo yort tpomoLel €val povodLtnd HovordTL amd TV s OT
T Gp ) AIIIT yono ) o

v Yo vo eEepevviioel #dbe xopupy v € V. Mdhota to G elvoun emxaiintov d€vipo tov
ayoU yoapijpatos G(V, E), dnhadi V, =V, av 1o G eival pn-»atevhuvopIevo ®ow GUVERTIXG 1]
ROTEVOUVOUEVO RO LOYVQC CUVERTIKO.

To dévrpo G, ovopdletan d€vrpo g AIIIL ‘Otav Gheg oL 0rUES TOV 0OV YOOPIATOS ElvoL
novadiaiov uirovs, 1o dévrpo g AIIII mepLéyel €va ouvtoudTeQO POVOTATL Ao GLES TLS VIO-
AOLTTES ROQUYES TTOV eivo TRoomeldoies amd Ty s (PA. emiong Evémyta 5.6.2 wow Aoxnon 5.30).
Emouévwg, n AIII voAoyiCel LS AmOOTAOELS CAWV TMV R0QUP®OY OTtd TNV § GTOV OL AXUES €XOUV
uovadiaio uxog.

Aoxnon 5.7. No amwodei€ete 611 éva un-rorevbBuvépevo yodgnuo G(V, E) eivor ouvextins ov xou
uévo av 1o dévrpo tng AIIII eivou emxolinrov dévrpo tov G (k. V), = V). Na tpomomomjoete
mv AIIIT dote vo vmoloYiTel TLg CUVEXTIRES oUVILOTHOES Tov G.

Avon. Av to dévtpo g AIIII etvor emwalintov d€vipo Tov G, 10 G elvol OCUVEXTIXG Aoy Eval
VITOOUVOAO oIV OQUEL YLl VO “OUVOETEL” Gheg TIC ®OQUYES. Av 10 G deV gival OuVEXTIXGS, TO
dévtpo e AIIII dev pmwopel va eivor eXLRAAITTOV 0OV VITAQYEL ROQUPY] TTOU OEV ELVALL TQOOTEAC-
o omd Ty S.

Tt vo vTohoYIOOURE TIS OUVERTIRES OUVIOTMOES, 0OXMA BEMEOVUE BAES TLS ROQUEES WS CLVE-
Eepevvrec. Evdow vmdoyouvv aveEepetivinteg xoQupEs, DLAAEYOUUIE Lol OTTG QUTES OOV QL)X
ropuen xoL epapuotovue AIIIL. Ouv xopupéc mov eEgpevvdviol o avtn Ty xAjon g AIIIL
amoTeAOUV PLoL oVveRTIXY cuviotwoo. H dtadirnaoio ouveyiCeton néyol OAES Ol ROQUPES Va. £xOoUV
eEepevvnOel no doa. evioyDel 08 ®ATOLO. OUVEXTLXY CUVIOTWOOO. ad

Aoxnon 5.8. TTowd eivon ta amoteléopata g AIIIT Stav to agyrd yodgnuo eivor: (o) TANOES
yodpnua, (B) dévtpo, (y) amhdg vixhog, xan (8) aotégag.

Aoxnon 5.9. “Eva yodonua G(V, E) ovoudCetoun diueoés (bipartite) dtav vdoyel diopugéouon twv
1OQUP®V Tov 0 dVo ovvoha Vi xow Vo dote ®dBe axun tov E va €xel to €va dxo g oto Vi %ol
10 MO dxpo g oto Vo, Ioodvvaua, éva yodonua G(V, E) elivar SUEQES av %ot PNGvo av dev
gxelL xUnhovg meprtrov uijrovg. IMepuyodyte €vav amodotkd ahydoBpuo mov amopaoiCel av €va
vodpnuo eivor SLueQES 1 OyL.
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Yynre 5.4: Iopdderypa epaguoync Avatimong Ilodta oe ITAdtog oe pun-rotevbuvouevo yod-
nua. Ot aveEeelvnTeg ®ROQUEPES ONUELDVOVTAL LE AEVUXG XOMDUQ, Ol VTTo-eEETAON Ue YrE(Co, ®al
oL eEEQEVVNUEVES e HOGQO. Ot OXUES TOU CUELBVOVTOLL UE OLOREXOUUEVES YOOUUES KONOLUOTTON]-
Onxav yia v emioneYn VEwV ®xoQUPAMV ®al ovumepthapfdvoviat oto dévigo g AIIIL
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Avon. Xwoig PAAPN e yevirdmrag Bempovpue ét 1o yodgnuae G(V, E) givor ouvextixd xou
un-rorevBuvopevo. H Mion mou o dddcoupe YEVIREVETOL EVROAN OE UN-CUVERTIXA 1)/HOL O KO-
TevBuvopeva yoopriuoTaL.

O alyépBuog ouvviotatan omv extéheon wog AL and wo omowadrmote aQywy ®oQue
s € V. H AIIII vroloyiCel TG amooTdoels GAmV TV ®0QuUe®V omd ™V s. 210 Vi Pdlovue g
XOQUYES O0€ dETIAL aTAoTOON omtd TV $ ®ow 010 Vo fdlovne TG ®oQuEES 08 meQLTT OmGOTOON
amd TV . Av dgv vdEyouvv oxpég Petaly Twv ®ouepdv Tov Vi xan touv Va, to yodgnua givou
duepgs. Av vmdoyel axp ReTagl ndmolwv ®oQuev oto Vi 1 oto Vs, to yodgmua €xel ®Uxho
TEQLTTOU rovg (var 1o 0modeiEete), omdte dev elvan dipeés. O ahydoiBpog €xel xoovo extéleong
O(n+m). O

5.3 Avalntnon llpota oe BaBog

H otpamywn mg Avaliitnong IMowta o BdBog (Depth-First Search) eivow n amoudxguvon amnd
™MV 0QYWI ®0QUYY} EVOow awtd eivar epuetd. ‘Otav n Avaliitnon Iowta o Babog (AIIB) emt-
ORETTETAL PULOL KOQUPY YLOL TOMTN PO, EEEQEVVA CAES TIG YELTOVIXES TG TTOWV PUYEL omd avt). H
ATIIB eivou guoet avadgopxry dtaduaoio: Eexivdel eEEQEVVHOVIOS GLES TIC YELTOVIXES ROQUIES
OGS ®OQUPNS v Tov emAéyeTal oav agywxy. H oglpd pue v omoia eEgpevvdvial ol YEITOVIRES
ROQUYES TNS v ®oBopICeTON At T B€om Tovg ot AMiota yeltvioons. Kdbe gpopd mov emioxémtetal
o véa xoougpn w, 1 AIIB epoaoudlel Tov avtd TS e aQY®I] ®oQuen T u. Avtd cuveyieTo
uEyoL vo. eEepeVVNO0UV GAES OL ROQUPES TTOV EVOL TEOOTEAAGLUES Ot TNV v. AV VITAQYOUV OXOUN
ROQUYPES IOV TTOQOANUEVOUV AVEEEQEVUVNTES, EMIAEYETOL ULOL AVEEEQEVVITI] KOQUPY OOV OLOYIXT] XL
eQOOUOCETOL 1 (0Lt dradiraaton.

‘Orntmg »ow oty AIIIL pmwopovue va draxpivouue tolo £(01 ®0QuE®V o€ ®dbe onueio Tov alys-
olBuov. AQyLrd Ohes oL ®oQUYES eival aveEeoevvytes. Tnv Moty pood mov | AIIB emoxémtetal
o aveEeevvnn xoouypn v, N v yivetal vro-e&étaon wow n AIIB epapudletal avadoound ne
oyt ®oouer| T v. H xopuen v Bewpelton eepevvnuévny otav ohoninomBel 1 avadoopixy ®Aron.

H vhomoinomn g AIIB dratneel pio fondnxn petafAntn, mv ¢, xoL Toelg fondnTirovs mivaxe,
Tovg m, p, val d. H toéyovoa T mg LETaPANTIS ¢ avTloToLYEl OTOV 0QLOUG TV XOQUP®Y TIOU EYEL
emoxepdet n AIIB. “Otav 1 xopugpt] v aAACEL YOEOXTNOLOUS atd aveEeQetviyTy 0€ Vo-£EETaoN,
N t avEdveton xord 1 xow 1o d[v] tibgtan oty 1eéxovoa Tuy s t. “Etou to d[v] deiyver ™ oglpd
ue v omoia n AIIB emiorn€pbnre v ®opuen v.

H yofon twv m »aw p givon (diar pe ™ yrjon tovg oty AIIIL To m[v] megiéyel v teéxovao.
®roTdoTaon ™G v g oxéon ue v AIIB ot to p[v] v ®oQuen amd v omoia  AIIB emoxéqponxe
™ v Yo e pod. ‘Omwg ®al otnv AIIIL yapaxtmeiCovue Tig aveEeQevivnTes ROQUPES UE TO A,
TIS VIO-eEETOION OQUYES PE T0 Y, %ol TS eEeevvnUEVeS ®0QUPES e To E.

DFS.Init(G(V, E)) /* Agywomotnon avalimong */
t <+ 0;
for allv € V do
mlv] < A; p[v] < NIL;
for allv € V do
if m[v] = A then DFS(v);
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DFS(v)
t < t+1; m] < Y; d[v] + t;
for all u € L[v] do
if m[u] = A then
plu] < v; DFS(u);
mlv] < E;

“Eva mapdderypa epaguoyiic me AIIB gaivetal oto Zyfua 5.5. H dtadinaoic DFS Init apyuxo-
TOLEL TIS UETOPANTES TTOU KONOLUOTOLOVVTOL OTOV ONYOQLORO (TTOLQOITNOELOTE GTL OAES OL PETOPANTES
mEEMeL Vo elvol opauourng epupélelag) wan Eenwvder mv avadgomny] dadixactio DFS. H duadi-
xaoto DFS woketton pia pod yio vdfe xouen, apov 1 xhjon DFS(v) aAldlel o xoooxtoions
™G v oo A og Y xou ot ovvéxewo o E. H xhjon DFS(v) ghéyyer Ghovg toug yeitoveg g v
YLOL ROQUEES OV ToAUEVOUV aveEepetvntes. Emopévmg, xdbe axpn edéyyetan pio gopd (dvo
oV TTEOXELTOL YLo. Um-%atevbuvopevo yodgnua). O cuvolrds xedvog extéheons s AIIB eivon
O(n 4+ m), dhadn yoaumxds oto uéyebog e Motag yerrvioongs.

‘Onwg rouw omv AIlI, opiovpe 1o vroyedgnua Gp(V, E,) mov aroteheitar and ng ee-
QEVVNUEVES ROQUYES %O TIS ARUES UECW TWV OMOIWV TIS ETLOREPONRAUE YLt TOOTN POQAE. XU~
pwva pe ™ dorvmwon ™ AlIB, to G), elval emxaiimtov vroypdgnuo tov G yworl o alyd-
olBuog tepuoatitel apov €xel eSepeuvioel Gheg T ®opués. To ovvoho axudv opitetal wg
E, = {(p[v],v) € E : v € V nouplv] # NIL}. To yodgnua G, eivar ddoog (dnh. cxvxhxzd)
yuatl 1 et emioxeyn o ®ABe xoQUEN v YIVETAL 06 MOVOILXG LOVOTATL Otd TV avTioToLym
ayry xopuer mpog ™ v. To G, ovoudleton ddoog g AIIB.

To G) elvouw ovvextnd uévo av OAeg oL *OQUEYES elval TEOOTEAACIUES QTS TV TTEWTN OLQ-
) xopuen. Ewdindtepa, av to yodgnua ewoédov G(V, E) eivaw pn-ratevbuvipevo, 1o G eivan
OUVEXTIXG OV %o UOVo av 10 G elvan ouvertikd. e dlopoQetinyg mepimtwon, ®dBe poed Tov 1)
DFS_Init »oket T DFS pe Sioooetiny) aoyixy ®oQug], €val VEo dEVIQO / GUVERTIXY OUVIOTHOO
mpootibetan oto G, MdhMota, 1o ddoog G, ameoviCer v eEEMEN TV avadpourdy ®Mjoewy
s DFS. Zuvyrenowéva, 1o yeyovog 6t plu] = v onuaivel ét 1 xhjon DFES(u) €ywve »otd tov
ELEYXO TOV YELTOVWV TNG ®OQUETS v (e AAa Aoyia, ) xAjon DFS(u) mooéxuye cov avadoopxn
xAjon ané v DFS(v)).

Aoxnon 5.10. ITowd eivou to amotehéoparta g AIIB Stav 1o agywxd yodgnua givor: (o) TAeEg
vodgmua, (B) 0€vtoo, (Y) amhdg #ixhog, %ot (§) aoTéQag. ZUyrQIVETE e TOL OVTIOTOLYOL OTTOTENE-
opota g AIIIL.

Aoxnon 5.11. No anodeiete 6t av 1o yodgnuo gwo6dov G(V, E) givan un-zotevbuvéuevo, m
ATIB vmoloyiCel TIg CUVEXTIXES CUVIOTHOES TOV G.

Katnyopieg Axpdv. "Exoviog cav onueio avagpopds to ddoog g AIIB, umopovue va ogicovpe
TE€00€Q0 OLOPOQETIRA IO OUUDV:

e Ovaxués tov ddoovs (forest 1 tree edges) etvar oL axpés oto ovvoro E,. Mo anpr (u, v)
aviireL 0to dACOS OV XONOWOTOWONKE Lol TNV QAT EMIOREYN OTHV ®oQUPN v, dNAad T
oty g €Egpevvnong g N v elvan aveEepetviTy.
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Tynina 5.5: Tlapdderypa epaopoyic Avalimong Iodta oe Bdbog og xatevBuvdpevo yodgnua.
Ou aveEeQeuvnTeS OQUEPES ONUELDVOVIOL PE AEVXRO XQONA, Ol VIO-eEETOION Ue y%QILo, ®aL oL
eEepevvnuéves pe povgo. H etméra »dbe woguegng avriotoryel oty oglpd g medtng AIIB-
emioneymg (dA. omv twrj tov d[v]). Ot oxpég mov €xovv eEepevvnOel amd v AIIB onueudvovton
ue €viovo poipo xodua. Ou axpég tov ddoovg e AIIB onuewdvovran pe ovumaryy BEA ot ot
VITOAOLTTES ArUES e dlaxexouugEva BEAN.
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e O miow axués (back edges) ovvdéouv pia oQuepn v pe piot X0QUEPY v IOV €livall TEGYOVOS
™S u oto ddoog e ATIB. Mia axpy (u,v) elvon miow oxpri av xord v eEepetivnon g 1
®oQUET| v elval VtG-eE€T00N. O avarurAdoeLs BemEoUvToL TIow OXUES.

o Owumoos axués (forward edges) ouvd€ouv pict xoQuUeN u e Pict *OQUEY v TTOV €LVOL OTTGYOVOG
™S u oto ddoog g AIIB. Mia oxpn (u, v) elvor pmmog oxprj av xotd v eEegetvnon g
N xougn v elvon eEepevvnuévn xan dfu] < d[v] (dnh. éxovue emonepdel ™ u TEWV ™ V).

e Ou véhoumeg axpég ovoudtovion axués dwaotavowons (cross edges). Ou axpés drootod-
QWONS OVVOEOUV HOQUYES OTO (010 dEVIQO oV OV €YouV OYEON TEOYSVOU - amoyGVou 1
HOQUPES 08 daoEeTRd dEVTRa Tov ddoovg Gy, Mia ampri (u, v) etvon o dtaotaipmong
av xatd v eEegevtvnon g 1 xoQugy v eivon eEggevvnuévn xon dfu] > dv] (dnh. €yovue
emoxreOel ™ u NeTd amo ™ v).

210 Zyfua 5.5, drompivovpe to €idN Twv axpdv wov mopdyel  AIIB. Ou axuéc ddoovg on-
UELDVOVTAL UE OUMTTOYT] NAiQa BEAN %ol oL vrtdAowtes axies e dtoxexoppéva podoa, fEAN. Ou
miow axpég onuewdvovral pe I, ov pmoog axpnés pe M, zow ot axpéc draotavpwong we A. To ddoog
g AIIB €yel tehnd Coyoaglotel dote ol Tlow axpég vo »aTevBivovTal TEOg Ta, TAV®, OL UITQOG
OXUES TTEOG TOL ®ATW, %O Ol ARUES AAaTAOmONS amd deELd OGS TOL 0QLOTEQL.

Av 10 yodgmua 1060 givat pn-ratevBuvépevo, oty axpri {u, v} yapaxmoiCeton ue fdon tov
TEATO (YQOVINA) XOQEAXTNELOUG OV TS atodidetan. Me dhha Moyar, 1 o {u, v} yapaxrmoiCeton
amé mv xarevOuvon (u, v) M (v, u) mov eEepevvijinre ot amtd v ATIB.

Aoxnon 5.12. Noa amodeiEete 611 1 AIIB og pn-rotevBuvopevo Yoot ToQdyel WOVO ORUES
ddoovg oL oW arUES.

Avon. "Eotw {v,u} axwij un-xotevbuvépevou yooginotos. Xmis PAGPN s yevirdtnrog, voos-
toupe on dfv] < d[u] (dnhadij Gt n ATIB emoxéponxe ™ v TEwv ™ ©). Aoy 1 u elvon ot Mot
TOV YELTGVWV TS U, 1 ROQUPY 4 YIveTalL aoyd vmo-eE€Taon xaL ot cuvEyela eEeQevvnuévn oLy
n v yiver eEegevvnuévn. Av m oxpn {v, u} eEgpeuviinre modta oty xatevBuvon (v, u), Ba yiver
axpn ddoovg. Av eEepevviOnxre mpdta oty karevBuvon (u, v), Ba yivel Tiom oxp. O

Acgxnon 5.13. No amodeiEete 0T €va ®oTevOUVOIEVO YOAPNUO EIVOL ARVRMARS OV Rl HOVO OV M)
ATIB d¢ev mopdyel miow oxpeéc.

Avon. “Eotw xarevbuvipevo yodgnua G(V, E) o tiow oxpni (u, v). Ty oty mov eEgpeuvdron
N axwy (u,v) 1600 N %0QUPY u GO0 ®oL 1 ®oQUEY v givol vo-eE€Taon. Emopévag, vmdoyet
UOVOTTATL Ot TN ¥ OTN U TTOV YONOLUOTTOLEL axég Tov ddoovs. To povomdtt oupIANQMVETOL O€
®0%AO amd ™y axp (u, v).

Avtiotgoga, éotmw 1L to yodgmua G(V, E) meoiéyel vinho C. "Eotw v M mod xoouerj tov C
mov eEgpevvdrtan amd ™y AIIB, xon §otw (u, v) 1 (“rtehevtaia’) axuy Tov xixAov C oV RoTOMYEL
omv xoouepn v. H u Ba evrayBet oto dévigo g AIIB pe oo ™ v yroti (a) vrmdoyel povomdtt
amé m v omv u (to péog Tou xixhov C' \ (u,v)), »ou (B) 6tav emoremtépaote ™ v, GAES oL
20QUEES Tov C' elvan axdopn aveEepevvntes. Eropévog, n (u, v) Ba yiver miow oxpn. O



5.3. Avatnmon Iodto oe Babog 81

Agxnon 5.14. No amodeiete 1oV 1oXVOLOUS ™S Acxnong 5.13 yio un-xatevBuvopeva yoapiiotToL.
Na dwotvndoete akydotbuo pe xodvo extéheons ©(n) (dnhadij aveEdomro Tou aOROy TwV ox-
UGIV) TOV OTTOPAOICEL AV EVOL PN-RATEVOUVOUEVO YOAPNUOL ELVOL ORVRMAO.

Avan. O woyvolopds 6t €va pn-ratevBuvopevo yodopnua eivor oxvxAixs av zot povo av i AIIB
dev modyel miow oxpés amodewmvigton pe Tov (0o 1gomo. O akydpBpog extelel tv AIIB xau
TepuatiCel otav Poebel n modt miow axpy. Av dev vmdoyouv miow axpég, €xovpue m < n — 1.
Av vrdeyovv miow axués, n mpdt Bo eEepevvnOel votepa amd v eEgpevvnon 1o mol n — 1
axpdv. Kat otig 8o meouurdoets, o yoovog extéheong ivar O(n + m) = O(n). O

5.3.1 Ymoloyiopog Enueiov Komig

Mia ®0QUYT| VS UN-ROTEVOUVOUEVOU YQOUPNATOS ovoudietol onueio xomrs (articulation point)
v 1 agaipeot] TS aVEAVEL TOV OQLOUG TWV CUVEXTIXGY CUVIOTWOWV. “Eva yodenuo ovoudietal
Owovvextixd (biconnected) av elvow ouvextind xou dev €xel onueia xomng. O VWOAOYLONGS TV
onuelmv ®omng ®o 1 emPERAlwon TS SLOVVERTIRGTNTAS EVOS YOOPHILATOS EXOUV TTOMES TQOUTIRES
eqpaouoYEs. o mopddetyua, 1 SLOVVERTIXROTNTA EVOS THAETXOLVWOVIOXOU dxTVou £E0O@aATEL OTL
to dixtvo Ba ouveyioel va AettovEyel opahd axdun xow otav Evog xoupog Tebel extds Aettovgylog.
AmnS TV dM ThevEd, av €vag xOupog o aviotoly el oe onueio xomng teBel extdg Aettovpyiog,
RATOLOL TUHRATO TOU JLrTOOV eV BoL ITOQEOVYV VOL ETROLVIVHOOUV.

e ovt] mv evomra, Ba detSovue mwg n AIIB umwopet va, xonouoronOet Yo Tov VtohoyLoUS
TV oNuelwv ®omNg eVOg un-xatevbuvipevou yoopijuoaros G(V, E). Xwls PAAPN g yevirdtnras,
Ba Bewproovpe 6T o Yodgnua 106dov G elvow ouvertnd. “Eotw Gp(V, Ep) 10 emnakintov
dévtpo mov mapdyel 1 AIIB xau s i xopugn amd v omoia Eexnivnoe n AIIB. 210 €Eng Bewpoiue
™mv s oav pita Ttov Gp.

Medraon 5.1. H agyxij xooveyj | oiGa s eivar onqueio xomijs tov G av xat uovo av et toviAdyiotov
ovo maudid oto Gy,

AmodeiEn. Av m roougn s €xeL pévo éva moudt oto G, N apaipeo] g dev AvEAveL TIS CUVERTIRES
ovVIoTHoES TOV Gpy. Suvendg, 1 s dev elvou onueio xomis Tov G, row dpo. ovte Tov G

I to avtiotpogo, £0tw Ot N 5 €XEL TOVAdLOTOV O¥0 mTadLd oto Gp. Agov n AIIB mapdyel
wovo axég daoovg xat mom axpés ot un-xatevBuvopeva yoopnuoto (BA. Aoxnon 5.12), dha
TOL LOVOTATLOL TTOU CUVOEOUV ROQUIES OE JLOPOQETIRA VTOEVTOA e QICES TadLd TG S TRETEL VaL
JL€pyovion amd Ty s. Aga N S gival ONUELD XOMNS. ad

To mapamdvw #ELTHOLo TEORVTTEL a0 TO YEYOVOS 6Tl M o Tov G, dev €xeL mEOYSVOULG.
“Etol o1 amdyovol tng dev umwoQovv vo TV Tapardupouy HEom miom axpwv. To xoutrolo elval
dLopoeTnd Yo TLg VITOAOLTES ROQUPES TOV G, OL OTOLES €XOVV TOOYOVOUS.

Mpdraon 5.2. "Eotw v uio xoouprj diapooetixt amd v s. H v eivau onueio xomijsc tov G av xat
uovo av vmdoyet oto G vwod€vroo ue piCa maidi Tng v TV omolov xauio xoQuelj Oev el Tiow
axuij TEOG TQOYOVO THG V.
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Amnodein. "Eotw ug,...,u; 1o waudd mg v oto Gp, #on €otw Ty, ..., Ty, To vwodévipa pe
oCeg T waudid mg v. Av og Sha Tt vwodévroa Ty, . . . , Ty, VIAQYOUV ROQUPES Ne TIOW ORNES
TEOS TEOYSVOUS TS U, N ®oQUEY v Oev elval onuelo xomig Yol oL wiom axpés eEaopaiifovv
TN CUVEXTIXOTNTA TV ROQUYPWV OT0L Ty, . .., Ty, UE TG VACAOWTES ROQUPES 010 G HOL PETAEY
tovg. I'ia to avtiotpogo, €0tw ATL 1 ®oQUEY| v elvan onpelo nomic. H agaipeon g v moémet va
“amoovvdéel” udmolo vrodévipo T, omd g vadlowteg #oQueEs Tov Gy Emouévog, mpémet vo
vrdyer T, Tov omolov ropla ®oQuer} dev €xelL TOow axiy TEOG TEAYOVO TG . O

Eivou gvnolo va ehéyEovpe to xoimjoto tg ITpdtaong 5.1 yia m oilCa tov Gj. Tia va ehéyEovpe
T0 ®LTiLo TS [pdTaons 5.2 mov apod TS VIGAOLTES XOQUEPES, 0QILOVIE TV TOQOXATW TOCGTNTAL
£(v) ywo vdBe wopugrj v € V:

l(u)  yoxdBe Tandi u Mg v oto Gy,
f(v) =min{ dw] Y %GO TEGYOVO W TS ¥ YL TOV OO0 VITAQYEL oW oxuy (v, w)
dfv]

Me amhd ASyLa, 1 ®oQuen v €X€L HOVOTIATL TTOV XQTAAyeEL e oW axur] TQOS TOV TQGYOVO TS W
ue oewd emioxeyms and v AIIB djw] = £(v). To povomdtt avts YONOWOTOLET WLoL oW oXT]
and ™ v 1 ®dmolo andyovs mg mpog v w. Emopévmg, ov axpés tov Gy, neta&l w xon v dev elvon
OTOQOTNTES YLOL TN OVVIEDT TOVG.

H mapoxrdro mpdtaon mpoxvntel o mv IModtaon 5.2 %o tov 0otopud tov £(v).

Iloétaon 5.3. "Eotw xoovqij v owagopetixij ano 1y oika tov Gy H v elvar onueio xomijs av xat
uovo av xdmwowo waudi s u oto Gy Exer £(u) > dlv.

Amodeién. "Eotw 6t vrdoyet moudi u g v e £(u;) > d[v]. Tdte Gheg oL miom axpés mov Eextvotv
amntd To VTodEVTEO e QITA TN © XATOMYOUV Ot ®O0QUYES Ue oelpd AIIB-emioneymg ueyohiteon 1
{on omS ) oelRd emioneyns TG v. AVTES OL ROQUYES elvan amdyovol s v (1 n da n v) oto Gp.
Egapoudtovrag v Ilpdtaon 5.2, cvpumegaivoupe Tl 1 0Quept] v €lval ONUELD ROTNS.
Avtiotpoga, €0Tw U1, ..., u 1o WoUdWd ™mg v oto Gp. Av ywo wdbe u;, 1 = 1,... .k, elvan
L(u;) < d[v], 161 Sha T VTOdEVTQL M QICeg TAUdLA ™S v EYOUV TOW ORPES TQOG ROQUYES
ue oelpd AITB-emioxeyng wxedteon and dfv]. Avtég oL ®0Qugés eivow mpdyovor g v oto Gy.
Egoapustovrag v IModtaon 5.2, cuumegaivoupe GtL 1 oQuepn v dev lvol onueio romig. O

H napamdvo mpdtaon vmodeinviel Tov axdAovbo alydolbpo yia, Tov vtoAoYLonS Twv onueiwy
®OTNG €VOS Un-rotevbuvépevou yoogijuortog G(V, E). “Eva moodderypo Aettovyias tov alys-
oBuov patveton oto Zyjuo 5.6.

1. Extehovpe AIIB oto yodgnua G(V, E) wow vrohoyiLovpe 1o dévigo G (V, E,) wow t oelpd
emioneyng d[v] yia xabe xogugij v € V.

2. EEetdlovue Sheg 15 ®0QuUpEs Tov G avadgoprd ayoviag amd 1o aQLoteQiTeEQO VITOdE-
V100, ouveyiCovrag meog o deid, xau eSetdlovrag ™ oiCa Televtaio (avtiotowya pue v
neto-datetoypuévn (postorder) diéhevon). o xdbe xooupy v vrohoyilovue 10 £(v) oov
10 ehdyroto TV d[v], dlw] Yo ®dBe TEGYOVO W TNS ¥ TEOS TOV OO0 VIAQYEL oW Uy
(v, w), now £(u) yioo %dOe woudi u g v.
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2(3)

2(4)

2(5)

Yyua 5.6: Toapdderypo Aertovpyiag Tou aAydQlipov Yo ToV VTOAOYLOUS TmV ONUEIV HOTNG.
Aguotepd ameoviCeton to yodgnuo eloédov G(V, E). Aetid ameroviCeton to dévrpo g ATIB.
O mtiow axpég €xovv oxediaotel donexoupneéves. AQLoteQd ndbe ®OQUEPNS v CNUEWDVETAL 1) TUULY]
oV £(v) won og mapévheom 1 oelpd emioneyng d[v]. Ta onueio xomijg eivon n olCa 8 emeldij €xel
dv0 oudd #ow M xoouetj 5 emedn £(1) = 2 > 2 = d[5].

3. Ta onueto womiig elvou n Lo s Tov G, epdoov €xel dvo 1 meproodtepa moudid oto G rou
#A40e »ourj v ue Toudi u wov €xer £(u) > dfv].

TG00 0 vrohoyouds Tov £(v) 600 %ot 0 ENEYYOS OV LG, ROQUEY| ¥ E(VOIL ONUETD KOTIHG PITOQOUV
va, evowprotwBoty ot Agttoveyia g AIIB. O viohoylopds tov £(v) xan 0 EAey 0g YL TV Uraon
moudLoy u e £(u) > d[v] uroovv va, TeoyRaTomomBoviy oty eTavAA Py TV EEEQEVVA TIS ARUES
mov edmrovral ot v. O ¥oGVOoS YLOL TOVS EMAAEOV VITOAOYLOUOUS elval 0T0.0€Q0C YIoL dAOE aru.
Suvendec, 0 CUVOM®SS XodVog extéheons Tov alydobpov eivar O(n +m) = O(m).

Aoxnon 5.15. Mia xoougn  ovopdZetal pifa (root) evig ratevbuviuevou yoagpiuatos G(V, E)
av ®dBe dAln xoguyn v elval mpoomehdoun and Ty 7. “Eva xoatevBuvopevo yodgnua uroel vo
ExeL xopla, pio, 1 TEQLOOOTEQES OICES.

1. "Eotw s n oCa tov tehevtaiov d€vrgov mov madyetal and v AIIB oto G. Na deitete oL
av to G €yeL piteg, n woouyn s elval wio amd avTés.

2. No datundoete ahyoplOpo Ue YOOUUKG XOOVO EXTEAEONS OV ETMLOTQEPEL Uil QLo Tou
yoagijuatog el06dov G(V, E) ) NIL av to yodgnuo dev €xelL i,

3. “Eotw 611 divetan pio ia tov G. Na diatumdoete oalySolopo ne yooumxo xo0vo exTé eong
70V VITOAOY(CEL OAeg TG Oiteg Tov G.

Avon. Avn ATIB mogdyel wepLoodtepa amd €va 0EVTQa, HOVO OL ROQUPES TOV TEAEVTALIOV UTOQOVV
va givon QiCeg yiati n s 9gv eivou TEOOTELIOLUY 0TS ROUICL ROQUPY] TWV TTEONYOUUEVWV OEVTQMV.
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Av ndmowa xoQuen v Tov Televtaliov d€vigov elval Qila, Tote QICa eiva xow 1 s ywati n v elvan
mpoomeldowun and v s. Méow g v, 1 § PTOQEL Vo TEOOTEAAOEL GLES TIC VTIGAOUTES ROQUPEC.

O olydoBuog extelet AIIB oto G wow vmoloyiCel ) oiCa s Tou Tehevtaiov d€vigov. X
ouvéyela, extehel véa AIIB apyiCovtag amd v s. Av 1 s gival oiCa, m AIIB oloxAnowvetal pe
OAES TIS ®OQUYES eEepeVVUEVES. AlagoeTind, 10 G dev €xel oiCec.

"Eotw r 1 dedopévny olCa tov G. Mia xoguen u elvan emiong oo av o pévo av ) r elvan
mpoomehdown ond ™ u. o va Poolue TG ®OQUEPES amd TS omoles M 7 €lval TQOOTEAATLUT,
gxtelovpe DFS(r) (1§ »ow BFS(r)) oto avdotgogo yodgnua GT(V, ET) (Bh. Aocunon 5.6). Ot
€EEQEVVNIUEVES ROQUPES OTO TENOS TNG ®AONS amoTeMOVV T0 0UVolo Twv QLEGV Tou G. O

5.3.2 Tomoloyixn AvdraEn

“Eva. %orevfuvopevo axvrhixnd yodgnuo! pmopel va yonoupomomBel Lo mv ovomapdotoon pLog
OXEoNS neELrNS AATOENG, OTTOV OL ROQUEPES AVTLOTOLYOVV OTAL OTOLYEICL TOU OUVEAOU %O OL OXUES
oto. CEBYN TOU AVIXOVY 0T OXE0T. SUYREXQUUEVQ, N axuy (4, v) dMADVEL GTL TO U Elvor “UrQGTEQO
N (00” (1 “neyalitego 1j (00”) Tov v Ot OY€on peEig dATaENS. Mo TEOKTIXY EQPAQUOYN
elval otov xaBoQLond TS OELRAS VITOAOYLOWOU CAYEPQIRMV TAQAOTACEMV U EMEVOAAUPAVOREVAL
wjporo (. acz? +[(a+c)(b+d) —ac—bd]z + bd).

Mo GAAN ONUOVTLXY TIQOKTIXY EQPOQUOYT] EIVOL O TTOOYQAUUOTIONGS TWV EQYAOLIMV TOV CUVOE-
ToUV €val peydro €0Yyo. Ze auT TV TEQITTWON, 1 €EAOTON TS EVAQENS RATOLWY EQYOOLDY 00
™mv ohoxMjowon xdmowwv dMwv 0QiCel por oxéon neEurng dLATaENg oTo GUVOAO TWV €QYACLMV.
Avt n oyéon avamaioTatal QUOLOAOYLRA 06 Vo ROTEVBUVOUEVO oxuxAxs yodgnuo. Kdabe
gQYaoia ovtlotoryel og piot xoQugy Tov yoogruatos. H vmaeln me axwic (u, v) dnhdver 6t m
goyooio v dev umopet vo. ayioer v ohorinowOel M ggyaocio u. O eEaptioels €xovv vénua
uovo av dev vmdyeL ®xAog (av vInExe, Oa amoteAovoe To AeYOUEVO “POaTvA0 ®U%AO™).

H AIIB umopet va yonowuomoOel yio vo eA€yEouvpe av €va yodgnua elvol oxvrMzd
(Aoxnon 5.13). 1oV TQOYQOUUATIOUO EQYOOLHV OUmS deV aQxel va emiePatdoovpe Gt oL eE0QT-
o¢elg EXouvv 0pLoTEL 0WoTd. XQEeLdLeTol va vtoloyiooupe o OELRd EVAQENS TwV EQYOOLADV TOU VO
eivow ovpfami pe Tg eEapToels mov €xovpe 0Qioel. AuTti 1 AELTOVQYINL EIVOL YVOOTYH OOV TOTOLO-
vy dudtaEn (topological sort).

M yoopumuxy TomoB€tnon Twv ®RoQuUP®V EVOS ®ATEVOUVOUEVOU arUXMXOU YQAMIUATOS
G(V, E) ovoudCetal tomodoyixij didraln ov yio »d0e axpi (u,v) € E, n ®oougij u moonyei-
TalL TS v. Me amAd AGyLa, 0L XOQUPES TOV YQUPIUATOS TOTOOETOUVTOL OF U0 EVOELD DOTE GAES OL
OxUES va, EXouv xotevbuvon amd aploteed mEog to 0eELd. Ymdoyel wo tomohoyirt] dLdTosn yia
TLS KOQUPES EVOS RATEVOUVOUEVOU YOUPIUATOS OV ROl UOVO OV TO YOAPNUC, EIVOLL OXUXALKO.

H AIIB pmopel va toomomonfel dote vo. viwohoyitel pua tomoloywxn dudtaln evog xatevbu-
véuevou axvxrhxol yoagpruotos. O toomomonuévos alyoolfuog diatneel wa Last-In-First-Out
(LIFO) ovpd Q. KdBe nopuyn v lodyetor oty 0y TS OVQAS T OTLYUN OV XOQOXTNOICETOL
eEepevvnuévn (omv tehevtato yoouwy s ®*Mjong DFS(v)). H tomohoywij dudta&n mooxuvmtet
TUTDVOVTOS TIS XOQUEES OE OVTIOTQOWPT OELQA OTT6 T OELRA ELOOLYMYNS TOVG 0TV 0ved (Q (dnhadn
Last-In-First-Out) petd v ohoxAjowon g AIIB. H extimmon moémet va yivel petd v ohoxii-

1T notevOuvipeva anvrhnd yoagrjpota givon yvwotd oav DAGs ot diebvii Piphoyoopia, omd To. ooyIrd, Twv
AéEewv Directed Acyclic Graphs.
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(y) Tomoroywn Atdraén: 1,3, 8,6, 11, 10,9,4,5,7,2

Tyjna 5.7: Tlapdderypa vrohoylopot tomoloyixtic didtagns. (o) To yodgnua ewoédov G(V, E).
(B) To dévtpo tng AIIB pe apywn xoougn v 1. (y) H tomoloyixii dtdtagn. Ot xopueég €xouv
Coryoaplotel oo Ta 0LoTeQd mEOS Tl deELd ovpgpmva ue TV Tomoloyrt] dtdTaEn. Ou axpég Tov
ATIIB dévtpovu amenoviCovron PavQes xaL oL UTGAOWTTES OXUES TOV Yoaprinatog yroites. ‘Oheg oL
OxUES EXouv raTevBuvon oo Ta aLOTEQC QOGS TaL OEELAL.

owon ¢ for-emavainyng omyv dtadwacio DFS Init, omdte Oheg oL #oQuEég eivan eEgpevvnuéveg
%o 1 AIIB €yet ohoxhnomBei. O yodvog extéheons Tov ahyéodpov mapauével ©(n + m), dnhadi
YoOoURGS 0to mEyebog g Motog yettviaons. “Eva mapdderypa Aettovgyiag Tov TQ0TOmoUEVOY
akyopLBuov gaivetal oto Zyrjua 5.7.

TN va deiEovpe om a1 tpomomoinon omv AIIB mapdyer Gvimg pio tomohoyixy didtakn,
apxel va dei€oupe Ly vdbe axpn (u, v), 1 ®0QUEPY| U XoEARTNEICETOL EEEQEVYNUEVN %Al ELOG-
YETOWL OTNV 0VQA UETA TV XOQUYT] V. AV LOYVEL AUTO, M U TEONYEITAL 0TV TOTOAOYIXY] dLdTaEN TG
roQUNES v emeldn 1 ovpd eivouw LIFO.

Iodraon 5.4. Ia xdbe axuij (u,v) evog xatevOuvouevov axvxAixoy yoapijuatos, 1 xoQuel u
yaoaxtnoitetar eSeoevvnuévn xau eiodyetal oTny oved UETA ATTO TNV X0QUYPT] V.

Amodeién. "Eotw wo omoradijrote axwy (uw,v). Tn otypwq mwov  AIIB e€epevvd myv (u,v), M
®OQUPN u €lval Vmo-eEETOION %O M ®oQUYY v elvon eite eSepeuvnuévn eite aveEepelivnmn. H
#oQun v dev glvau vo-eEtaom ywori 1 (u, v) Ba vtay mlow axpy o 1o yodgnuo 0o elxe xUxAo
(PA. Aoxnon 5.13).

Av n v eivou eEgpevvnuévn, Poloxetan 1101 oty oved. Aoy N u elval axdun vmo-eE€Taon,
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ynpa 5.8: Tapdderypa Erdyrotov Emnolintoviog Aévigov (EEA). Ou axpég tov d€vigov on-
UELDVOVTAL TTOYVTEQES KO TUIITOLYELS.

ELOAYETOL 0TV 0VRd. HETA T v. Av N v elvow aveEeevvnmn, 1 o (u, v) givan axpy ddoovg o
moaypatomoteton | ®*Ajon DFES(v). Avti xotohjyet xopoxmoilCovrag ) v eEEQEVYNIEVT ROQUET]
%O EL0AYOVTAS TNV otV ovpd. H u mopapével vro-eE€taon evéow eEeliooeton 1 xAjon DFS(v).
Emopévag, n u yapaxmeiCetal eEeQeuvnuévn ®ou eLoAYETOL 0TV OVQA UETA TNV V. O

Aoxnon 5.16. Xto yodonuo tov Zynuotog 5.7, va vtoloyioete TV Tomohoyixy] dudtaln mov mo-
xwumteL av M AIIB Eexwvijoel amé v nogugn 3.

54 Eldyota Emxzalvntovra Aéviga

"Eotw €va ouvertins un-xorevbuvouevo yodonuo G(V, E, w) pe pdon otg axpés, 6mov 1o PAog
A0 axpris divetar and m ovvdomon w : E — IRY. To Bdoog evig emnalinTovtog voyoptj-
narog T'(V, Er) tov G ovupoliCetan pe w(T') »ou glvar (00 pe 10 CUVOMRS BAQOS TOV OXPDY TOV,
mhadf w(T) =3 cp, wle).

O&lovie Vo VTTOAOYIOOVUE TO CUVEXTIXG EMXOAITTTOV UToYQdgnuo Tov G pe 10 eAdyLoto Pd-
00S. Aut to VToyedenuo Ba gival dEVTEOo, Aol TEEMEL VO €IVl CUVEXTIXG %ol axvrMxs. H
ouvexrTIrGTNTO TEOXVTTTEL €S’ 0QLoMov. H amovoio vixhwyv €meton amd v amaitnon yio eAdyloto
ouvoM®G Pdoos. Av vmnoxov ®kUxhot, 0a wrogovodue Vo HELdoOUE TO PAQOS dATNODVTAS TN
OUVEXTIXGTNTO UE TNV OLPOLQEDY ULS AXRUNG TTOV PoloxeTon o€ ®U%AO.

To EAdyioro Emxalvmrov Aévtoo (Minimum Spanning Tree - MST) evdg yoagruotog
G(V,E,w) ne Pdon onc axpnéc elvar 1o emxolimmov dévipo” ov G e 10 eAdXLOTO GUVOMAS
Bdoos. To mpdPAnua Tov vTohoylopoy evog TETolou JEVTQOU €lval YVWOTE ooV TEAPANUG TOV
E\dylotov Emnolintoviog AEvigou xal amotehet £val Tumnd moddetyuo moofAiuatos ovvdva-
otrng PeAtiotomoinong.

To medpAnua tov Ehdyrotov Emxoalintoviog AEvigou epoouiteTor 0to oxedloond dintimy
OTaV EMOLHROVUE VOL ENOYLOTOTIOLCOVUIE TO RGOTOG 0UVdEONS nATOLwV onueiwv (m.y. oxedioopdg
NAEXTOLHOVU, ETXOVWVIOXOU, N 001x0U dwTiov). e avty Thv evotta, Bo megrypdipovpe dvo
dmAnotovg ahySoLBpovs Yo Tov vtoAoylopd evos Ehdylotov Emxaiintoviog Aévigou (EEA).

20 avayvdoTtne mov Sev eivol EEOHELWUEVOS [IE TNV EVVOLOL %0l TIC POOIKES IOLGTNTES TV ETUHOAGTTOVIOV SEVIOWY
uroel vo Pet por ovvropn woaywyy oto Iapdemua, Kepdlowo B.
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Yyue 5.9: Ilopdderypa tomic. To ovvoho S amoteheitan amd TG yrQiCeg ®oQupss, S =
{1,2,3,5,6}, »ou 10 ovvoho V' \ S amd g pavpeg xoougés, V' \ S = {4,7.8,9}. Ou moyyire-
oeg ovpmayels axpég amotehotv 1o EEA yia 1o dvo emayduevo vroyoognuota. Ou axpég tov
ouvéhov §(S, V' \ S), nhadij ou axpég mov draoyiCouv v top, onuewdvovton daxexopuéves. H
axpn ehdylotov Pdoovs ov dtaoy et Ty Towrj eivou m {5, 8} ne Pdoos 4.

54.1 Aminorog Yroloywopos Erdyrotrov Emzalvnrovrog Aévigov

T va eEnynoovue ™mv faotxn WEa Twv aAyoiBuwy, xeldteTal VO ELOAYOUIE TNV EVVOLOL TNG TOUNS
evog yoarinatog. Mia rouaj (cut) (S, V' \ S) evig yoagniuatog G(V, E) givan pa dtopéguon tomv
ROQUPAV ToL o€ V0 vootivora S C V xnaw V\ S (BA. Eyrjua 5.9). To 0ivoro Tmv axpdv mov €xovy
10 €vaL QO Toug 0to S %ou to dhho oto V'\ S ovopdCetan ovvolo Tourjs (cut set) wow ovpuPoAiCeton
ue 0(S,V\ S). Tumnd, yiaxabe S CV, (S, V\S) = {(u,v) € E:u € Snowv ¢ S} M axpj
e dwaoyiCer v oprj (S, V' \ S) av éyet 1o éva dxugo g oto S xaw 1o dMho oto V' \ S (dnhadij av
e € 0(S,V\S)). "Eva atvoho axpdv E' C E dwoyiCer v topn (S, V\S) av E'N(S, V' \S) £ 0
(. vrdoyer axpwj oto E' wov duaoyiCet Ty tops).

To otvoho TV axpav #dBe vdOe emrOMITTOVTOS dEVIQOV TEETEL VoL dLooY(CEL GAES TIG TOUES
TOU YOOLPHUATOS. ALOpOQETIRA, Bat VITHQYE €VOL GUVOLO ROQUPMV TTOU JEV GUVIEETAL e TIS VITOAOL-
nec. Me fdon avty v moagationon, o EEA aviiotolyetl 0to oivolo axpudv eAdyLotov ouvolxoy
Bdooug mou diaoyilel GAES TIC TOPES TOV YQOPTUATOGC.

Oa detEovpe 6t 10 TESPANUA Tov EEA €yel tig 1didtnteg mv BEMTIOTOV emUEQOVS AVoEWY
%Ol NG ATANOTNG ETMAOYNGS, RO ETOUEVIS UTOQOUNE Vol Epagudcovue T nEBodo e aminotiog.

"Eoww T'(V, ET) éva. EEA ywa to yodgmua G(V, E, w), wat €0Tm e Puol 0olodfmote oxprj 0to
Er. H agaigeon mg e and to T dnpuovpyet dvo ovvextxés ovviotdoes. "Eotw S xow V' \ S 10
OUVOAQ, ZOQUQPAY TV dVO CUVEXTIXDY CUVIOTWOWY, ®oL £0tw Ts #an T's o avriotoya vrodévioa
tov T\ e. To Ts givar éva EEA 10U €m0ydUEVOV VITOYQOPUOTOS PE GUVOMO ROQUPEY .S, %Ol TO
Tg eivou éva. EEA tov emorySpevou vmoyQogiuatos e 0UVOAO #0QUeHV S =V\S. AlogogeTind,
Ba pmogovoape va pewwoovie 1o fagog tov 1" malgvoviag €va eAapoiteQo emralimToV dEVIQO
yiat ®dmwolo amd ToL dVo emoyOpEvo voyoapriuata. Avtd amodewmvigl 6Tt 1o meofinua tov EEA
ExEL TNV OLOMTA TV BEATIOTWV EMLUEQOVS AMIOEWV.

‘Ocov 0gopd otV WLSTNTO TS ATANOTNG ETIAOYNG, TAQATNQOUUE OTL M oxpr] e €lvor o
ehapoUtepn o Tov duaoyiCel vy topy (S, V'\ S). Atagogetind, Ba proQovoae Vo LELWOTOVIE
10 BAog Tov T avtixaBLotdvias ™V e pe pio ehagpeutepn axpy ard to ovvoho Toung 6(S, V'\ S)
(PA. emiong Aoxnon B.2 xouw Oswdonua 5.2).
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Avtéc o WdmTeg emreémovy Tov voloyopud evoc EEA and dminotovg alydoiBuovg mov
AEITOVQYOUV aUENTIXA. 2N YeEVIXY TOUv PoeY, 0 alydpBuog dratneet €va ddoog A to omoio
amotehel voyodgmuo. evéc EEA3. Agyund, To ddoog eivon xevs. Se xdfe frjpa moootiBetou oto
ddoog A pio: axpij pue Ty Tootxn g omoiag to A mapougver vroyodenuo. evég EEA. Kalovue
ovTéS TIG anpEg emavEdvovaes W axués emavénons yio 1o A. O ahySoLBpnog ohoxrANQ@VETOL GTOY
10 A amoxtijoel n — 1 axpée, ondte amotehet €va EEA. AxolovBel i, SLotimmaon e moQamdve
YEVIANG OTQOTNYIXYIS O€ PEVIORMDIIXAL.

MST(G(V, E,w))
A+ 0;
while |A| <n —1 do
YrohGyloe puoL axpij emoiEnong e yio 1o A;
A +— AU{e};
return(A);

Mua oxpy e givor emovEdvovoa yuo 1o A Gtowv:
1. Av 1o A givan ddoog, 10 A U {e} magauével dGoog (dhadn maoauéver anuxrhxd), wo
2. Av1o A eivon vroypdgmua evég EEA, 1o A U {e} magapével vroypdgnua evég EEA.

Me Bdon Tov 0QLOUS TOV OXUMY ETOVENONS TOV A, €ivol QOvVEQS GTL 0 TAQATTAV®D YEVIROS
alyopBuog vohoyiCel éva EEA touv G. Agyrd 10 yodenuo xweis axpés amotelel vmoyodenuo
%d0e EEA touv G. Av og »zdmoto fripa 1o A amotehel vroypdgnua evog EEA (emarywywxn vtéBeon),
10 A U {e} magapéver voyodgmua evés EEA ywotl 1 e glvan axpyj emavEnong tov A, ‘Otav 1o
A omoxtijogr |V| — 1 axpée, eivon peyrototrd oaxvxhxd (PA. Oedonua 5.1) nat dev umogel vo
emavEndel mepoutépw. Emopévwg, 10 A towtiCeton pe »dmowo EEA tou T

Amopével va deiEovpe mwg vmohoyitovpe amodotind o oxpy emovEnong ov A oe xdbe
Prina tov alydpiBuov. H Wéa ivon va folorovpe po topt] mv omoior dev duaayiCel 10 A %o vo
ovpumAnodvoupe 0 A pe mot oxpj hdyrotov pdoovg mov drooyiCer avti v Toprj. Ou 1ddmTeg
TV BEAMTLOTWV EMPEQOUS AUCEWV %L TS ATTANOTNS €MAOYHS 0dNyoUv 0TO cuuTEQaoUa GTL OUTH
elval GvIms pa, oxp eravEnong tov A,

Oeignua 5.2. ‘Eotw G(V, E, w) ovvextixd yodgnua ue fdon otic axués, éotw (S, V\S) wa tour
tov G, xau éotw A éva vroyodgnua evos EEA mov dev duaoyiCer tyy tourj (S, V' \ S). Kdbe axuij
eAdyrotov Bdpovs Tov ovvélov toujs 6(S,V '\ S) amotelel anuij enavénons Tov A.

Amodeién. "Eotww T éva EEA tov G tov omoio 10 A elvon vroyedgnua, xol éotw e = {u, v} o
axpn EAdYLoToV BAovg Tou cuVEAou Touric (S, V'\ S). Avto AU{e} maapével vroyedgnuo tov
T, n oxuy e elval Gviwg pa oxpy emavEnons tov A. Ag vmoB£oovpe Aoutdv 6L 1 e dev ovireL OTO
T nouto AU {e} dev amotelel vroypdgnuo tov T'. e avt v TeQimwon), 60 XoTooREVATOVIE
éva dMo EEA T” tov omolov 10 A U {e} amotehel voyodgnuat.

3YrevBupioupe STt GAo oL EHOATTTTOVTOL SEVTOQ EVAC YOOPTUATOS 7 #OQUPES Exouv n— 1 ompée. Kdbe voyodgnuo
€VGg emMUOAMITTOVTOG EVTQOU elval Un-Ouvertind (dpo 8doog) eviom €xel Mydtepeg amd n — 1 oxuég ®now Yiveta
ouvertrd (doo d€vtpo) dtov amontioer n — 1 axpéc.
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e

-

Toymjpa 5.10: Twa zdae top (S, V'\ S) nou xa0g axpn ehdyrotov fdoovs e = {u, v} tov aviiotoryou

ovvélov topng §(S, V' \ S), vrdoyer éva EEA mov mepiéyet myv e.

“"Eotw p 10 povomdtt otvdeong oto 1 tmv dxromv TS axung e, dMAadn Tov xoQuep®Vv u ROt v.
To p + e amotehel ®ixho Yot €xovue vroBEoeL GTL 1 e dev avijxel oto T'. Apov to €va drQo g
e avixeL 0to S %o 1o dMo avijxel oto V' \ S, 10 p mpémer va “daoyiCel” my tow (S, V' \ S) (PA.
eniong Oedonua B.2). Oa moémel Mowmav vo vadoy el pua oxprj Tov p wov avijrel oto 6(S, V' \ S).
‘Eotw ¢ = {z,y} € 6(S,V \ S) awrij n oxepnj (PA. Zyiua 5.10).

ToT' = (T +e) \ ¢ amotehel éva emnolintov d€vigo tov G emeldij n agaigeon g €' and
10 T + e apoungel Tov ®ixho p + e xweis va emmeedlel T cuvextwdomra. To A elval vwoyodgnua
tou T\ €yl éxovpe vwoBgoet 6t 10 A givouw vrroyedgmua tov T xou dev daoyCel v Topy
(S,V'\ S). Emopévag, 10 A U {e} amotelel voypdgnuo tov 1.

Aoy vroBgoape 6t m e givan por oxpy] gAdyotov fagous tov cuvéhou toprs I(S,V 1\ S)
xon oL € € §(S,V \ S), 10 Bdoog g e elval wuxedteo 1j (oo tou Bdoovs g €. Zuvendg, To
ovvolMxS Bdpoc Tov T dev Eemepvd 10 ouvoMxd Pdog tov T

w(T') = w(T) +w(e) —w(e') < w(T)

dmov yonowomowjoape to yeyovos 6t w(e) < w(e'). Emopévg, to T" amotehel éva EEA tov G.
AetEape Moty 6t 1o AU {e} amotelet vmoyodgnua evés EEA tov G. Emopévng, »dbe axpt
ghdyrotov Bagovg Tov cuvéhov towric (S, V' \ S) amotehel o axprj emoiEnong tov A. 0

Aoxnon 5.17. Na oxohdoete v 0p8dtTa TS amdrovdng mpdtaons: To EEA evig yoagruotog
G(V, E,w) d&v nwmoel va eQLéyeL v oxptj néytotov pdoove tov G.

Avon. H mopdtaon dev eivar aindiic. T mapdderyna, to EEA gvég dévipou megihaufdver Gheg
TG OXUES TOV. O

Aoxnon 5.18. "Eotw yodgnua G(V, E, w), »ow €0tm e pia axpy Héyotov PAgous mov oVijreL 08
xUnho. Na amodeiEete dtr vudeyer €vo EEA tov yoagiuatog G 1o omoto givow EEA %o yio 10
vroyodgnuo yodenua G'(V, E '\ {e}, w) mov mpoxintel amd Ty agaigeon g e.



90 5. AkySp8uor Toagnudtmv

Aven. Tlagoamoeovpe o6t #dBe EEA touv G mov dev megiéxel v e givow €va EEA zouw yio to
vodgmua G(V, E'\ e). Emouévog, apxei va deiEovpe 6t vrdpyet éva EEA touv G mov dgv meQuéyel
™mv e.

"Eotww T éva. EEA tov G 10 omoto meouhapfdver mv axptj e. To T\ e 0piCel pio towrj. "Eotw
(S,V '\ S) ta avtiotoyyo ovvoha x0ouepdv. Emedn 1 e avijrel g #0xho, mOEmeL Vo VITdQYEL Lo
axdpn oxpn €' ov draoyiCer v dla Toun. Aot 1 e elvor axwj péytotov paoovg, w(e') < w(e).
Emougvag, 10 T = (T \ e) + €' eivon emiong éva EEA tov G »ou dev meQuéxer my e. 0

Aoxnon 5.19. Na oxohdogte v 000dtnTo. TS andAoving modtaons: "Eotw dwouvvertind yod-
onua G(V, E), »ou éotw T(V, Er) éva. emxolinrov dvro tov G. To vroyodgnmua G'(V, E\ ET)
TTOV TTQOXVTTTEL ALTTO TV QLPAIQEDT) TWV AXUDV TOV E7 glvol ouvexrTIxs.

Avon. H mpdtaon dev elval aindiic. T'a mapdderypa, €va amhdg ®ixhog elvor dlovvextind yod-
PNUC, GAG OV APALEECOVUE TIC OXIES EVOS ETXAAMITTTOVTOS OEVTQOU, TO YOAPNUA TTOV TQOXUTTEL
dev glval ovvertnd. O

Aoxnon 5.20. T »dbe emrolimrov dévrpo T(V, Er) evis yoagpiuatos G(V, E, w) ue pdon otg
axpés, ovupohiCovpe pe Wiax(T) 1o Pdoog g Papiteons axpic tov T, dmh. Wpax(T) =
max{w(e) : e € Er}. Noa anodeiEete dn yia xdbe EEA T »on »dBe dhho emxoalimrov €-
vipo T tov G, wytel 6t Winax(T) < Wiax(T"). Me Mo Ay, to EEA amotelel ™ fédtiom
Mion »ow 0to TEAPANUA VITOAOYLOROU EVAE EMROMITITOVTOS OEVTIQOU Tou G e TV ApEUTEQN OXUY
uéywotov Bagovus (bottleneck 1 minimax mEoPANUQL).

Avon. ‘Eoww T éva EEA, zau éotw e* = {u,v} n Pagitegn axpi tov T. Ioyiel o w(e*) =
Wnax(T'). Oewotue mv tows (S, V'\S) mwov mpoxinrer oms my agaipeon mg e* and to 1. Eneidi
10 T eivan éva EEA, m €* givan o axpnj gldyiotov fdoovg mov duaoyiCer v towri (S, V \ S).
Ag@ou xd0e dAho emralintov dgvigo T emiong dwaoyiCer v toun (S, V'\ S), moéner va meiéyet
axp pe Pdog peyaitego M (0o and w(e*) = Whax(T). Emopévos, yia #d0e emxalintov
dévrpo T" tov G, woyvel 6t Winax(T") > Winax(T). O

54.2 O Alyoo8pos tov Kruskal

O alydpBpog tov Kruskal vohoyiCet éva EEA axolovBdviog v dminoTy oToaTnywxt] Tov TeQL-
vodgnxe oty eonyoupuevn evétnta. O akydoBpog eEetdlel g axuég oe aviEovoa oelpd fdoovg
%o TRooBETEL 0T0 A A0 axpn] Tov dev oxnuatiCer ®ixho pe g 1idm vrapyovoes (PA. Zyfqua 5.12).

T v vhomoinon tov aiydoBpov tov Kruskal (fA. Zyfua 5.11) xonowomorovpe €vay akyo-
o180 TAEWVAIMONS TV axpdv og avEovoa oelpd Bdoovg xat pa doun dedopévamv yro diaxeiplon
E€vawv ouvelwv (TEdfAuo Evions-gvpeong, union-find). Ou facirég Aettovgyieg piag doung yuo
To TEOPAMUaL Evaong-evpeong elvar n makeSet(v), n omotar duovoyet €va ovvolo pe povodind
otoyeto ™mv xouyn v, 1 findSet(v), n omolo €MOTOEPEL TO GVVOLO OTO OTOIO CVIXEL M) U, ROL M)
union(u, v), N omoia AVTLRAOLOTA TaL CVVOAAL OTCL OTOICL CLVIXOUV OL U ROl ¥ UE TNV EVIOT TOVS.
To ocUvola XOQUPWDV AVTIOTOLYOVV OTIS OUVEXTIXES CUVLOTMOES TTOV OYNUOTICOVTOL OO TIC ARUES
tov A. Agywd to A elval ®evé not ®dBe xoupy PEIOKETAL ATOUOVOUEVT OE NLOL DLOPOQETIN
OUVEXTLXI OUVIOTAOOO / 0Uvoro. Mo axpn dev dnuovpyel xuxho (doo mpootiBeton oto A) pévo
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MST-Kruskal(G(V, E, w))

Ta&wounoe g axués og aigovoa oelpd fdoovg, w(er) < -+ < w(ey).
for all v € V' do makeSet(v);
A (i1,
while |[A| <n —1and i < m do

"Eoww e; = {u,v}.

if findSet(u) # findSet(v) then

A < A U{e;}; union(u, v);

141+ 1;

return(A);

Xynre 5.11: Mo vhomoinom tov alydotbpov tov Kruskal og yevdornddiwa. H vhomoinon Paocite-
tow og pat dopny dedopévarv yior T dwaxelpoon E€vav ouvéhwv. H erndpuevn oxpn mpootiBetol oto
OEVTQO vV TOL AXQCAL TNG OVIROUV O€ OLOPOQETIRG OVVOAX / CUVERTIXES ouVIoTdoeS. H mpoabiixn g
ETLPEQEL TN CUVEVMOTN TWV AVTIOTOL{WV CUVEXTIRDV CUVIOTWOMV O¢ pio. Metd and v meoobnxn
n — 1 aruv, vTdeyeL UGVO ol CUVERTIXY] OUVIOTMOO KAl O AAYOQLOUOS OAOXANQMVETOL.

oV TO, dx®Qo ™S PolonovTal 08 JLOPOQETIRES CUVEXTIXES OouvioTwoes. H mpoobixn pag axung
mEoxalel TV Vo OU0 CUVEXTIXDV CUVIOTOOMV OE it

O ahyopBpog umopel vo vhomomBel wote vo €xeL YOOVO EXTELEONS XELQOTEQNS TMEQIMTWONS
O(mlogm). H 1awdéunon twv axpdv o avEovoo oelpd Pdoovs pmogel va yiver og xo6vo
©(mlogm). H aoyxomonon Tmv CUVEXTIXMY CUVIOTWO®DY XQELALeToL Yoovo O(n) Yo Tg ®Aj-
oelg makeSet. Xt @don g dMuoveyiag tov dEvrpov, amartovvroal O(m) hettovpyies ebpeons
(»Mjoeig findSet) zaw O(n) Aertoveyies €vwong (#Mjoelg union). Avtég oL AELTOVQYIES UTOQOVY
va, extehecboiv o ouvoMxG xobvo O (m logm).

‘Ocov agod oty 0pBdmta Tov alydpBuov, Topatneotue 6t 1o A U {e;} dev €xeL ninho
oV %o WOvVo av 1 oxpy e; dtooyiCer pa tour) Ty omoio dev daoyitel 1o A. Aot eEetdlovue
TIS AXPES 08 aEovoa OelRd BAQous, N axpy e; €xeL To eAAYLOTO BAQOS amd GAES TIC OXUES OV
duaoyCovv ™ ovyxexQLLEVN Toun. ZVupwva e To Oswonua 5.2, ®d0e axun wov mpootiBetan elval
oxun eratEnons yo. to A xat o alydpbuog vtohoyitel évo EEA.

Aoxnon 5.21. Aivetan évo yodonuo G(V, E, w) pe pdon otig oxpés wan évo EEA T tov G. Na duo-
TURMDOETE EVav amodotnd alydotbuo yia tov vrohoyops evos EEA ya to yodgmua G(V, E,w/2)
OV TRORVMTEL VITOITAALCLALOVTOS Tl BAON TWV OXUDV.

Avon. To T anotehel éva EEA yio 1o yodgnua G’ yiori to EEA tov G et Bdgog w(T') /2. T
va. amodeiEovpe Tov 1OYVELOUS nag, Bempovne Tov akydoBno tov Kruskal pe por ouyrnexoLuévn
TaEvépnon v axpdv tov G oe avgovoa oelpd Pagwv. To amotéleoua elval éva EEA pe
ovvolMxS Bdoog w(T'). O vrodTAACIOoUSS TOV PAO®V TWV axidV OEV ETNEEALEL T OELd TOVS
otV TaEwvounon oe avEovoa oelpd Pdoovs. O akydptbuog tov Kruskal pue v idio ta&véunon
Ba JLAEEEL TIS (OLES arIES OV TN Ba €xouv To WOG ouvoMxS Pdoos. O alydoBuog amAd
emotépel to T, ad
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Yyue 5.12: Tlogdderypa epaouoyns tov aiyogifuov tov Kruskal. Ou axpéc mov €xovv ov-
UTEQUANPOEL 0TO OEVIQO ONUELDVOVTOL TOYUTEQES ROL OL OXUES TTOU €xouvv eEETOOTEL YWQEIg Vo
OVUTTEQUANPOOUY 0TO dEVTQO ONUELDVOVTOL JLAAEXOUUEVES. Ol ROQUEPES TOV EQATTOVTOL UE oKLY
Tov JEVTEOL Elval POQES, VA OL VTTOAOLTTES elvol Y®QITES.

5.4.3 O AlyogiBpog tov Prim

O akydpBpog tov Prim dwatngel éva dévipo mov xalimrer €va vooUuvolo Twv xoQuepav. O
OhYOELOUOS EEXLVAEL UE O OTTOLOLONTTOTE KOQUEPY KO KEVO OUVOAO OxNGV. Zg ndOe emavdinym, o
alhyoELOUH0g TROCOETEL 0TO JEVTOO TNV EACLPQUTEQN CXUY TTOU CUVIEEL O XOQUEPY] TTOU ROAUTTTETOL
UE WLOL ®OQUEY] 7OV dgV xolvrmtTeTal amd 1o dévipo. O alydolBuog tepuatiCel Emevta amnd n — 1
emovolpers (BA. Zynua 5.14).

H vhomoinon tov aiyopiBpov (BA. Exnua 5.13) dwotneel 1o ovvoro S pe T ROQUEPES TOU
dévroou nau 1o #60Tog EvaEng c[v] yio #dbe xopupii v € S. H vhomoinon diotnel emiong v
x0T} p[v] n omola €xeL evioyBel 0to dEVTEO waw ouvdEETAL He T v ne axpy Pdovg c[v] (dn.
wyver on {p[v],v} € E non w(p[v],v) = c[v]). e »dbe emavdinym, 1 xwoougy v € S ue 10
eMdyLoto x60T0g Evtagng c[v] »ow n axpy {plv], v} mEootiBevIaL oto dEVTEO,.

T v amodotindTteEn VAOTOIMON, OL XOQUEPES UTOQEOVV VO 0QYOV®WBOOUV 08 G POl OVUQE TTQO-
TEQOUATNTOS UE BAoN TO ®G0TOS EVIOENS TOVS 0TO OEVTRO. AV 1 0VEd TEOTEQALGTNTOS VAoTOL Ol
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MST-Prim(G(V, E, w))
for allv € V do
c[v] « oo; plv] + NIL;
"Eotw 7 omowadrimote ®oguen tou V.
dr] «+0; S+ 0; A+ 0
while |S| < n do
"Eotw v noouen ne c[v] = ming,gg{cu]};
if p[v] # NIL then
A — AU{v,p[v]};
S+ Su{v};
for all u € L[v] do
ifu ¢ S and w(v,u) < c[u] then
clu] < w(v,u); plu] < v;
return(A);

Yyrra 5.13: Mo vhomoinon tov akydpBpov tov Prim og yevdonmddina. Ou xogugéc mov €xouvv
evrayBel 0to dEVTO amotelovV T0 oUvoho S. e ndOe emavdinym 1 xoQuer v € S e To rEGTEQO
c[v] evidooetol 0to dEVTQO0. Zav ATOTENETUQ, TO RGOTOG EVIAENS TMV EXTAS OEVIQOU YELTOVWY TG
U OVOTIQOCOQUGTETOL.

ne duadixd owed (binary heap), o alydoBuog tov Prim €yel yodvo extéheong O(mlogn), onA.
aoVUTTTWTIXG (L0 e TO YEOVo exTEAEONS TOU ahySpBnov tou Kruskal. Zuynexouuéva, m aQyno-
TOMON TV TUVARWY € RAL P ROL 1) AQYROTOMON TS 0VQAS Yeldlovtan xoévo ©(n). Extehovvion
n — 1 eEaywyég ehdyLotov otolyeliov, Lo YL ®AOE ®OQUEPY EXTOS TNG COYLXNS, O CUVOMARG YQOVO
O(nlogn). Metd v éviogn wog véog xoQugric 0to dEVTQo, YIVETAL EVNUEQMWON TOU RGOTOVG
EVTAENS TV YEITOVIXDV TNG XOQUPMV PE TUVOXSAOVBN avadloQydvmon Thg oveds TEOTEQOUGTHTOG.
“Exovpe 1o oAU pion evuéQmon ro avadloQydvmaon TS oveds yia A0 axiy] Tou YQOopHuoTog.
Enopévog o ouvolxdg xoovog eivaw O(m logn). Mua o amwodotxy vhomoinon tov alyéotbuov
tov Prim yonowomoiei owpd Fibonacci yia v ovgd mootepaudtntog ®ow €XeL YQOVO EXTEAEONC
O(m + nlogn). Auvtég 0 xOVOS €lval AOVUTTOTIRA MRQOTEQOS ATIG TO YOOVO EXTEAEONS TOV
akyopBuov tov Kruskal yio muxvd yoogiuoto.

T v 0pBdmta Tov akydeBpov tov Prim, mapatngovpe 6Tt 1 axpy oV TEOOoTIBETAL O
%A40e emavdlnym eivor wo axpyj ehdylotov Bdoovg mov draoyiCer ™y Towrj (S, V 1\ S), dnhadij
™MV TOUY TTOU IMNUWOVQYEITOL OTT6 TIG ROQUYES EVTAS %Al €XTOC d€vTpov. Agoy 1o A dev duaoy et
QT TV TOUN, M axpr] Tov TEooTiBeToL glval o] emaiEnong ywo to A (PA. Oedonua 5.2) wow o
akyopBuog vohoyiCel éva EEA.

Aoxnon 5.22. 'Eotw G(V, E,w) éva omhG yodgnuo. pe dtogpooetixd PAn oTg axpgs, ®ot €0Tm
e* 1 (uovadxn) axpn pe 1o ehdyloto Pdpog (oot Gha ta Pdon elval diopooeTind, LOoYUEL dTL
Ve € E\ {e*},w(e*) < w(e). Na amodeiEete 6t »d0e EEA tov G megiéyet v e*. Tu woyvel
yioe T devteQn ehapUTEEN RO TV TOITN ghapeUteQn axpy; Mmopeite va natoM|Eete Og €va
YEVIXOTEQO CUUTEQOONOL
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ynjre 5.14: ITopdderypa epaguoyric tov alydolbuov tov Prim pe apyixni xopuen mv 1. Ze xdbe
princ, ot xoQueéc mov €xovv eviay el oto 0EVTQO eival HOIQES AL OL ROQUEPES OV JEV EXOUVV OUVV
evtoy el oto d€vtpo yreiCeg. O dronexoppéves axnpés dooyCouv Ty Toun Tov oYNUOTICETAL Amd
TLS ROQUEES EVIAE %al eXTAS d€VTQov. O akySolBuog emAEYEL TNV EAOLQUTEQN SLOXEROUUEVY aru
%o TV TEOOOETEL 0T0 dEVTEO NALE Pe TV avTioTowyn roQUEY eXTOS dEVTQov. O axpég mov xouv
ovumeQUANOel 0To SEVIQO ONUELHVOVTOL T UTEQES.

Avon. H amédeltn eivar pe amoymyn oe droro. "Eotw T éva EEA touv G mov 0ev megLéyeL my €.
H mpoo6iixn g e* oto T dnuoveyel axoifds €va xixho. "Eotm e pio omoladiimote axpr] outoy
Tov ®ixhov. H agaipeor tg “omdel” tov ®ixho dev emnEedlel ™ OUVEXTIROTTO. ZUVETHDS, TO
(T + e*) — e anotehel éva emroalimrov dévigo Tov G. Ouwg eivan w(e) > w(e*), emedn n e*
glvau 1 povaduj axpnj eddyiotov fdoovg, xaw o (T'+ e*) — e el urdteQo cuvolrd BAgog and
1o T'. Auté amotehel aviipoon oto yeyovog 6t to 1" elvon éva EEA.

Eneudn n mpooOnun puag axpiic og €val emnalinrov dEVTQo eVAg amAol Yoagiuatog dnuoveyel
®U7ho Wi®ovS ToVAdyLoTOV 3, e To (010 emyeipnua amodeixvioupe GTL ®at 1 OeUTeQN eAapQUTEQN
oxpun avixel oe ®dBe EEA tov G. H 1pit ghagoitepn axpri dev oupmeidapfdvetal og ®ovéva
EEA tov G av oynuotiCer »ixho unxovs 3 pe v elagoitegn axu] ®ou T OevteQn ehagpiteon
axpn (.. Bewpovue éva tolymwvo e pdon axpav 1, 2, xou 3).

TevindteQa, av 10 Prog TOV GUVTOUGTEQOV ®U%Aov 0To Yodgnua G elval g, TTE AmodetxvieTaL
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ot oL g— 1 ehageitepeg axués ovumeguhaufdvovian oe xdfe EEA 1ou G. "Evog 106mog amddeiEng
glva aUTog OV EPAQUATANE VLo THY EAapEUTEQN axpi] €*. "Evag evolhoxtinds To0mog amddelEng
elvon va yonowpomomoovpe 10 yeyovos ot 10 EEA evdg yoagnnatog pe duagpogetind fdagn otig
oxpég etvon povadwmo (PA. Aounon 5.23). 3t ovvéyelo moaTneovue 6Tl 0 aAySoLBpog tov
Kruskal 0o emh€éEel Oheg T1g g — 1 eMPQUTEQES OXUES OOy OEV OYNUOTICOUV HUXAO. O

Aoxnon 5.23. "Eotw G(v, E, w) éva amhd yodgnua pe dagopetind fdon otg axpés. Na amodei-
Eete 6L 10 EEA tov G elvan povadies (dmh. av T éva EEA, ywo xdBe dMo emnalimrov 0€vigo
T', etvon w(T") > w(T)).

Avon. "Eotw 1 vijoyay dio EEA T xaw T ywo to yodgnmua G. TIpogavade, owvtd Ba eiyov to
010 Bdgoc w(T) = w(T"). Agov 1o T now to T” glvan dagopetixd, vrdoyel axpi ' € T\ T.
“Eotw (S,V \ S) n towj mov mpoxtnter amd v agaioeon mg € ané 1o T'. Agov n e ¢ T,
vrdyel po SLapoeTird axpy e € T wov duaoyiCer mv towi (S, V '\ S). Agov 6ha ta fdon elvon
dapopetind, sotw dt w(e) < w(e') (av w(e) > w(e') anhds addlovpe Tg ovopaoieg). Tdrte,
10 yodgmua (T"\ €') + e eivon éva emraiintov dévrgo tov G ue ouvolMxd BAQOg WrQGTEQO At
10 w(T"). Avté amotehel aviipaon omy vréBeon 6t 1o T' eivou éva EEA. 0

Aoxnon 5.24. Aiveton éva yodonuo G(V, E, w) pe Bdon otig axpés xau éva EEA T tov G. "Eotw
G’ 10 yodgnuo mov mEoxUmTEL oG To G pe TV TTEOooO XY Wog véag axwic € ne Pdoog w(e').
Na darvrdoete évav akydolBuo pe xoovo extéheone O(n) mov vworoyilCer éva EEA yia 1o G’
(dedopévov tov T').

Avon. O akydpBpog ewodyetl ) véa axpyj oto T. Avté dnmovpyel éva xixho C yiati n €' dev
OVArEL OTO Ao yodgmua xat doo dev avixel oto T. O alyopOpog eEetdler GAeS TIG OXUES
touv C #ou aganpel ™ Paputeon. To amotéheoua eivar éva EEA yioto G' wow 0 xo6vog extéheong
gtvor O(n), agov n eivon 10 PeYOAMITEQO Ui®OS TTOU UTTOQEL VaL €XEL O ®URAOG. O

5.5 Xuvroporega Movomdria

310 mEAPANUOL TOV VTOMOYLOROU TWV CUVTOUOTEQWY UovoTaTLdY, Bewoolpe €va natevBuvopevo
vodgnuo G(V, E,w) pe pdon oug axpés. To Pdoog #dOe axunic divetor amd T ouvvdotmon
w : E+— IR »ow pmogel va elvor agvnund 1 pndevins. AvAloyo e TNV OUYREXQLUEVY EQPAQUOYY,
Tot BN TOV ARUDY PTOQEL VAL OVTITTQOCWITEVOUV ATAOTAON, XABVOTEQNOT, ®OOTOG, ®AT. 210 €ENC,
6o Bewovue GtL M TOOGTNTAL W(€E) AVITQOOMIEVEL TO UIf*05 ™S ARG € € F nat 6TL 10 CUVOMRG
U®0g €VOS OUVTOUGTEQOV OVOTIATIOV OLVTLITTQOCWIEVEL TNV ATTOOTOON UETOED TwV AXQWV TOV.

e éva yodonuo G(V, E,w) pe Baon / wixn otig axiés, 10 Wixos ag (TemeQoouévns) -
doowis p = (vg, v1, ..., vk) €lvon (00 Pe TO AOQOLOUNL TWV UMKV TOV ARUDY TOV TEQLAAUPAVOVTOL
o dadoowrj. Tumxd, w(p) = Zle w(vi—1,v;). H amdoraon d(u,v) s noQuers v ond v
®OQUPY © €(VOL TO MjXOS TS CUVTOUAGTEQENS dtadoounis amtd T u ot v. OewEOVNE GTL 1 ATTGOTAON
d(u,v) = oo av 1 ®oQupr v dev givow mpoomehdown oné ™ u. “Eva ovwroudrepo povomdrt
(shortest path) amé ™ u o v elvon €va povomdtt pe uixog (oo pe mv oxéotaon d(u, v).
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Yrdoyel memepaopévny ovviopdteon dtadpopi* petali 8o #oQuepdv av xow pévo o vITdoyEL
novomdtt HeTaEy Toug ov el 1o o (ehdyoto) wijrog (PA. emiong Aoxnon 5.2). Avtdg eivon o
AOYOS IOV OVOLPEQONALOTE TAVTOL OE CUVTOUOTEQO MOVOTIATLOL RO EEALQETIRA OTAVIOL OE GUVTONG-
te0es dLadoopéc. XAy ouvtopniog, UEQUXES (POQES XONOLUOTOLOUUE TOV 6QO0 S — T LOVOTTATL YO VOL
avagepBolue o €va HOVOTTATL ATTO ULOL ROQUEPY S O ULOL ®oQUEY .

210 ITpoPinua tov Zvvtopdtepwv Movomatiayv (Shortest Paths Problem - SPP), diveton éva
vodgnuo G(V, E,w) pe pixn otg oxpés ot Tnrovvion Ta OuVTOHGTEQX UWOVOTATLOL PETOED %d-
OOV ROQUPAV. Z& UEQILES TEQUITMOELS, TO TNTOVUEVO EIVAL O VITOAOYLOUGS TWV OVTIOTOLY WV
OmWOOTACEWV %Al OYL T (OLal To. pOVOTATIA. AVAAOYO [LE TLS HOQUMES YLOL TIG OMOIES WOEMEL VOl
VTTOAOYICOUIE TOL GUVTOUGTEQC NOVOTIATLOL, 0QICOUIE ALAPOQETIRES TOROMALYES TOV TTEOPAUATOC.
To IedpAua Twv ZvvtoudteQmVv MovoTaTi®dy €XEL TTOMES ROl ONUOVTIXES TTQOXTIXES EQPUQUOYEC.

2 Baowi mapalhoyr Tov TeoPijuatos, divoviar éva yodgnua G(V, E, w), po aQyuxij ®o-
ovpny s € V, »ow i tehn xopueny ¢ € V', xou Inreltal €va ouvtopndteQo Hovomdtt omd my s oty
t. Avty n mogarhayn eivoun yvoori oav IpdfAnua Zvvropdtegov Movomatiov Zevyovs Kogugpav
(Single-Pair Shortest Path Problem).

Sy 1o yvmotij raodhayn, divovran éva yodgnuae G(V, E., w) »ow pia aoyixn xoguen s € V,
%0l CNTOUVTOL TOL CUVTOUGTEQC, LOVOTTATLOL ALTTS TNV S TTOOS OAES TIS VITOAOLITES XOQUPES TOV YQOPYNOL-
10g. Avti 1 mogolhayn etval yvmorni oav ITpdpAnua Zvvrondtepmv Movoratidy omd puio AQyuxn
Koovgn (Single-Source Shortest Paths Problem). ®a magovoidoovpe 360 dlopoQetinoig akyo-
oBuovg Yo avt) TV ooy ToV akydeBuo duvouirov mpoyoapuoatiopoy twv Bellman-Ford
%o Tov dmAnoto okyépfuo tov Dijkstra. ASiCel va onuelwBel 6t oL alydpLBuot mov vrwohoyiCouv
TOL OUVTOUOTEQO UOVOTATLOL 0TS WiCl 0LQYIXY XOQUPY YONOLUOTOLOUVIOL %Al YLOL TOV UTOAOYLOUO
Tov Zuvtopdtepov Movomatiot Zevyovg Kogupdv. Av zow 1 mogadhayr] pe €va Cevyog xoQu-
Qv amotehel eldny] TEQITTWON TNS TAQUAAYNS UE QQYIXN KOQUPY, OEV EIVOL YVIOTOS ROVEVAS
YONYOQOTEQOS OAYSQLOROS YLOL TV TTOWTY.

e oL 7o yevixy rapodhoyri Tov rpofhjuarog, diveton Eva yodgnuo G(V, E, w) wow Intotvion
TOL CUVTOUGTEQA LOVOTEATLOL LETOED GAwV TwV CEVYOQLHV XOQUPADV. AvTti 1) Topolhayn eivol YvooT
oav [Mpdfinua Zvvrondrepwv Movomandv yio 6ha ta Zevyn Kopupaov (All-Pairs Shortest Paths
Problem) »aw pmopel va ABei epapusloviag tovg mponyoupevovs akydobuovs |V | gopés, wa
yiar ®ABe JLaPOQETIXNY] 0N ®OQUPY]. ‘Ouwe vrdoyovv xot yonyopdtepot alydolfuot yio avt
™V moaAay). A6 avtovg, Bo Topovoldoovue Tov akydoldno twv Floyd-Warshall mov BaotCeton
ot uEB0dO Tou dUVAILKOV TEOYQOUUUATIONOV.

5.5.1 Axpég nor Kvzlot Agvnrizov Mijzovg

Av 6oL ToL ujrn TV axpdv tov yoopruorog G(V, E,w) givon pn-oovntixd, vdoyel mdvio va
CUVTOUOTEQO MOVOTATL Yot ®A0e Tevyog xopuepdv. Emopévmg, yio xdbe u,v € V, n andotoon
d(u,v) elvon nahdg oorouévn xon memepaopévn. To do cvpfaiver xal dtav to yodgnua £xet

*3e o dradoopr mov dev eivan povomdtt, To o peTa dvo Stodoxdy emavalipewy wag ®opugrc amotelel
€va xirhopa. AV 10 OUVOMAS WIROS TOU ®UXADUOATOS €ivol pn-aovitnd, 1 agaipeor tov dev awEdvel 10 wijrog
g Sadpowric. ARG v ogaigean Shav TV dadoyrdy exavolijpewy ®vABe ROQUPNS TEOXRVITEL Vo HOVOTIATL UE
UNrOS WrEATEQO 1 (00 G TO PUNKOS TG 0YIKNG ALOOQOUNS. AV TO GUVOMKG UNKOS TOU KUXADUOTOS EVOL 0QVNTIXG,
%A emovaAMYPY] TOV UELDVEL OXAUN TTEQLOOGTEQO TO Wjrog T dtadpouric. Tdte dev pmoel vo oplotel 1 €vvola g
ovvtoudteeng dtodomis %o g adoTaong HETAEY TV ARV TNS.
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Tynjna 5.15: Topdderypo yoagiuatog pne wixhovg agvnmxot prixovs. O xuxhog (1,2,5,6,1)
€yeL mjrog —5, xow 0 #oxhog (1, 5,6, 1) €xer wirog —7bo. “Erour dev 0oilovial oL ammooTdoeLs Twv
©OQUP®V atd TV 1 aAAd %o amd TIC VItoAouTes ®oQUYES yiatt ) 1 elvon mpoomehdowun o Gheg
TLG ROQUEEC.

OXUES E AQVNTIRO WXOG, OAAG deV €YEL RUXAOVS TV OTOIWV TO CUVOMKRS UNXROS Elvol 0QvnTLrRG
(BM.  emiong vmoonpetwon 4). e outi ™V TEQITTWON, 1 ATGOTAON NETAEY RATOUWV ROQUPEV
evOgyetan va elval aovntry], ol eEonolovBel va elvol ®OADS OQLOUEVY KOl TTETEQOOUEVT).

AvtiBeTa, av 10 Yodgnuo €xeL ®O%A0 0QVNTIXOU PHROVG (.. TO YOdgnua Tov Zynuatog 5.15)
7OV Elval TQOOTEAGOLILOS 0T L0 OLOYIXY] KOQUEPY S, OL OUTOOTACELS 0T THV S TTOOS TS KOQUPES
Tov ®UxAov dev opitovtal. O Adyog elvarl 0t Yo ®dOe dLodQoNY| p At TNV S TTEOS PO XOQUEPY TOV
AURAOV COVNTIXOU pjxove, wropovpe va, gridEovpe o véo dtadpopr p’ mov dragpgpel amdé v p
UGVO YLOTl JLEQYETAL TEQLOOGTEQES PORES A TOV ®UxAho. Anhadn, mdvro vrdyel dtadooun Ue
OXOUN MXQEGTEQO KOS KO ETOUEVIS Ol EVVOLES THS CUVTOROTEQNS JLadQOUNS %Al TS OTGOTOONS
dev umoouv va oglototv. To 8o ovpPaiver wou pe ®aOe xoQuUEPY| TOU €ivaL TEOOTEAATLUY ONTd
™V S HECW ROQUPNS TTOV AVIREL O HURAO CLQVNTIXOU MIHOVS. AV YLl RATOLOL ROQUET] U, VITAQYEL
UOVOTATL atd TV S OTN U OV JLEQYETAL ATG ROQUET] ®UXAOU OQVNTIXOU W ROVS, 1 AOOTOON
d(s,u) dev opileTan »a yodgpoupe d(s,u) = —oo.

5.5.2 Idwotnreg Xuvropotegmv Movomatiay

O akydpBpol yio to IIodpAnua Twv Zuvtoudtegmwv Movoratidy eXIETAAAEVOVTOL TV WOLOTITA
ot xdBe TUiRoL €VES GUVTOUGTEQOU POVOTIATLOY OTTOTEAEL ETIONG CUVTOUGTEQOV UOVOTTATL UETOED
TOV Axewv Tov. Me diha Adyia, to TIpdpAnua Twv Zuvtopdtepwv Movomatiav €xel TNV 1OL0TTOL
Tov BélTIoTOV emPEQove AMicemv. ‘Ommg yvwpitovpe, outi 1 1OLGTNTA ETTOETEL THY EQAQUOYT]|
TOV dUVAILROU TTQOYQAUUOTIOUOU ®al TS neBAdov e aminotiog.

Ilodraon 5.5. ‘Eotw yodgnua G(V,E,w), xat éotw &va owwtoudtego uovomdti p =
(ug, U1, ..., ux) Ao THY %0QUPI] Uy 0TV x0QUPN uk. Lo xdbe i, j, 0 < i < j < k, to Tinjua tov
P QIO TNY XOQUQPI] U; UEYOL TNY XOQUQPT] Uj ATOTEAEL EVA CUVTOUOTEQO U; — Uj UOVOTIATL.

Anodeién. "Eotm p;j To tujuc Tov p amtd PETOEY TV ROQUPMYV ; KON Uj, %Ol E0TM OTL OVTO OEV
elvou €val ouvTopdTeQo novomdrt. Tote vdoyet u; — uj povomdm pj; we winog w(pi;) < w(pij).
AvTtixoBLoTdVTaS T0 pij UE TO P ; OTO P, TALIQVOVULE EVOL Ug — U, WOVOTIATL e WIROG UKQOTEQO a6
TO UNXOS TOV p. AVTO OoTeEMEl QVTI(OON OTO YEYOVOS GTL TO P Elval €VOl OUVTONOTEQO Uy — Uk
ULOVOTTATL. ad
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Mo dpeon ouvvéEmela TS TAQATAV® TOOTOONS ANOTEAEL TO YEYOVOS OTL OL OTOOTACELS TWV

oe éva yodgmuo G(V, E,w) wovomolobv my Toryovirtj oviosmro?

. Zuyrexnpluéva, yuor ®doe
u,v,w € V, wyvet 6 d(u,v) < d(u,w) + d(w,v). Anhadi, 10 Wirog TOV GUVTOUGTEQOV HOVOTTOL-
oY amd ™ u ot v dev veEPalvel TO UNKOS TS JdQOMS TTOV TEOXRUTTEL OIS TNV EVIOT TWV
OUVTOUSTEQWV © — w Rl w — v povormatidy. To axdhovbo mdglona amotelel eEedinevon avtng

TS YEVIRIIS TOQOTHONONS.

Ilégwopa 5.1. ‘Eotw yodenua G(V, E,w), xa éotw s € V uia agyxij xoover. T'a xdOe axuij
(v,u) € E, ioyver ot d(s,u) < d(s,v) + w(v,u).

Aoxnon 5.25. "Eotw yodgnua G(V, E, w), wat 01w p €V0 GUVTORGTEQO NOVOTIATL 0IT6 TNV ROQUGY
s omv xouet] t. Na dei€ete 6L 10 p B TOQANEIVEL CUVTOUGTEQO NOVOTIATL AV Tl iRy AWV TV
OXUADV TOAMOTAOOLOOTOUV e Tov idto Betind agiud. Ti Ba cupfel av ot uixn GAOV TV ARPGV
mpootelel o idlog BeTnde apLBudg;

5.5.3 Aévroo Xvvropotregwv Movomatiadv

Ta ouvtopdtepa povomdtio evog yoogruoaros G(V, E,w) omd wio agyixy x0ouer| § avamaoioto-
vion artd 1o Aévrpo Zuvtoudtepmv Movomanidv (Shortest Paths Tree). TTpdxerton yio to €Adyioto
(0g mEOg ToV 0EBNS TV axpdVv) vroyedgnuo Tov G Tov TEQLEXEL VO OUVTOUGTEQO UOVOTATL
7R0S ®AOe ®oQUYY u 7OV elval mEoomeAdoWn amd TV s. Ta aQywd TUIATO TOU GUVTORGTEQOV
§ — U JOVOTATLOU ATOTELOUVV EMIONS CUVTOUGTEQC ROVOTIATLOL TTQOG TLS OvTioToLyeS ®oQUYES (ITpd-
taon 5.5). Mmogoupe Aowmdv va €xoupe AoUToV €vo CUVTOUGTEQO NOVOTIATL TQOS XABE ROQUPY TTOV
elvol TQOOTEAAOLUN OTTG TNV S %Ol TO VIToyQdpnua. eivor d€vtoo ue oita v s.

To Aévtpo Zuvtoudtepmv Movomanayv (AZM) avamaiotatol Pe ToV TVaxo. p e 1 OTOU el
To otoyelo plu] dMidver Tov Totépa xAOe roQuric u oto AZM. Anhadv, 10 plu] dnhdver v
TehEVTAO ROQUYPY TTOLV T U OTO OUVIORATEQO § — 4 MOVOTATL (PA. ETLONG TNV AVATOLQACTOOT TOV
dévtpov g AIIII, Evétnra 5.2, xaw tov d€vigou g AIIB, Evétyta 5.3). Aedouévov tov mivaxa
P, 10 Aévtpo Zuvtoudtepmv Movomatidv elvon 1o voyodgnua G, (V,, Ep) mov opileton wg:

Vp={v eV :pw #NIL} U{s} xa E, = {(p[v],v) € E:v e V,\ {s}}

Aoxnon 5.26. No ddoete mapdderyna yoagpiuatos G(V, E,w) yia 1o omoio 10 Aévigo Zuvto-
ustepmwv Movomotudv pe oo o ®oouey s givon dragopenrd amd to Eldyioto Emxalimtov
Aévrgo tov G.

5.6 Xuvvropotrega Movomdrtia amo pia Az Koguegn

O VTOMOYLONGS TWV GUVTOUGTEQMY UOVOTTOTLHV OIS ILat ay ] xoouen PaciCeton oto TIdpiopa 5.1.
"Eotww yodgmua G(V, E,w) »ou agywxn ®ooueyj s. T #dbs xoougn u, o akydoibpog drornoel
o “ammonot6doEn” extiunon £[u] g andotaons d(s,u). Agywd eivan £[s] = 0 »ow Lu] = oo
v xd0e xoQuen u dLaoEeTiry| amd TV s. "Erol Aappdvouue vmoym to evOEXOUeEVO 1 w VoL PV

STevinGTeQa, OL ATOOTAOELS PHETOEY TV KOQUPMV EVES [N-HATEVBUVSIEVOU YOOPTLOTOS e BAON OTIC ORPES 0QITOVY
EVa UETQHG YWQO.
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givan Tpoomehdown amd v s. H tun e extipnong £[u] aviotoryel 0to mijrog 1ou cuvtoudtegou
HOVOTATLOU 0TS TNV S OTN U OV €YEL AVOXRAAIWYEL O AAYOQUONOS UEYOL TN OUYXEXQIUEVY OTIYU].

O alydpBuog eEetdlel TG OXUES TOU YQOPTUATOS %Ol OVOTTQOCOQUOLEL TG EXTINOELS TOV
ue pdaon 1o Iépwopa 5.1. Zvyxexowéva, av 1 extiunon Llu] > fv] + w(v,u), n eE€taon mg
axrpns (v, u) meoxahel v avampooauoyy g o Lu] = £[v] +w(v, u). YroBétovtog emoywyird
GTL M EXTUNON YLOL T © TEXUNQLAOVETOL 0TS €VaL § — v OVOTATL %OV £[v], ®rotoMjyouue oto
OUUTTEQOOUOL OTL 1) OLVATTQOCCQUOCUEVY EXTIUNON YLOL TN U TEXUNOLIVETAL ATTO €VOL S — U LOVOTTATL
wixovs £[u]. To povomdrl outd amoTeLelTol oG TO AVTIOTOLXO NOVOTIATL 0TS TV S 0T ¥ ROl TNV
axpn (v, u).

H extiunon £[u] givan “amonct6doln” pe mv évvora dt elvon mdvrote peyolvteon 1j ton g
améotaons d(s,u). O AGyog eivor 6T 1 TEEXOVOO T TS EXTIUNONG TEXUNQUOVETAL 0TS TO
OUVTOUGTEQO S — U NOVOTATL TOU €xEL avoxalugOel amd tov akydoBuo. Kavéva s — u povomdrt
Oumg deV €Yl WiHOC IrEOTEQO amtd d(s, u). AV 0 OAYGELONOS OVaROATPEL VAL CUVTOUGTEQO § — U
novomdm, M extiunon yiveron Lfu] = d(s,u). H extiunon mooopével e avti ™y Ty PéEyoL to
TEAOC TOV aAyoQiBIov, Aoy dev UTAdQYEL S — U NOVOTIATL W€ UHROS MHQOTEQO UNKOG.

Afupa 5.1. ‘Eotw yodgnua G(V, E,w) ue agyxij xooverj s. Tia xdbe xoovgij u, 5 extiunon
Lu] mapauéver ueyalvteon 1j ion g andoraons d(s,u) yia xdbe axolovbia eEstaons axudy xou
aVaTOOCAQUOYDY.

Anodeiln. Agyd glvon Lu] = oo > d(s,u) ywo »dbe noovei u € V \ {s}. Emiong, yia mv
agywii xoQugn eivan £[s] = 0 > d(s, s) emeidij eite d(s,s) = 0 av n s dev gpmhénetan og nixho
aAQVNTLROU U®oVS, eite d(s, s) = —00 dAPOQETIHAL.

Yrobétovue emaywyrd ot N LOWOTHTO LoYUEL PLETA TNV EETOON HATOLWV CRUDY KoL TS CVTI-
otoLyEes avamQooanoyés. "Eotw (v, u) M emdpevn axun mov eEetdletan. Av v extiunon £[u] dev
AVOTTIQOCOQUAOT®E, OuveyiCer va eivon L[u] > d(s,u) AOym g emaymywis vmébeons. Av 1
extiunon £[u] avompocaoudomre, €XOUpE:

Lu] = L] + w(v,u) > d(s,v) +w(v,u) > d(s,u)

H mpdmn aviodmra woyver yati £[v] > d(s,v) Moym g emayoywmis vidbeone. H devreon aviad-
™o mpoxrvmtel and to [Idgiopa 5.1. O

Emonquavon. Tlapampoipe 6t av 1 #oQuen u dev elvol TQOOTEAACLUN OO TNV OLOYIXY ROQUKT]
s, ToOauEveL £lu] = 0o yua xdbe axohovBio eEETOONG AXUDY ROl AVOTQOCOQUOYDV. O

H duaigpod peta&v d1opooeTirdy alyoQiBuwy EYXELTaL 0T OTQATNYLXY UE TNV oToia, eEetdlovy
TS axUES Tov Yoapruatos. Kdbe té€tola otpatnywn moémet va eEaopalilel 0Tl TEMUA Ol EXTIUOELS
it OAES TLS ROQUPES ELVAL [0EC LE TIS ANOOTACELS TOVUS OO TNV OQYLXT] ROQUPN).

5.6.1 O AlyogiBpog tov Bellman-Ford

O akydpiBpog twv Bellman-Ford epaoudlel tnv texviry Tov SUVOt1ol IQoyYQOUUOTIONOU YIo TV
emiAvon tov [pofAjuatog twv Zvvtopdtepmv Movomatidyv amd po oy txy] ®xoQuer]. O akydoipog
OVOTIQOCAUOTEL TLS EXTIUOELS VIO TIS ATOOTACELS TWV XOQUPMV OITG TNV TNV OQYIX1] ®OoQUeH
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Xymjra 5.16: Iapdderyna Aettovpyiog tov akydotbpov Bellman-Ford. 2mv emavdAnyn ¢ vrwoloyi-
Coviol 10, pfxn TV CUVTOUGTEQMV POVOTIATLIV ATtG TNV OLOYIXT] ROQUPY TTOU €X0UV 7 1 MYOTEQEC
oxpES. O eTETES TV ROQUPAV dNADVOUV avtd Ta pixn. H éMhenyn etinérag Onhdver 6Tl to avti-
oToyo wijrog dev €xeL agyrromomOel axdun (elvon L(i, u) = 00). O axpés mov xenopomotovivon
0Tl AVTIOTOLY 0L LOVOTATLOL ONUELHIVOVTOL GUUTTOLYELS RO Ol UTTOAOLTTES OLAREXOUUEVES.

0eWEMVTOS HOVOTTATLO, e GAO %o TTEQLO0GTEQES axués. O alydpolBuog Bellman-Ford emilvel
veVirY TEQITTWOT TOU TEOPANUOTOS, GTTOV HATTOLES AAUES WTOQOTY VO EXOUV CQVITLXA UNKY).

Oempovue yodgmua G(V, E, w) pe n v0QUPES ®ow m axilés wat agyxy xoougy s. T »dbe
1=20,...,n—1 %0 %d0g xoougiju € V, éotw L(i, u) 10 Wijrog TOU GUVTOUGTEQOU S — U WOVOTIOTLOY
ne ¢ M Myotegeg axpés. Kabe povomdr €xel 1o mohi n — 1 axpég (e€ ogopot ta povomdria dev
€xouv emovolapfavopeves *0QuEES). Yré v mpotimdBeon ot dev vdoyel ®UrAOS 0QVNTIROU
UHXOVS TEOOTEMAOOS 0mtd TV 8, LoyUeL 6t L(n — 1,u) = d(s,u) yva xdbe u € V.

Agyrd, givor L(0,s) = 0 =now L(0,u) = 0o yuo. GOg ®0QUPT| U OLOPOQETIAY QTS TNV OLOYLX].
ITpdyportt, o TEQLOQLOTOUUE OE TETOLUUUEVA LOVOTTATLOL WIS OXUES, 1) OLOYLXY XOQUEPY Elval 1| oV
ROQUPY OV €VALL TQOOTEAIOLUN ATTS TOV ECLVTS TNG.

"Eva s — u povomdrt pe ¢ + 1 axpés mpoxvmrel ommd €va s — v LOVOTTATL UE ¢ AXUES KL TNV
axpn (v, u), Yo wdmowa xoQuetj v pe (v,u) € E. To ouviopudteQo s — u povomdrl ue i + 1 1
MySTeQES axrNES elte TAVTICETAL UE TO CUVTOUOTEQO S — U UOVOTATL UE 1 1] MYOTEQES OnES eite
ATOTELETOU OUTTG TO CUVTOUGTEQO S — U MOVOTIATL IE 1 OXUES RO TNV OXUT] (v, 1), 1oL XATOLOL ROQUET]
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v pe (v,u) € E. To ouvtopdtego s — u povordm pe @ + 1 1 Mydtepeg axpés mpoxintel amd to
2oMiTEQO atd 1oL apamdve evdeyoueva. Tumxd, to L(i + 1,u) divetow and mv avadoomxn
eElowon;:
L(i+ 1,u) = min{L(i,u), min {L(i,v) +w(v,u)}} (5.1)
vi(v,u)€E

E@doov to yodonuo G 0ev weQLEyel ®UrAO 0lQVNTIXOU XOVS TTOV EIVOL TQOOTEAGCLILOS OTTO THV
S, TO WNHOS TS CUVTOUATEONS SLOOQOUNS TS TV S TTQOG ILCL ROQUEY] U (RO 1) AVTIOTOLYY OTTGOTOON)
elval To WMOS TOV OVVTOUOTEQOY S — u MOVOTATIOU Ue 7 — 1 N Aydtepes axpués. Aga av dev
VITAQYEL ®UXNOS CLOVITTIZOU IOVE TROOTEAAOOS Ot TV 8, elvon L, u) = L(n—1,u) = d(s,u)
v %40e 7 > n xow xdbe u € V. Av mporiyper 6t L(n,u) < L(n — 1,u) yio xdmwolo ®oQuen u,
ovumeQaivoue OTL TO YOAPNUOL EXEL ®URAO 0LQVNTLXOU WiROVC.

O amooTdoeLs SAmV TwV ROQUPAV ONTG TNV S WITOQOTVYV VO UTTOAOYLOTOUV OTtd TNV avO.OQOULRY
eElowon (5.1) pe ™ néBodo Tov duvarot moypaupatiopoy. Ta #dbe ¢ = 0,...,n — 1 nouw xdbe
20QUYY 1, O VITOAOYLOWGS TwV unxdv L(i+ 1, u) amouret pévo tar wijxn L7, v) yiow GAeg TG ®0QUPES
v € V. T Tov vtohoYLOUS TV CUVTOUGTEQWY NOVOTTOTLEY, TO plu] TeQLExeL v Tehevtaia (FTowv
™V 1) XOQUYPY] OTO CUVTOUOTEQO S — U NOVOTTATL UE % 1) MYOTEQES ARNES.

Avt eivon 1 Paowxy Wéa tov alydoBuov Bellman-Ford. “Eva mopddetypo Aettovpyiog tov
alyopBuov Bellman-Ford divetal oto Zynua 5.16. O akydpiBuog umwogel vo vhomonbet evxolal
axohovBmvTaS To frunata Tov uoMe mepryodpaue. ‘Oume PTOQOUNE VOL TETVXOVUE TLO OTTODOTLAY
VAOTTOMON GUVOVALOVTOS TV TTOQOTAVM™ LOEQ PE TV TEXVLXY TS OLVOTTQOTOQUOYNS TV EXTIUOEDY
mov mepLypdgnre oty Evétnra 5.6. Zmn ovuvéyela meplyodpovue T OEUTEQN, MO OTTOdOTLRY
vhomoimon.

Bellman-Ford(G(V, E, w), s)
for allu € V do
l[u] +— o0; plu] < NIL;
l[s] < 0;
fori< 1ton —1do
for all (v,u) € E do
if £[u] > £[v] + w(v,u) then
lu] < £[v] + w(v, u); plu] < v;
for all (v,u) € E do
if Z[u] > £[v] + w(v,u) then
return(KYKAOZ APNHTIKOY MHKOYZ);

O akydpiBuog eEehiooetal oe n — 1 @AoeElg TOV AVTLIOTOLOUV OTIS emavalpels g for-
avortxhoong. T »dbe xougy| u,  extiunon £u] elvon wredteon 1j ton o to L(i, u) (dnh. and
TO UNXOS TOU OUVIOUGTEQOV S — U UOVOTATLOU UE 4 1] MYOTEQES ORUES) NETA TNV OAOXANQWOT| TG
i-00ts pdong. Agywrd elvou £[s] = 0 won £[u] = oo yua xdbe u € V' \ {s}. Emaymywd vrobétovne
6t uetd v ohoxrMjowon g edons 4, 2 = 0,1,...,n — 1, eivow £[u] < L(i,u). Zm @don i+ 1, 0
ahyoELOU0g eEETALEL OAES TIS ARUES TOV YOOPIUOTOS KOl OLVATTQOCOUQUGLEL TS EXTIUNOELS NE Bdon
1o [Ipwopa 5.1. Amé v avadoomxy eSiowon (5.1), mpoxrimrel 6TL PETA TNV OAOXAQWON TG
@dong i + 1, elvon LJu] < L(i + 1,u) yia »d0e ropugn u. Emopévog, petd mv ohoxhipmon g
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pdong n — 1 eivan £[u] < L(n — 1,u). Av dev vmdoyel ®vUxAog avnTxoy Wirovg meoomeAdoog
amé my s, éxovue L[u] = d(s, u) oto 1€hog g (n — 1)-o0mic pdons. Av vrdoyetr ®Uxrhog aQVNTIROU
UirovS, 1 eXTiUNON ®dmolag xoQuEtS Ba pewwbel av eEetdoovpe TG axpég yia pia oxdun god.
AUTig 0 EAEYYOS EQPUQUGLETOL 0TO TEAOS TOU OAYSQLOROL.

Kdbe axpny tov yoagiuatog eEetdleton axoifds n @oés. Emopévag, o xodvog extéheons
tTou alySpBpov Bellman-Ford eivoaw ©(nm). 2t ouvvéyeia omodsixviovpe Ty 00dtnta Tou
akyépBpov.

Anfupa 5.2. ‘Eotw yodonua G(V, E,w) xau apyxij xooverj s. Av dev vadoyer #9xAos aovytixov
UIfrovg TEOOTEAGOLUOS aTd TV S, 010 TéAOG TOV alydpiBuov wyver otr L[u] = d(s,u) yia »dbe
xoov@1] u. Emiong, o alyooiBuos dev emioroépet vdelEn vmapéng xixlov apvntixot uijxovs.

Anodeibn. "Eotw u o omoladnimote ®oQupn. Av 1 u dgv glval meoome douy amd Ty S, ToTe
ToApEveL £[u] = oo = d(s, u) »aB6hn T didoxera Tov aiydopov (PA. Avupa 5.1 %ot axdhovby
gmofuavon). Av n u givol TeoomeAdon and ™y S, €0Tw p = (v, V1, ..., Vp—1,Vk), Vo = S,
v = U, €VO, OUVTOUOTEQO S — U MOVOTTATL IOV TteQLAaUpdvel k axuéc. Oa deiEouvue dtt ot0 TENOG
™me edong 4, @ = 0,1,...,k, eivan £[v;] = d(s,v;). Aut agxel ywati (o) vrdyel povomd pe
n — 1 N Myotepeg axpés yio »dbe xoguen u mpoomeldowun amd v s, xow (f) n extiunon £[u] dev
uImoQel va yiver uxpdteen oné d(s, u) (Afupa 5.1).

Agyrd (gpdom 0) givan £[s] = 0 = d(s, s). Emaymywd vrobgtovue 6t 1o Tnrovuevo Loyvet
UEOL xouw ™V ohoxhjowon g gdons ¢ — 1. Metd v eEétaom g axwis (vi—1,v;) ot @dom 1,
elvon

d(s,v;) < L] < lwi1] +w(vi_1,v;) = d(s,v;-1) + w(vi_1,v;) = d(s,v;)

Enouévag, £v;] = d(s,v;) dnwg omonteltar. Xty ToQamdvem oyEon, N TedT) aviodTnTa ETeTol
amé to Arfjuua 5.1. H devdteon aviodmro toyiet petd v eE€taom g oaxuwis (vi—1, vi) ®OL TV EVOE-
YOUEVN OvOTtQOCaOUOYT] TG extiumons £[v;]. H endpevn wodmra woydel yiori Lv;—1] = d(s,vi—1)
amd Vv enaywyxy vebeon. H tehevtaia wodmra woyvel yiati 1o p elvol éva ouvtopndtego s — u
HOVOTTATL RO AQC TO TUNUC TOV UEXQL T v; elvou €va ouvtoudteo s — v; povomdm (ITpdtaon 5.5).

Emopévog petd v ohoxhjowon g pdong n— 1, elvon £[u] = d(s, u) ywo »d0g noouet u. And
o Afupa 5.1, xapion axohovBio eEET0ONG axUdV OEV TQOXOAEL CVOTQOCOQUOYY| TNG EXTIUNONG
Llu] o T pxedten amd d(s,u). Ao ov éheyyol oty Tehevtaio Ao ATOTUYYEVOUY %Ol O
olyopBpog dev emoteépet EvAELEN UmapEng ®UxAoU aQVNTIXROU WIfROVG. O

Arupa 5.3. ‘Eotw yodgnua G(V, E, w) xaw apyixij xoovgij s. Avvmdoyer oto G x9xAog apvytixot
UxOoVS TEOOTEAATIUOS A0 THY S, 0 akydplfuog emoteéper EvoeiEn vmapéng xvxiov aovytixoy
urrovg.

AmodeiEn. "Eoww ¢ = (vo,v1,...,0k), Vg = Uk, EVOG ROXAOG AQVITIROU WROVS TQOOTEAGOLIOG
o7l TV 0QYXY] KOQUPY] S. APOU GAES OL XOQUEPES TOU KUXAOU €(VOL TQOOTEAICILIES QTG TNV S, Ol
extyijoelg ffv;], i = 0,1, ..., k, O €50y memeQaonéves TES NETA TV OAOXAQWON ThG Qdong 1. —
1. T va xatoljEovpe og dtomo, VToBETOVIE GTL OL EAEYYOL OTNV TEAEVTOLL (PAOT ATOTUYYAVOUV
%ot 0 ohyoLOpog dev emoTEEPeL EVOELEN VmoQENG ®Uxhov aviTivoy uixrovg. Tlpémel Aoy va



5.6. Zvvtoudtega Movomdtio and pion Aoy Koougn 103

givan £v;] < lvi—1] + w(vi—1,v;) yra vdBe i = 1,... k (nhadij yia 6heg TG orpég »otd pirog
ToU ®UxAov). ABgoiCovtag xatd pén, €xovpue

k k k k

Zé[vz] < Zﬁ[vi_l] + Zw(vi_l,vi) = Zw(vi_l,vi) > 0

i=1 i=1 =1 i=1

To ovumépaoa mEOXVITTEL EMELON Vg = Vg KO T QU0 0BQOIOUOTE TWV EXTIUOEWY CUUTTITTTOUV.,
To ovumépaouna amotehel aviipoon oty Vd0eom GTL 0 ¢ elvol ®VRAOS CQVNTIXOU IROVGS. O

Aoxnon 5.27. Na epapudoete tov akyopbuo Bellman-Ford oto yodgmua tov Zynuotog 5.15 pe
QOYLXY XOQUPN TNV a.

Aoxnon 5.28. No dl0tvndoete PeVIORMALXA TOV TUTWVEL EVAV KUXAO 0QVNTIROU UjROVS STV O
alyopuog Bellman-Ford emotoépel €vOelEn yio UmaoEn té€tolouv ®inhov.

Avon. "‘Eotw (u,v) n modm oz ue Lu] > Llv] + w(v,u) oto 16hog Tov akyopiBpov. H axur
(u,v) avi%eL OE ®UxAO 0EVNTIXOU WHXOVS OV €lvol TQOOTEAGOWOS amté TV s. Me pdvn mi-
Bavii eEailpeon mv axuq (u,v), oL GXUES TOV RURAOV EYOUV YONOWOTOWOED Y10, VOTTQOCAQIOYY]
TV EXTIUNOEWV OTIS TQONYOUUEVES (PAOCELS AL OL ROQUPES TOV €X0VV amodnuevBel otov mivara
p. AxohovBdVIOC ToL OTOLYELX TOV Tivaxa p, Poionouvpe OAeS TS OQUPES ToU ¢. O TaQardTm
Pevdorddnag avimadiotd v televtaio pdon otov alyéolBpo Bellman-Ford.

for all (u,v) € E do
if Z[u] > £[v] + w(v,u) then
print(u, v);
y < v; x < plyl; ply] + NIL;
while x # NIL do
print(z);
y + z; z < plyl; ply] + NIL;
return(KYKAOZ APNHTIKOY MHKOYZ);

5.6.2 O AlyoiBpog tov Dijkstra

O ahyopBuog tov Dijkstra eivou €vag dminotog alydolBuog mov emilver to [lpdfinua twv Xv-
vioudtepmwv Movomotdv amd pio oy xopuer]. O alydpBuos tov Dijkstra epoaoudletal névo
OTAV TOL UK TV OXRUDV EVOL UN-0LOVNTIXA %Ol EIVOL AOVUTTTOTIAG TOUTEQOS ATtO TOV OAYSQLORO
Bellman-Ford. ‘Onwg »ou otig moonyovueves evotntes, Oewooipe yodonuo G(V, E,w) ne n %o-
QUOES ®alL m axUES ®al aQyx ®opuen s. To yodgmua dev €xel axiés aEVNTLIXOU PHOVS, dOo
0OUTE ®UXAOUS CQVNTLXOU UNKOVS.

O alydpBpog tov Dijkstra evidooet Tig *0QUpES 0Tto AZM oe avEovoa oglpd amdoTaong oo
™MV aQXLXY ®oQuen. Amé avty] Ty dmoyn umopel vo Bewonbel oav yevixevon g Avalitnong
[Towra og ITAdTog ot yoapiuata pue Bdon otg axpués. Ty otyu] wov pot xoQupY EVIAOCETOL OTO
AZM, €yer naBoplotel Evo GUVTOUGTEQO UOVOTIATL %Ol 1) OGOTOON TNS OO TNV CLOYLAY] ROQUPN.
O akydpBuog ovveyitel evidoooviog oto AZM ®oQupég og ueyoalitepn améotoon. Agov dgv
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VILAQYOUV OXUES OQVHTIXOU UIIXOVS, OL XOQUEES OE UEYOAITEQN OmAoTOON deV €mMNEEATOVV TIg
OOOTACELS TWV TTQONYOUUEVMV ROQUPHDV.

H Baouxn texvinn otov akydoiBuo tov Dijkstra gival ovt) mg SLotionong ot avarmQocoQUOYNS
extyiioewv. O alyéouBpog dtatneel a extiumon £[u] yio myv amdotoon xdhe oQugric u omtd v
aoywy ®oeupn s. Agywd eivon £s] = 0 nou £[u] = oo yo xdOe ®oQuEN u dMAPOQETIXY] 0TS TV
oy, O akydoBpog dtatnet axdun 1o oUvolo S TwV ®oQUEYMV Tou Exouvv eviayBel oto AZM.
TN %dBe noougtj u € S, 010 plu] amobnxreveton N TeAevTala (TOWV T U) ROQUYPY OTO GUVTOUGTEQO
5 — u povomdil oto AXM.

O alyogBpog Aettovpyel o emavolers, evidooovtag wio véa xoQuer oto AZM oe xdfe
emavdinym. Sty te€yovoa emavdinyr, o akydolBpog evidooer oto AIM v noougi u € S
(extog d€vTEov) ne TV WxrQdTeEn extipnon (daAnory emidoyr). Ze avtd 1o onueio, n extiunon
L[u] givan lon pue v andoraoq ™mg u and mv s (Ph. Afpua 5.4). “Etol 1o ouvtoudtego povomdt
%Al 1 ASoTOoN TS U oywwvovtol. TIov mpoywoenoel oty endpevy emavdinyn, o akyooBuog
€Ee1dlel Oheg TIc €EEQYOUEVES ORUES OTTG T U KOL OVOTTQOCUQUOLEL TIS EXTIUNOELS TV YEITOVIRDV
ROQUYPWYV TNG.

270 T€M0G TOU OAYGQLOOV, GAES OL ROQUEPES TTOV EIVAL TTQOOTTEAAOIUES OO TNV S EXOVV VIOl
010 AZM %0l Ol EXTYUNOELS TOVS €XOUV TLUY (0N PE TNV OTTGOTOON TOVS artd TV S. Ol x0QUEPES OV
dev elval TEoOomENAOUIES Ao TV § ouveyIouy va dratneouy dmelpeg extiufoets. "Eva moapddetypo
Aertovgyiag Tov akydolBuov tov Dijkstra divetar oto Zynua 5.17.

Dijkstra(G(V, E, w), s)
for allu € V do
l[u] < o0; plu] < NIL;
ls] < 0; S« 0;
while |S| < n do
"Eotw u xooueptj pe £[u] = minygg{l[v]};
S+ SU{u};
for all v € L[u] do
if £[v] > f[u] + w(u,v) then
L] + Llu] + w(u,v); plv] < w;

O ahydpiBpog extelel n emavahppels. e #dBe emavdlmym, vroloyiletor n xoQuer| £XTAS
AZM pe v ehdyrom extipnon xou evidooetal oto AZM. Kdbe eEegyduevn axpn g eEetdleton
ROL 1) EATUNON TG AVTIIOTOLYNS YELTOVIXNG KOQUPNS OIVOTTQOOCQUOLETOL.  ZUVOMRA ®dOe ax
gEetdleton pio goed xat ovupaivovy O(m) avomQOCUOUOYES EXTUOEWV.

Av oL ®0QuUpEg extdg AZM ogyavwBotv og duadiwd omed (binary heap) pe fdon TG exTyioeLg
TOUS, 1 EEQYWYN TG ®OQUPY|S He TV eAdytom extiunon yiveton o xodévo O(logn). Emiong, m
AvodLOQYEVWON TOV OmwQEOY HETd omtd ®dbe avampooauoyy extiumong yiveton og xodvo O(logn).
O ouvolx6g x6vog extéheans Tov akySpiBpov eivar O((n + m)logn) om yewpdtepn mepimtmwon.
O ydvog extéleong yelpotepns mepimrmwong Peltudvetar oe O(nlogn + m) av oL ROQUYES EXTOG
AZM ogyavwBoutv oe owed Fibonacci.

Emonuaven. Eivou aEoonueiwon n opordmra peto&i tov olyéotbpmy tov Prim xat tov Dijkstra.
Kaw o dvo akydpfpol Eexivotv omd pior ayixy] oQugn] xat datneotv €va d€EVTo mou ouvOEeL



5.6. Zvvtoudtega Movomdtio and pion Aoy Koougn 105

O

Fn
o

oo.'{
oo.'4_

@
O
O

Yyua 5.17: Tlogdderypa Aettovgyiog tov alydoiBpov touv Dijkstra. Ou enr€TeS TMV ROQUPAMV
dMAdVOVY TG exTIUNOELS Tou akyoolBuov. Ot xoQueés mov €xouvv evtayBel oto AZM (ovvoho
S) onperdvovran poipes. Ot ®oQuEég ov dev €xouv eviayBel axdun oto AZM (ovvoro V' \ S)
ONUELDOVTOL AOTRES %Ot 1) XOQUYT] €XTOS AZM ue v eAdyLoTn ETRETO ONUeELdveTAL Yxita. Ot
ETXETES TV HOUQWV ROQUP®V €lvVaL [0S e TIC ATTOOTATELS TOUS OO TNV oYy ®0Quen. O axpésg
mov €xovv evioy el 0to AZM &eivol CUUTAYES oL OL VITOAOWTES ORUES OLOKEXROUUEVEG.
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Kopvopég oto AXM
(ocvvoro S)

Kopvpég extoc AZM
(ovvolo V\S)

Amooctaon d

Tynna 5.18: H anddei&n opbsotmrog tov alydsoibuov tov Dijkstra og oxfjpa. Ot x0Queég mooTi-
Bevion oto AZM oe aiEovoa oeLRd amGaTOONS ATG THY AEXIXY XOQUEY] S. Aoy dev vrdQyouV
OXUES 0QVNTIXOU PROVE, N ATGOTAON TS ROQUPNS U ot TV s dev eEaQTdTan amd TS ROQUPES Y
%Ol Z OV Poloxoviol og HeYUAUTEQN ATAGOTOON.

OAES TIC #OQUEES TOou S. X %dBe emavdAnym, 1 ®oQuUEY] UE TO EAAXLOTO ROOTOS ETMAEYETOL YLO!
€vtoEn oto d€vtpo. Ztov aAydLBuo tov Prim, to xdotog €vtatng elval to Pdoog g ehagpoiteong
xS TEOG ROQUET| TOV EVTQOV, c[u] = minyes{w(v, u)}. Zrov alydoiBuo Tov Dijkstra, 10 x60T0g
€vtalng elvan N extiunom g arndoTaons amd ™V oYk RoQUYY Ue PAon TS AmooTACES TWwV
ROQUPAV Tov dEVTOV, £[u] = min,es{¢[v] + w(v,u)} (Bewpovue 6n w(v,u) = oo av (v,u)not €
E). H uévn ovoraotiny dropod oty vhomoinon twv 390 alyooBumy eivor 0 T196mog vrohoyLopnoy
TOV ®O0TOVS €VTAENS 0T0 d€VTEO (TOQOTNEEIDTE ETIONG TNV OUOLGTNTOL 0T XQOVIXT] TTOAVTAOXRGTHTOL
TV U0 akyoQlBumv). O

To mopondtm AMpuo TEXUNQLAVEL THY 0003TNTA TOU aAydoLOuov tov Dijkstra dtav to yodgnuo
JeVv €yEL OXUES AEVNTIXOU UNHOVS. AUTO TO MO OQREL YLOTE 1) EXTIUNON PLOS OQUENE OV UTOQEL
V0. OWVOTTQOOCQUOOTEL O TLUY WXQOTEET THG ATTOOTAONS TNG.

Appa 5.4. ‘Eotw yodgnua G(V, E, w) yweis axués apmrixot uijxovs, xat 0tw s agyixlj xoouei,.
Ty otwyuij g éviane xdbe xooveijc u oto AXM, oyver ot Llu] = d(s,u).

AnddeEn. Oa amodeiEovue 1o Mjupo pe emaywyr oto |S|, dh. otov alBud TV %oQUEPEHY ToU
éxouv eviayBel 0to AZM. Agyrd 10 S €xeL HOVO TV 0QYLXY ROQUEH, Yo TNV omoia woyUeL £[s] =
d(s,s) = 0. Eraywyd vtofgtovpe 6t 10 Mjpupa 1oy UgL yia GAES TIG ROQUYES TTOV EYOVV evToyOel
010 AZM 7101V OTT6 TV ®oQUYY] U, Oa 0rodelEovpe OTL TN OTLYIY] TTOU 1) XOQUEPY] U EVIACCETOL OTO
AZM, woyteL 6t Lfu] = d(s,u). An ) hertoveyio Tov alydoBpov, ™ dedouévn otiypn 1 u €xel
™ WrQATEQEN exTiUMon £u] oS GheS TG OQUYES exTis AZM.

T va xataliSovpe og dromo, voBgétovpe Gttt dedopuévy otrypy eivon Lu] > d(s,u) (owtd
elvan to povadmd evdeyopevo Adym tov Afupatog 5.1). Ymdoyel Aowtdv ouvioudteQo s — u
HOVOTTATL P UE OUVOMXG Wixog xrQdteQo TV Teéxovoa extipmon fful. "Eotw z n tehevtaio
ROQUT| TOV p TEW amtd ™ u. Emopévag, to wijrog tov p eivon d(s,u) = d(s, z) + w(z,u) < Llu).
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Agov 10 yodgmua deV €xel axpés apvnuxot wijrovs (doa w(z,u) > 0), cupmegaivouue Gt

d(s,z) < lu] (5.2)

H z dev €xer evioyBetl oto AZM (dnh. z € S). Awpopetind, Bo frov
Lu] < Lz] +w(z,u) = d(s, z) + w(z,u)

emewdn o akydouBuog Oa eilye eEetdoer v axpy (z,u) xou avamooapudéoer v extipmon £[u]
®atd TV TEooOxn ™G z oto S. Emiong eivan £[z] = d(s, z) and v emaywywi vréHeon.

Kotahjyovpe Aowmtdv 0to GUUTEQAOMO OTL TO OVOTTATL p OLEQYETAL OGO KOQUYES TTOU OEV
avirouvv oto S. "Eotw z 1 tehevtaia xoougr] Tov S 010 povomdTl p (1 & UTOQEL Vo TOVTICETAN e
™MV S), ROl €0TM Y 1 OUECWS ETOUEVT] XOQUPN TNS & OTO P (1 ¥y UoQEl va TovtiCetan pe ) z). O
0QLOUGS TV XOQUPYV Z, Y, KOL Z OTTELROVILETOL 0TO Zy1juat 5.18. A@ov To p €ival CUVTOUGTEQO S —u
ULOVOTTATL, TOL TUWRUATOL TOV P OTTG TNV 8 UEXOL TNV T, TNV Y, ROL TNV 2 €(VOL AVTIOTOLY O OUVTORGTEQX
s—x, s — 1y, now s — z povormdna ([lpdtaon 5.5). Aot 1o yodgnuo dev €xel arpuég aQVNTIROU
ujrovg, ovumeQaivouue OtL

d(s,y) = d(s,2) +w(z,y) < d(s, 2) (53)
ARG ™V TOQOTAVM AVAAUO, ROTAAYOUUE OTO OUUTEQAOUA OTL
Ly) < Lz] + w(z,y) = d(s,z) + w(z,y) < d(s, z) < L[u]

H modt avioémta woyiel yiort o alyéolbuog €xel e€etdost my axpy (z,y) %o avormrooous-
ogL v extiunon £[y] word mv meoobixn e = oto S. H enduevn woétto meoximtel o ™V
emorywywn vdBeon. O televtales dvo aviodmnreg eivon ot (5.3) »nou (5.2) avriotouyo.

Anhady| vrdoyer xoougpy y € S ue extiumon Ly < Llu]. Avtd amotelel avtigaon oty
vté0eon OtL M u emAEyETOL YoL EvTaEn oto AZM. O

Aoxnon 5.29. Na oyolMdoete v 008dtTa Tov amdrovBou akydoiBuov ya to TIpdfAqua Twv
Zuviopdtegwv Movomatidv amd pio agyixy xoQuen Atav To Yedgnua €XeL OxPES aQVNTroy un-
zovg: "Eotw —z, ywo xdmowo z > 0, 10 uxoteo (aQvnTind) Wijrog axpis. AvEGAVOURE ToL xn
OAOV TV ARUGV RATA T RO XONOLUOTOL0UNE ToV alydorBpo tov Dijkstra yia Tov vmwohoylopud twv
OUVTOUOTEQMYV UOVOTTATLV.

Aoxnon 5.30. Na amodeiete dt 1 Avatimon Ilodta oe IThdtog vmohoyiCer €va Aévigo Zv-
VIoudteQWY Movomatidy pe QIto Ty aEyLxy ®oQuUeY s GTOV Ol ArUES €xouv povadlaio uirog.
Toomomouwjote tov Pevdorddwa g AIIIl wote vo vroAoYITelL ®oL Vo, EMOTEEPEL TIS OTOOTAOELS
OAV TWV ROQUP®OV OIS TNV CLOYLXY ROQUET.

Avon. H tpomomoinon tov Ppevdorddwra eivor amhn. Atatnootpe €vay mivoxa £ e Tig atooTdoELS
SAOV TOV OQUPAY At TV s. Agyrd lvan £[s] = 0 xon £[v] = 0o Yo #AOg 0QUEPY] v ALAPOQETIXY]
amé ™ eia. Zto onpeio wou M roQUEY v yivetow vs-eE€taom xow Btovpe plv] < u, BETovue
emiong £[v] + £[u] + 1.
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TN va amodeiEovpe GTL vt 1 TEOTOTOMON VIOAOYILEL TLS OTTOOTACELS CAWV TWV ROQUPEHV
omd v s, Oa deiEovpe ot n ATIIT pmogel va BewenOel cav ey meQimtwon Tov akysolBpov
tov Dijkstra dtav Gheg oL axpég €xouv novadlaio Pixog.

Xoetdleton houwtdv vo omodelEovpe GTL oL 0QUEES v € V' yivoviow moato vmo-eEETOON RO
ot ovvéyela eEepevvnuéves og avovoa oelpd twv extujoemv £[v]. Anhadi, Ba amodeiEovue
ST Y1 #dBe xoouen v’ ov yiveton vo-eE€TaoN ®ou (0T CUVEYELD EEEQEVVIUEVT) TTOWV GG ULoL
20QUYY v, LoYUeL 6T £[v'] < £[v].

Oa yonowomoujoovpe nadnuotiny emaymyn. O 1oxvOLONOS elvol TETQUUUEVOS YLOL TNV QY IXN
©OQUPY, 0oy auTY €lval 1 TEWMTN VITO-eEETAOT KOQUYPY]. OEWQOVNE T1 OTLYUY] TOU ULCL XOQUYPY| ¥
OMATEL XAQAATNEOUG amtd aveEeevvnn o€ vo-eE€taon. "Eotw x o matépag g v oto d€vipo
e AT Eivaw dnhadij p[v] = z »on £v] = £[z] + 1. Emoyoywd vroBgtovue Gheg ot #0Quess =’
mov yivoviar eEepevvmuéves mow m x éxovy L[x’] < £[x].

Kd6e »ooueij v’ o yivetot vwo-eE€taon (wou ot ouveyeLo eEEQEVVNUEVT) TTOLV T ¥ OUVOEETOL
ne oxpy eite pe m z elte pe xopuen z' mov €ywe e€epevvmuévn mow omtd v z. H axwi avtj
eEepevvdran amé v AT mowv eEepevvnBel 1 axpn (z,v) ®ow 1 ®oQueY v Yivel eEgQeuvnuévn.
Egapudstovtag mv enoyoywrj veégon, mooxvmtet to tnrtovuevo: £[v'] < fz] + 1 = £[v].

H AIIIT 0y1#OTOLET TNV EXTIUNON YLOL JLCL XOQUEY T OTLYWI] TTOV 0uTh] YIVETOL VTTO-£EETOON.
Avti| m extipmon elvon tehnt] emed oL xoQUEES eEEQEVVAVTAL 08 OHEOVOOL OELQA EXTIUNOEMV XL
oL arPES €XOUV TO (010 WIiROG (GO M EXTIUNON YLl PLOL ROQUET] OEV UTTOQEL VAL XQUVEL OO ETTOUEVT
oxpn). Agov ol extipoels vroloyiCovron pe Bdon 1o TIgopa 5.1 xow oL x0QUEES mEooTiBevToL
070 d€VvTP0 O¢ aEovoa oelpd extiurioewy, 1 AIIII proel va BemonOel oav po €10 TepimTwon
(1 oav wa tayvteen vAomoimon) Tov akydolBuov Tov Dijkstra dtav Gheg oL axpég €xouv povadiaio
ujrog. O

Aoxnon 5.31. Mua mogorloyn Tov TEoPAMnatog Touv Zuvtopdtegou Movomatiol TQoxUmTeL GTov
TO ®O0TOG ®AOE HOVOTATIOU €(VOL TO PXOS TNG HoxQUTEONS arpiS Tov (dMA. TO ROOTOG €VOGS PO-
voraoy p elvon b(p) = maxec,{w(e)}). Aedouévov evig yoagijnatog G(V, E, w), mog aoyuxis
HOQUPNS S, %Ol OGS TEMRIS ®oQUYNS £, BEAovpe Vo vtoloyioovpe 10 s — ¢ povormdTl eAdIoToU
%60tovs. To mESPAqua owtd eivan yvwoté oov IHodpAnua tne Zrevwmov (Bottleneck Shortest Path
Problem). No tpomomowoete tov akyoolBuo tov Dijkstra dote vo Mivel 1o TIodpAua g Zte-
vormoy. Baotwopévol oty amddelEn opfdmrag touv akydoBpov tov Dijkstra, va amodeiete v
0006 TaL TOV TEOTOTOMNUEVOY ahySELBROV Yia TO TEOPANUAL TS OTEVOTOY. ZuveyiCel vo givon
avoyxroia 1 veeHeon 6Tl oL OXUES TOV YOAPTUATOS OEV €XOUV aQVNTIHA UNxY;

Aoxnon 5.32. Na dwatundoete alyoQlOpo Ue YOOLUULRG XOOVO EXTEAEONS XELQOTEQNS TTEQITTMONG
(A, xo6vo extéheong O(n + m)) ywa 1o Hedfinua twv Zvvroudtepmyv Movorotidy amd i
Aoywn Kopugn o€ éva anurnMxs votevbuvouevo yodgnuo ue fdon otig oxpieés. Oemwenote ot M
OQYIXY] XOQUPY| OEV EYEL ELOEQYOUEVES ARUES.

Avon. ‘Eotw G(V, E,w) onvxhMnd ®otevOuvoIeEVO YOI, oL 0TM S 1) 0YWXY ®0QUpY UE
ewoepyopevo Padud 0. Tlopatnoovpe 6t agov to yodgnua gival axvrhxd, dev €xel #UrAOVG
0QVNTLROU UHROVS OUOUN HOL OV HATOLES ARUES EXOUV AQVITTLAAL UWHXY.
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Agyud vmoloylCovpe O8 YOAUMARS XOOVO ot Tomoloywxn OLdTOEN TwV ROQUPDV YONOLUO-
mowwvrog Avaliitnon Iowta oe BdBog (Evomrta 5.3.2). Aot 1 s dev €xel eloeQ OUEVES ARUES,
UITOQOVUE VoL BEWENOOVUE GTL EIVOL 1) TTEATY XOQUPY] OTNY TOTOAOYLXY] OLATOEN.

[ va vwoloyloovue TG AmmOOTACELS TWV XOQUPAY, dtartnoovue wo extiumon £lu] vy mv
améoTaon xdbe xoQueric u omd ™V s. Agywd eivon £[s] = 0 nou Lfu] = oo yio ®dOe ®OQUEN]
1 OLOPOEETINY Ao TV oy xY]. O ahydoBpog meoobETel Tig ®o0QUEES oto AZM e T OgLRd oV
gxouv otnv Tomoloyixy didtagn. Katd v mpootnxn poag xoguegng oto AZM, eléyyovion Gleg ot
EEEQYOUEVES OXUES TNG KO OVOTTQOCOQUGCOVTOL Ol EXTIUNOELS TOV YELTGVDV TNS. AQHVETOL GOV
doxnon va doTundoeTe Tov akyoolBuo og Pevdonmdra.

H duoipogd awtot tov akydolBpov amé tov aiydBuo tov Dijkstra givon dtL oL ®0QuEEg moo-
otiBevral oto AZM ue ™ O€lRd TOVS OTNV TOTOAOYIXY] JLATOEN ®aL Ol 0¢ avEovoo OglRd TwV
EXTIUNOEDV TOVUG. AVTO RAVEL TOV AAYOQLOUO TayUTEQOD, 00T eV YOELATETOL VO OQYOVEVEL TIS KO-
QUPES o€ avEovoa oelpd exTunoemv. O alydolBuog xoetdietal otafed YOGVo Yo TNV TEOoO1 %N
%d0e noueng oto dévtpo. Kdbe axun eEetdletol uio ood ®at 1 avtioToLyn oVATQOCOQUOYY EXTI-
unong yivetan o€ otaBed xoovo. Aga 0 ahydBunog €xeL xoOVo eEXTEAEONS XELQOTEQNS TTEQIITWONS
©(n + m) dnwg amouteito.

T v 0pB8TTOL TOV AAYSEIOUOY, TEEMEL Vo amodeiEovpe GTL T oTLyp TS TEOGOHUNG ULOLS
20QUQNS u 0t0 AZM, N extipnon £[u] eival (on pe ™mv amdotao g d(s,u). AvtS umoel vo
YIVEL UE ETTOLYMYN) OTOV COLOUG TWV ROQUPDV TOU AZM YONOLUOTOUDVTAS TO YEYOVOS OTL GAES OL
ELOEQYOUEVES ORUES OTNV U €XOVV 1i0N eEeTOOTEL ®ow 1) exTiUNON £[u] €xeL TdoeL TV TeM®Y TG TLj.
O AGyog elvar 6TL oL #0QUEES mpootiBevtal 0to AZM e T O€LRd TOVS OTNY TOTOAOYLXY] SLATAEN.
"Etol OAeC Ol axUES TOU RATUANYOUV OTN © SEXLVOUV Al ®0QUEES Tov Potoxovtal 1dn oto AZM
%o €XOVV EEETAOTEL ®ATA TNV TQOCHNKY TOV AVTIOTOLYWV XOQUP®HV OTO JEVTQO. O

5.7 Xuvvroporega Movomdria yia ‘Ola ta Zevyn Kogvgpov

Ze avt v mogaihayr tov TlpopAjuatos Twv Zvvroudtepwv Movomatidyv, Bempolue €va ro-
tevuvopuevo yodonua G(V, E,w) pe wijxn otig axpes, xon vroloyiCovpe v ardéotaon d(u,v)
2O €VAL OUVTOUGTEQO U — ¥ NOVOTLATL Yo %ABe Tevydol xopuepdV (u, v). Oemovue GTL Ol ARPES
TOV YQOPNUOTOS UTOQEL VO €XouV aevTXd UNxXN %ol OTL TO YOA@NUO WT0QEl Vo €XEL ®URAOVG
QEVNTLXOV MiXOVG.

"Evog amhdg todmog eiva va epogudoovpe Tov alydBuo tov Dijkstra (av dev vdyouvv axpég
aVNTLXOU Uirovs) 1 Tov akyoeBno tov Bellman-Ford (av vmdoyouvy oxpués avnmrot pirovg) pe
%d0e nwopupn u € V oav agyxy. O alydpBuog yia to IIpdfinua twv Zuvroudtepwv Movomotdy
amd pio Agyui Kopugn eqpaopdtetar n goéc. O xodvoc extéheong eivan O(nm 4 n?logn) drav
dev vdpyowy arpéc apvnminoy pirove, xow O(n?m) oe meQinTmON VIOQENS OXUUGOY AQVITIHOY
WOoVS.

Ze avty v evoTno, 6o mogovatdoouvpe Tov akyoolBpov twv Floyd-Warshall mov AMivel to
o6PMua Twv Suvropdteomv Movomomay yio ‘Ola ta. Zetvyn Kopugdv o xodvo O(n?) axdun
%Ol AV TO YOAPNUOL €XEL OXUES aVNTIXOU ufxoves. ‘Otav to yodenuo dev €xel axpés aQvnTroy
urovg, o alysorBuog Twv Floyd-Warshall elvon tayitegog amé v extéheon tou alydolbpov tov
Dijkstra n goéc pévo tav 1o yodgmuo elvon mvxvd, xel dMhady O (n?) axpéc.
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Floyd-Warshall(G(V, E, w))
for i < 1 ton do
for j < 1ton do
if (vi,v;) € E then D[4, j] < w(v;, v});
else Dy[i, j| + oo;
Dyli,i] < 0;
for k < 1 ton do
for i < 1 ton do
for j < 1tondo
if Dy,_1[i,j] > Dg_1[i, k] + Dg_1[k, j] then
Dk[’l,]] — Dk,l[i, k)] + Dkfl[k),j];
else Dy[i, j] < Dy—1li, j];

Yyrra 5.19: Awatinmon tov alydgiBuov Floyd-Warshall og yevdonddina.

5.7.1 O Alyooi8pos tov Floyd-Warshall

Xdow amhdmrog, vrofétovpe apyrd 6t to yodenuo G(V, E, w) dev meQléyel vixhovg aQvntxoy
INxovs (WToQEl SIS Vo €XEL ARUES AOVNTIROU UNHOVS). 2TO TENOS TG evOTTOS, Bar dovue Twg
LAmOTHVOURE TNV VTTOQEN RURAMY AQVITTLXOU UNKOVC.

T v meprypagn Tov alydolBpov, Bewpotpe o avBoipeta emAeyYUEVY aiBuUNon TV ®O0QU-
@dv. "Eotw howdév V = {v1,v2,...,0p-1, 05 }. Twa 40 v;,v; € V, Bemgotpe 6t w(v;, v;) = 00
av i # j wouw n oxpy (v;,vj) dev vdQyeL oto yodgnua, xon 6t w(v;, v;) = 0.

H Baownq 0€a touv alydolBuov mooxvntel and v Widtnta 41l €va CUVIOUGTEQO HOVOTdTL
amotelelTon 06 EMUEQOVS CUVTOUOTEQM NOVOTATLOL. ZUYREXQUUEV, E0TM OTL BENOVNE VoL VITOAOY-
oove TV anéotaon d(vs,v;) Yo RATOLES ROQUYES v, v; € V nou yvwollovue Tig “evildueoeg”
amootdoels d(v;, vy) now d(vi, v;) Yo 6heg g ®oQupég vy, € V' \ {v;, v} (B€Paa ot ‘evdrdpeoeg”
OTOOTACELS RO ELVOLL ETTIONG UEQOG TOU TNTOVUEVOL 0TI CUYREXRQLUEVY TAQAAAOYT]). AV TO OUVTO-
uoteQo v; — v; Wovomdrl dev €xel xaplo evoldueon xopuen, N andotaoy d(v;,v;) elvar lon e
TO UN®0g TG xS (vi, v). AV TO OUVIOUGTEQO v; — v NOVOTATL OLEQYETOL QTG TNV ROQUYPY U,
TO TOWTO TUHUOL TOV OUTOTEAEL EVOL OUVTOUOTEQO V; — Vf WOVOTATL X0 TO OEVTEQO TUNUCL TOU EVOL
ovvtopdTteQo vy — v novomdrl (Ipdtaon 5.5). Pvowrd 10 CUVTOUSTEQO NOVOTIATL TTQOXUMTEL OTTd
™V ®olitepn emhoyn. Me dhha AdyLal,

d(vi,v;) = min{w(v;,v;), min  {d(v;,vx) + d(vg,vj)} (5.4)
v €V\{viv;}

O ahyspiBpog Floyd-Warshall faciCeton otnv mooomdvm lOE€a xou YONOLWUOTOLED TNV TEXVLXY TOV
duvapuxov TEOYQOUUOTIOUOY YLOL VOL VTTOAOYIOEL TIS OAES TS 0mooTdoels ne bottom-up todmo. [
TO OLVOTNROTHG bottom-up VTOAOYLOUS TWV ATOOTACEMY, BEMQOUIE TO PNXOS TOU CUVTOUGTEQOU
v; — Vj LOVOTOTLOU L ROQUPES UGVO and to ovvoro Vi = {v1,...,ui}, Yo vdbe k =0,1,..., n.
Me dia ASyia, vmoloyiCovpe T0 Provg Tov OUVTORUSTEQOV v; — U NOVOTOTLOU UE eVOLAUETES
AOQUYPES UOVO amd 10 Vi, yiow ohogva xal peyohitepo ovvoha Vi, Aoywd Vo = 0, xow n pévy
emhoyi] elvan  axpy (v;,v5). Tehnd, k = n xaw V,, = V, onéte rotaljyovpue 0to ouvtopdteQo
v; — Vj WOVOTLATL.
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Xynina 5.20: TTogdderyno yoomijuatog yio v epoaouoyy tov alysgibuov Floyd-Warshall.

TNa #2dBe (vi,v;) € V x V, nouw yia #d6e k = 0,1,...,n, éotw Dilv;,v;] 10 wijrog tov
OUVTOPGTEQOV V; — ¥ NOVOTIOTLOY e EVOLAUETES ROQUPES MGVO amtd to ovvoho Vi, = {v1,. .., vi}
Agywrd glvan Dolvj, v;] = w(vi, vj) yoni Vo = 0. "Eotw 6L yiow »dmowar ouyrexQuuévn iy tov k,
éxovue vohoyloel 1g anootdoelg Dy lv;, v;] yia #dbe (v, v;) € V X V.

To ouvtopdteo v; — v HOVOTIATL NE EVOLAUETES HOQUYPES OVO amtd To ovvoro Vi = Vi U
{vk41} doyeTan wapia 1 pio QoEd amd v %oQuEY| vkt (dev dEQYETAL TTEQLOOGTEQES Yo
TOOUELTOL YLOL HOVOTTATL). AV eV JLEQYETOL QTS TV V41, TO OUVIOPGTEQO V; — ¥ WOVOTATL PE
EVOLANETES ROQUPES POVO amtd TO Vig1 €xeL wirog Dyy1[vi, v;] = Dilvi, v5] (tavtiCeton pe to
OUVTOPGTEQO ¥; — U NOVOTIATL PE EVOLANETES ROQUPES amtd T0 V). ALopoQeTind, T0 OUVTOPGTEQO
V; — Vj NOVOTATL ATOTEAE(TOUL 0TS TO CUVTOUOTEQO ; — V) WOVOTIATL KO TO GUVTOUCTEQO Uk — Uj
UOVOTTATL OUPATEQO NE EVOLANEDES ®OQUYES UGvo amd to Vi. To ouvoMxd unxog oautol tou
uovomamot etvow Dy, y1[vs, v;] = Dy[v;, vg] + Di[vg, vj]. To ouvtopdtego povomdt axolovBel v
®OAITEQN OO TIE TaRATdvw emAoyES. Emopévag,

Dy 41[vi, vj] = min{ Dy[v;, vj], Dy[vi, vg] + Dy vk, v4]}

A6 ™V moQomAve avdluon TQOXUTTEL 1| axOAOVON AVadQOULKY OYEON YO TOV VTOAOYLOUO
™G andotaong uetall evig Cevyoug xoQuepdv v; wow vj. Tehxd elvon 1 améotaon d(vj, v;) eivan
ion ue Dy[v;, vj].

w(v;, vj) yio k=0

. 5.5
mln{Dk,l[vi, ’Uj], Dkfl[’l)i, Uk] + Dk,l[vk, ’Uj]} vwak=12...,n ( )

Dk [Ui, Uj] = {

H avadgowxii oxéon (5.5) amotehet Eva dLopoeTind TOmo vo yodypouue T oxéon (5.4) nau
va vroloyloovpie Tig amootdoelg Dy[v;, v;] yior Sha tar Tevyn xopuepdy Tavtdyeova. H onpovtix
mootionon etvor 6t ta unxn Dy yuo A tar TEUYN ®0QUPMV TQORVTTOUV EVKOAAL AV EXOVUE
vrohoyioel o, wixn Di—1 yLo Sha to Cedyn tov ®xouepdy. T #dbe £ = 0,1,...,n, uwogovue
vo amoBnxrevoupe o pnun Dy o évav mivaxra n X n. O agywos mivoxag Do megiéyer 1o fdon
TOV OXUBV TOU YOOLPHUoTos. Ou amootdaels yio Sha tar Tevyn #oQupdv divovial omd Tov 1eMrG
nivoro D,

Mmogouje AOLTGV VoL VITOAOYIOOUUE TIS ATTOOTACELS YLOL GAL TOL CEVYN ROQUEP®V VItoloYILovTog
™mv axolovBia mwvdnwv Dy, Dy, ..., Dy, Avté axoipodg wdvel o alydpBuog Floyd-Warshall. O
Pevdoxmdxag tov alyoBuov Floyd-Warshall diveton oto Zyfua 5.19. H axohovbio twv mivanwv
Dy, Dy, ..., Dy mov vwohoyitel o akydoiBuog Floyd-Warshall yio to yodgnua tov Eyfjuotog 5.20
paiveton oto Zyfqua 5.21.



112 5. AkySp8uor Toagnudtmv

0 1 oo -2 o 0 1 o -2
o 0 -1 3 o oo 0 -1 3 o
Dyg=] oo oo 0 2 o0 Di=| oo o 0 2 o
© oo oo 0 4 x oo oo 0 4
3 5 o o 0 3 4 1 0
0 1 0 -2 o© 0 1 0 -2
o 0 -1 3 o oo 0 -1 1 oo
Dy=] oo oo O 2 o D3=] oo oo 0 2 o0
o0 00 00 4 oo oo oo 0 4
3 4 3 1 0 3 4 3 1 0
o 1 0 -2 2 O 1 0 -2 2
o 0 -1 1 5 8 0 -1 1 5
Dy=| 0o o0 0 2 6 Ds=]1 9 10 0 2 6
o oo oo 0 4 7T 8 7 0 4
3 4 3 1 0 3 4 3 1 0

Tynuna 5.21: H axolovdio mvdxwv Dy, D1, ..., D5 mov vwohoyiCer o alydpibuog Floyd-Warshall
yuat 10 yedgnuo tov Zyfuarog 5.20.

O yodvog extéleong Tov alydplBuov Floyd-Warshall xaBopiCeton and to toia for-loops mov
eEetdlouv Sheg g 1o16dec (k,4,7) € {1,...,n}3 now elvar O(n?). O akydpBuog amoutei O (n?)
B€oe1s uviung, agov yio ®dbe k = 1,...,n, adoxel vo woatdpe otn pviun toug mivoxes Dy now
Dy_4.

H vmogEn #0xAmv a@vntizol pxous SLoTTLOTOVETOL EVXOAN EAEYYOVTOS TOL dLOLYWDVLIO. OTOLYE(D
tov mivara D, oto 1éhog Tov akydoiBuov. Mo xoQupn v; AVIREL OF KUXAO CLQVNTIXOU WirROUS OV
®aL povo av eivaw Dy [v;, v;] < 0 oto 1éhog tov akydptbuov Floyd-Warshall.

5.7.2 Avamdgaotaon Xvvropotregmv Movomatiov yia ‘Ola to Zevyn Kogugov

H exilvon tov IpofMjuatog twv Zvvroudtepwv Movomatidv yia ‘Oha o Zevyn Kogugpdv amontel
OXOUN TOV VTOAOYLOUS TV (BLmV Twv cuvtoudtegmy povomotidv. Ta cuviopdtega povomdiia yio
oha Ta Levyn xopupv avarogiotavrol e n Aévipo Zvvroudtepmv Movomatiav (AZM), éva yio
rA0e oy ®oQUEPY.

"Eva AZM pe ayLx] 0QUQ v; avortaoiotortal LEGW Tov Tivoxo p e n ototyeia. To otouyelo
plvj] dnhddver Tov marépa xdbe xopupiis v; oto AXM pe olla ™y v;. Anhadn, To plv;] dnhdve
™V TEAEVTA0L XOQUEPY] OV TN v OTO OUVTOUGTEQO v; — v; PovomdTl. ' vor avammopootjooupe
n AZM, yonowomorovpe €vav mivaxa P pue n X n otowyeia. Ta otoueia g 4-00THS YOOUUNS
Tov mivoxa P avamaguotouv 1o AZM pe oo v ®oouen v;, @ = 1,...,n. ZuyxexQuuéva, yio
#d0e Levyog roQuedv (v, v;), To otoyelo Plv;, v;] dNhdver v Tedevtaio ®oQupij TOLY ) v; OTO
OVVTOUGTEQO V; — Vj MOVOTATL. AV 1 vj OEV elval TEOOTEAAOLUN OGS TN V; 1] OL XOQUPES V; KOl V;
tavtiCovrar (dnh. ¢ = j7), To otowyeio Plv;, v;] €xer v T NIL.

Mmogpovpe gvxola vo vtoloyioovue tov sivoxa P pe tov akydobpo Floyd-Warshall. H 18éa
elvau va vwohoytoovue o axohovBio mvanwv Py, Py, . .., P, mov foloxetol o€ aviiotoyic (e T
armootdoels Twv mvdxwv Do, Dy, ..., Dy. Zvyrexouuéva, o mivarog Py mepléxel ta AXM yio 6heg
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Xya 5.22: Ta Aévipa Zuvroudtegwv Movomatidv Yo 1o yodgnuo tov Zyjuatog 5.20.

TG OLOYHES ROQUYES U TTOU EXOUV EVOLGUEDES ROQUPES MGVO amtd to ovvoho Vi = {v1, ..., v }.

O apywdg mivaxog Py amotehel o evaAaxtixy HoQgr] TOU TTIVOKO YELTVIOONS TOV YOOPN-
notog. ZuyxexQUEva, to otowxelo Folv;,vj] elvan (oo pe v; dtav n axpy (v;,v;) vrdoyer oto
yodgnua, xau elvar (0o pe NIL étav @ = j 1j (v, v;) € E. Tumxd,

NIL  avi=j1 (v;,v;) € E

Bylvi,v] =
blvs, 03] v; duapogeTind

O vrohoylopndg Twv otowyeiwyv tov mivoaxa Py amd to otouyeia Tov mwivaxra Py axolovOel
TOV UTOAOYLOUS TMV ATOOTAoEmV Tov mivaxo Dy and Tg amootdogls tov mivoxo Dy 1. Av
Dy _1[vi,vj] < Dy_q[vi, vg] + Di_1]vg, vj], T0 povomdm mov avuotoryel oto Dy[v;, v;] dev diép-
YETOW aTS ™V ®oQUT] vg. Ze avmij v megimtwon, 0gtovpne Pylvi, v;] = Pr_1[vi, v;] agot 1o
OVVTOUGTEQO v; — v NOVOTIATL (OO %Ol O TATEQOS TS V5 0TO avtiotor o AZM) dev petadAheTon
Stav Bewpijoovpe TV vg, oav evordueon xoQueh. Av Dy q[v;, v;] > Dy_1[vs, vg] + Dg_1[vk, vjl,
10 povomdtl mov avtotolel oto Dylvi,v;] diéoxetan amd mv xoQuey vg. Oftovpe Aowmov
Pplvi,v;] = Pp_i[vg,v;] enewdr] 10 ®OTOMXTRG T TOU VEOU GUVTOPGTEQOV ¥; — v LOVO-
TOTLoU €(VOL TO OVVTOUOTEQO Vg — 5 WOVOTATL TOV TEQLYQAQETAL 0TO Tivara Py_1. Emopévag,
0 TOTEQOG TG ¥j OTO VEO OUVTIOPGTEQO v; — vj WOVOTATL ECval (OL0g IE TOV TOATEQO. TG vj OTO
OUVTOPGTEQO Vg, — V5 NOVOTIATL IOV VTTOAOYIOTNXE OTNY TOONYOUUEVN (PAoN TOV ahydoLBpov.

A6 o maQamdvem TEOXUNTEL OTL To. oToLyela Tov mivaxa P pmwogovv vo umohoylototv oo
T otowyeia Tov mivara Py 1 pe fdon v axdhovdn avadoomxy oxéon. Telxd, ta cuviopdtega
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NIL 1 NL 1 NIL NIL 1 NL 1 NIL
NIL NIL 2 2 NIL NIL NIL 2 2 NIL
FPy=| NIL NIL NIL 3 NIL Py=| NIL NIL NIL 3 NIL
NIL NIL NIL NIL 4 NIL NIL NIL NIL 4
) 5 NIL NIL NIL 5 1 NIL 1 NIL
NIL 1 2 1 NIL NIL 1 2 1 NIL
NIL NIL 2 2 NIL NIL NIL 2 3 NIL
P,=| NIL NIL NIL 3 NIL P;=| NIL NIL NIL 3 NIL
NIL NIL NIL NIL 4 NIL NIL NIL NIL 4
5) 1 2 1 NIL 5 1 2 1 NIL
NIL 1 2 1 4 NIL 1 2 1 4
NIL NIL 2 3 4 5 NIL 2 3 4
Py=] NIL NIL NIL 3 4 Py = 5 1 NIL 3 4
NIL NIL NIL NIL 4 5 1 2 NIL 4
5 1 2 1 NIL 5 1 2 1 NIL

Yynua 5.23: H axolovbio mvdxwv Py, Py, . .., Ps mov vmoloyCel o akydpiBuog Floyd-Warshall
yuat 10 yedgnuo tov Zyfquarog 5.20.

HoOvVoTdTLOL YL SAoL T LevYN ®oQudV divoviar amd tov mivoxa Py,.

Pp_ivi,v;]  av Dy_1[v;,v;] < Dp_1[vs, vg] + Dy—1[vg, v;]
Pre_i[vg,vj]  av Dy_q[v;,v5] > Dp_q[vi, vg] + D1 [vg, v5]

Py [vi, vj] :{

H apywomoinon tov mivaxa Py xot o vwoloylouds Twv otolyeiwv tov mivara P, and o
otouyeia Tov P 1 pmoget evroha va evoopotwBel otnv agyxn dtatimmwon tov aiyogtbuov Floyd-
Warshall. H yoovixi} molvmhoxdmra tov akydodpov mopauével O(n3). O amouriosls og pviun
napopévouy O(n?) yLori o VoAoYLOpNSS Tov Py, amoutel pévo ta otoyeic tov Py .

Aoxnon 5.33. Na tpomomojoete Tov Yevdorddixa tov alydoBuov Floyd-Warshall wote va vro-
MoyiCer emiong ta Zuvropdtepa Movomdtia yio, ‘Ola tar Zevyn Kopupv xal vo 1o armodnxevel
otov nivaxa F,. No vroloyioete v axolovBio mvdrwv Py, P, ..., Ps nol 1o AZM mov avti-
OTOLYOVV OTOV Tttvaxa Ps yio To yodgnua tov Zyjuatog 5.20.

Avon. Ou mivoreg Py, P, ..., Ps yuo 1o yodonua tov Zyjuotog 5.20 gatvovral oto Zyiuo 5.23.
Ta AZM mov avtiototyovy otov mivaxa Ps gaivovior oto Zyjua 5.22. ad

Aoxnon 5.34. Na epapudoete 1ov akydplBuo Floyd-Warshall oto ypdgnua tov Zynquatog 5.15.

5.8 Biphoygagizés AvagopEs

To ppiia [21, 24, 12] amotehov eEougeTinng elcarywyn otn Oewpia F'oagnudtwyv. To [21] amotehel
oxOUN ®ol ONUEQX TO XAAOWO eloaywyxd Pipiio ot Oewpio Foagpnudtwv. To [24] elvor peta-
YEVEOTEQO oL ®OAMUTTEL EMioNG ahyoolBund Bépota xow epoouoyes s Oewpiag 'oapnudtwy.
To [12] elva mpdopato xou rohimTeL Gheg TS TeEhevTaies eEeliels omn Oempia Toagnudtmy.



5.8. Biphoypogpinés AvagpoEs 115

To [19] amotehel To mEdTO PLAio yia adySpBuoug yoagnudtoy xan dixtiwv. Mua eEapeTiny
gLoaymy1] 0Tovg ahySLOpovs yoagnudatwy vdeyet oto [11], 6mov o avayvdotng pmoget va foet
TOMG Toadelypato xot aoxNoels. Ao mapadetypata PLpAmV mov ouintouv eXTEVHS ®OL OE
BaBog mohhovg alydLBuovs yoapnudtwy givar ta [17, 41, 32, 2]. To [17] magovotdler o Bdbog
moAhoUg ahydoLBpovs yoognudtwy. To [41] avoliel AemttopeQas moAG Inmuato Tov oxeTICOvVToL
ne 1o oxedooud xou Vv amodotixy] vhomoinon aiydobuwv yoognudtwv. To [41] divelr €pupaon
ot dopég dedopévmv mov emMTEETOUV TV TAEOV amodoTixt] vAomoinon twv alyoiBuwv. To [32]
amotelel Eva xhaowrd PLpiio oty megloyn s cuvdvaotiniic feltiotortoimons. H magovoiaon twv
alydoBumv oto [32] BaciCeton oto mopdderypa tov Foapmxov IMooyooppatiopot (Linear Pro-
gramming). To [32] mpaypatetveton oxdpn ntiuota 6mwe n néBodog g aminotiog, o duvapurdg
TQOYQUUUOTIONOS, M TANEGTTA Yot TNV ®Adon NP, zaw ov akydoBpor mpooéyyiong. To [2] amote-
Ael éva eEapenind PLPAio mov roMimTEL GAO TO PAOUA TV AAYSQLOUWY YOAPNUATOV %ol SIUTUWV.
H magovoiaon tov alyéolBuwv oto [2] etvon whriong, ratavonty, xou og fdbog. Extdg amnd
Bempto ®ou Tg Paoxés 1WEeg oW Amd TOVg AlySQLOUOUS, T0 [2] TAEOVOLATEL TOMES EPOQUOYES
%ol ovintd ™V arodoTiry] vAomoimon twv alyooiBumy.

IToAAEg epappoyés s Avaliymong Iodta og IThdtog vdgyovv oto [1]. Ta epappoyEs g
Avaltimong Ipwta o Bdbog, mootelvovial oTov avoyvaioTn To OVTIOTOUX0. XEPAALO Ao TO
[7, 11] »aBdg nou to dpBoo [40].

INa 1o TpéPAnua tov EAdylotov Emixalintoviog Aévigov, o alydoiBuog tov Kruskal ma-
povoldotnxe 10 1956 [27]. O akySéoBuog tov Prim mapovoidotre to 1957 [35], ahhd eixe 1o
epevpebel amd tov Jarnik to 1930.

TN to TTpéPAnua Twv Svvtopdtepwv Movomatidv, o alydoBpog tov Dijkstra mogovoidotnxe
10 1959 [14]. O akydpBpog twv Bellman-Ford mogovoidomxe to 1958 »ouw ogeileton og aveEdp-
mmreg eoyaoies twv R. Bellman [4] zow L. Ford [19]. O akydoiBpog twv Floyd-Warshall mogovoid-
otxe emiong 10 1962 xau ogeiheton oe aveEdgmntes epyaoies twv R. Floyd [18] wan S. Warshall
[43]. MdMota, n goyaoto tov R. Warshall agpogoioe Tov vtoAOYIOUS GUVTOUGTEQMV NOVOTTOL-
TLDV KOL CUVEXTIXADV OUVIOTWODV OF YOUPIUATO UE OUUES WOVAILAIOV IROVS VITOAOYICOVTOS TIG
duvduerg Tov mivoxa yerrvioong.
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6 Ymoloyiotixn IHoAvmAoxrotnta,

H Bewoia Yrohoyiotniig ITolvmhoxdmrag (Computational Complexity Theory) eEetdlet toug
AGYoug yia toug omolovg pepixd moofAuata elvar dvoxoro M adivatov va AvBolv amnd €vav
vrohoywow). H vawoldoyiotixtj moAvamdoxornta (1) amhd TOMTAORGTNTA), TOU OUCLOOTIXA OEV VUTTQYE
OOV ETLOTNUOVIAT] TTEQLOYY] TTOLY TOLAVTOL YOOVLA, YVOQLOE Qarydaiol olvATTTUEN Ol CNUEQO. OTTOTENEL
uia. omd T oNUOVTIHOTEQES TIEQLOYES TS Emotiung twv Ymoloyiotdv.

A6 ™ Oewpict Yroloylopov, yvopilovpe 6t vadoyouvv TQofAUaTo. mou dgv umoQovv vo
MBovv and évav vmoloyloti. "Eva tétolo mopddetypa eivor to dtdonpo meofAnuo Tov TEQUATIOROU
wog unyovig Turing (Halting Problem).

Am6 v dAAn mhevod, vadoyel N TANOMEA TEOPANUGAT®Y TTOV UTOQOUV VO AvBOUV atd TOVG
VTTOMOYLOTES. Z€ OUTH] TNV ®ATNYOQIOL EVIACCOVTOL GAC TO. TTQOPANUOTC. TTOU CUVOVTIIOONE UEYOL
toa. T'ia avtd ta mpofAjuata, 1 Oesmoic Yrohoylotxyg IloAvmhoxrdmrag nehetd v moooTnTo
TV VITOAOYLOTIXRMDV TOQMV TOV GTTOLTOUVTOL YO TV €mttAvon vdBe mooPAiuatos og didgooa aviL-
TEOOMTEVTIXA VITOLOYLOTIXG LOVTENA. “Evo »evigiro egdtnua ivor 1 emidaon Tov VToAoYLOTIROU
UOVIEAOV OTOVS TOQOUS IOV ATALTEL 1) EMCAVON TOV TQOPAUATOC.

TlNa va zaBopioel Tovg VTOAOYLOTIHOUS TTGQOUS OV OITCAULTOUVTIOL YLOL TV EMCAVON TWV TTQO-
PAnudtwv oe dudgpoa VTOAOYLOTIXA HOVTEAD, M OEWET0 TTOAUTAORGTHTOS EVIAOOEL TOL TTEOPANUOLTOL
oe #Adoeig molvmAoxotnras (complexity classes), IAady onddes mpofAnudtwy pe TOQAUOL0 CU-
ureolpopd. Ta mpopAuata ®dbe ®Adong avdyovtar o€ €vay OYETIHA WXES aQLOUS TEoPANudTOV
710V OEWEOVVTOL AVTITTQOOMTTEVTIXA Y10, OAN TNV ®Adom. Ta mpofijuota avtd ovopdtovion wAron
(complete) yia v xAdon. OupéBodot avaywyns eSacgalCovv Gt av xdmolo onuavTiky 1edodog
ovuPet omv emihvon evég mAfpovg mpofAuatog, avty Ba €xel epaguoyy oty emihvon Shwv Twv
mEOPANUATWV TG *AGONC.

6.1 AlyopBpor zar IgopAquata

Ta ™ Oewpio AlyoiBuwv, éva vTohoyLoTivd TEAPANUO fvor To podNUOTIRG HOVTELD EVOS TTOAY-
namrov meofiuatog mov meémel vo AvBel arodotird. H ovvrourtixny mhewoyngia twv moofAnud-
Tov mov eEetdlovion amd ™ Oswior AlyopBuwv eivor mpofiijnata felnotomoinons. H meot-
voogn Tov mpofiiuatog foloretan og aviiotouyic pe 1o moaypotikd medpinua. H mepuyoagr] tmv
olyooBumY ot PYeUdorMIKO EMTEETEL TV EUXOAY VAOTTOMOY] TOUS 0 dLdoQes YADOOES mEO-
YOOUUATIOUOU RO TN YN0 TOUS YLC, TNV ETIAVOT OUYREXQLUEVOV OTLYMLSTUTTWOV TOU TTEOPAUOTOS.
To yeyovdg ot alydoibuor oxedidoviol Yo va, xonoomomboiy oty medEn xaoiotd avayraio
TOV a%QLPY] TOOGALOQLOUS TMWV VTTOAOYLOTIXMY TGQWV TTOV GTTOLTEL 1) ETCAVON EVAS OTLYLOTUTTOV.
TNa ™ Oewpia TTohvmhoxdmrog, Ta VTOAOYLOTIRG TEOPANUOT €IVl HOONUOTIRES OVIOTNTES
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mov %af’ awtég yontovv perétg. Ta moofhijuata meprypdpovion oav Tumxés yhdooes (formal
languages) xat oL ahySolOpoL ooV VITOAOYLOTIRES UNYaVES €dR0U oxomoU. O TEOGOLOQLOUGS TV
VTTOAOYLOTIXMDV TOQWV TTOU OTOUTETOL YLoL T AUOoN VS TEoPAMUaTos dev xoeldleTan va givon
oxQLPNG, Aol eXElvOo OV EVOLOPEQEL EIVOL ) RATNYOQIOL TWV CUVOQTNOEMY %Al Ol 1 AXQUPBNS
TAEN ueyEboug.

I ™ Bewpia moAvmhondtnrag, €va medfinua 1T elvor plo dvaduxn oxéon mwov meQLhapuPdvet
OAa. To. OLapoeTvd Cevyn twv ottypdtumwy Tov 11 xou tov Avcewv tovg. Zav maeddelyud, og
Bewprioovie 10 TESPANUA Tov Zuvioudtegov Movoratioy Zevyous Kopugdv. “Eva otrypdtuno
amotehelton ams xatevhuvepevo yodgpnua ue wixn otis axpés G(V, E, w), wow do ®0Quees s, t €
V. Kdbe této100 To1dda. amotehel €va €yrupo ottypdtumo tov mpoPAjuatos. Kdbe cvvroudtepo
Hovordrt amd TV s otV ¢ amotehel pio Aoon tov mpofijuatog. Xav Mion uroel va BewonBel
ETIONG %Ol TO REVO POVOTATL Tov IAVEL 6TL 1 ¢ Oev eival mpoomehdoiun and v s. Emeldn o
OUVTONGTEQO S — t HovomdTL OeVv eival povadixd, €va oTLYIGTUITO TOV TROPAMUATOS UTTOQEL VL €XEL
TEQLOOGTEQES A Wiat AVOELS.

To mpdPinua tov Zvvroudtegov Movoratoy Zetvyovs Kogupdv eival €va mpdfinua Peite-
otoroimong. Aedougvng wag Touddag (G(V, E,w), s,t), Tnrelton 1o ouvtoudteQo s — ¢ HoVOmdTL.
KdBe s —t povomdr amotehet amodextii Moon. Béltiomn Moy eivon »dbe s—t povomdr ue eldyloto
OUVOMAG UINKROS.

“Evag 010poQeTinds T0mog Vo TEQLYQOPEL TO TEOPANUN Tov Svvtondtepov Movomatiov eival
va. Bewpnoovpe Evayv aplbus - pedyna B xal v eEETACOVIE oV VTTAQYEL S — ¢ LOVOTTATL t € UNKOS
10 oM . “Eva otrypdtumo xabopiCetar and pio tetpdda (G(V, E,w), s, t, B). Ou duvatés Mioetg
TOV TEOPAUATOS OF QLT T NoEYT gtvar dUo: NAI zouw OXI. KdBe modfinua mov €xel ouvolo
Mioewv {NAL, OXI} ovoudletan medfAnua amdpaons (decision problem).

Ogwopdg 6.1. "Eva modfAnua 11 givan pion duadixy oxéon oto ®aQTeoLoVs YIVOUEVO TOU GUVOAOU
TWV OTLYILSTUTTWV %ot Tov ouvélov S tov Moewy, IT C I x S. “Eva Cevyos (i, s) € II drav 1o i
eivau éva €ynvpo otryustumo Tov I xou to s wic Mion tov . "Eva mpdfAnua ovopdleton modfinua
amopaons otav €xel dvo pévo Aoelg NAT xot OXI.

2TV VTOAOYLOTI®Y] TTOAVTAORATITAL, ALOXOAOUNAOTE RVQIWS Pe mooPAuata andpaons. Kdabe
mEOPANua BeATioTomoimong Umwopet vo yoopetl ooy mEAPANuo amdpoons Pe v meootnxn evog
aQBPoY - pedynatog B. Zto medfinua amdpaons tntdue my axdvimon omyv epdmon “Ymdoyet
arodext) Ao pe ®60otog 1o molV B;” mpoxenévov yio modPAnua ehoylotomoinong, xou “Ymdo-
yeL amodexti AVom ne ®€0dog Tovhdylotov B;” meoxelnévou yio. TeopAnuo neylotoroinons. Av
gva mEOPANuaL amépoons umogel va ABel amodotind (.Y, 08 TOMMVUIKO YQOVO), TOTE XL TO
avtiotolyo mEdPAnua Beltiotomoinong pmoel vo ABel amodotixd (7). 08 TOAM®VULIKS XE6VO),
%O AVTLOTQOQOL.

“Evag amd toug onuavtirdtegovg AGyous yia tovg ortoliovg oty Oewplo IloAvmhordmrag pe-
AeTdUE TOOPAMIUATO ATTOPOONS VAL OTL AUTA ETTEETOVY TN YONON UOONUOTIR®OV €QYalelwV amd
™V TEQLOYN TwV TVmx@Y YAwoodv (formal languages).

I va ABel xdmolo medPAnua, TEETEL TOL OTLYULOTUITO TOV TTEOBAYUOTOS VO OLVOTAQAOTAO0UY
e TOOTO AVTLANTTS ad Tov VIToAoYLoTH. Tlal To 0%0mS oTS, YENOLUOTOLOVUE Uit xwdixomoion
(encoding) e mov avTLOTOLYEL ®AOE OTLYMOTUTTO TOV TEOPMIUTOS O Mol ovadLxy oVUBOAOCELQA
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e(i) evéc ahgdpnrov ¥ pe Tovidyiotov dvo avpforal. To pixog Tov e(i) ovoudietan uéyehoc Tov
otryidTumov . Mua (tumn}) yhwooo A wov opiCetan og €va algpdfnto X givou €vo vtoovoro Tou
¥, dMhadi| Tov CUVEAOU CAMV TWV TETEQACUEVWV GUUBOMOTELRDV TOU X GUUTEQLAAUBOVOUEVNS
%0 TG XEVHS OVUPON0OELRAS. Ommg TO 100dUVApIO EVES OTLYIMGTUTOV 7 givai 1) ouufohooeld e(1)
0V X, T0 100divapo evég mooPhijnatog amdgaons I eivan n yAddooa L(I1, e) tov X%,

Ogwopdg 6.2. Aedopévou evog mpofjuotog amdgpaons IT xou pag zmdiworoinong e yo T otLy-
wotuma Tov I,  yAddoooa L(I1,e) eivow to ovvoho Twv cupforooelpdv e(i) € X*, dmov i elvan
éva otrypdtumo tov I pue amdvinon NAL.

210 €E1g, Ba YONOLUOTOLOUIE TOVS GQOVS TOOPANUA “aL YADToQ GOV TAVTOOUOUS.

6.1.1 Evenidvra nor Avoenidvra Ilgopirpara

Ané 10 TgofAiuaTa TOU PIOQOUV VoL AuBoUV amd Tov vToAoYLOTH, ®ATOLA AIVOVTOL [LE OTT0d0TIRG
Te0mO ®ou Bewpovvtan evemridvra (tractable), xow ndmora dAha dev AMvovtan pe amodotnd TOmo
%o Bewpovvtal dvoemidvra (intractable). H dudxouon yivetan avdloyo pe Tovg VIOAOYLOTIROUG
TOQOVS TTOV OTTOLTOUVVTAL YIo TV €miAvon €vig mooPAjuotos. ‘Otav vadoyel €vag amodoTinog
olyopOpog (Miadn €vag akydoBpog mov amantel €GA0YN TOOSTNTO UTOAOYLOTIXDV TGQWV) YL
RATOLO TTEOPANUCL, TOTE AUTO EVIACOETOL 0TV XOTNYOQIC TV EVETIAUTWV TEORANUATWY.

‘Otav yuo. ®dmolo wEoPANUa dev elval YVwOoTog ®avEVOS amodoTindg akydobpog, dev elval
TQOWOVES av avTo mEEmeL va evtoyOel ota duoemiluta mooPiiuata. O Adyog eival 6t pmoQel
VoL VITAQYEL AmodoTIHAS ahySIBHog yia avtd mEAPAnua, aAAd va unv €xel avoxalvugBel axdua.
T modderypa, o mEMTOS ahydEIOUOS TOAMMVUILLOT XQAVOU YIOL TO TTQORANIOL TOU YQOUULROU
TEOYQAUUOTIONOU avarohipOnxre uohg oto 1éhog g dexaetiog Tov 1970. "Eva modPinua elvon
dvoeniluto dtav amodederyuéva dev umoQel vo vdeEel amodotirdg alydoBpog yia avtd. Ymdo-
YEL OUS ®oL pio peydn zotnyoio. oNUOVTXGY TEOPANUATWY YLol TO. 0ol VITAQYOUV LOYVQES
evOeEelg, ald Oyl nobnuomry amddelEn, ot etvon dvoemidvta. H ovvrourtixy mheioynpia, av
O)L TO OUVOLO, TWV EMOTNUOVWV OemOEL GTL %ol ovtd, To TEOPAUATO Elval QUoETIAVTOL.

H xzpatovoa aviidpym evidooel oty ®otyoQia TV eVETMITOV TQoPANUdT®Y auTd ®al HEVo
T, TEOPAMUOTOL TOV AUvovTal 08 TOAVWVVIMXKG Xodvo. “Eva modfAnuo Advetal o€ moAvwvupuso
YOOVO OtV VIAQEXEL OAYOQLOIOS TOU OO0V O YEOVOS EXTEAEONS YELQOTEQNS TEQITTWONG elvall
O(n¥), émov n 10 péyeBog Tov oTLyILGTUITOY £L0GdOV o k piat omotadrmote otadepd. Ta mpoPhi-
LOLTCL TTOV AUVOVTOL OE TTOAVWVVIHG YQOVO amotelotv v ®hdon moivmloxdttog P. H memoiBnon
ot n ®hdon P tovtiCetan pe v #hdon twv gvemihvtov mpofinudtov amodidetor otovg S. Cook
xou R. Karp, xal nepixés gpopég avapépetan oav atiwpa twv Cook - Karp.

Yrdoyouv oQretd onuovIird ETLELRNUATO TOV VTooTheiCovv to a&impa Twv Cook - Karp.
Kat agynv, n toayxdmra pe mv omoio avEdvetor €vo ToAVGdVURO WxeoU Babpot emtoémel Ty
ETTIAVOT CLOHRETA UEYAAWDV OTLYULOTUTIWV EVOS TROPANUOTOS 0 EVA0YO Y0oVIrG didotyua. Emutiéoy,
N UoEN eveg alyopBuov ToAvwvupxoy XoOvVou EMTEETEL T CUAVTIXY aUENON Tov neyEfoug
TOV OTLYWSTUTTOV Tov AOVEL 0 ahySpLBpog oe dedoUEVo YeoVIrG SLAOTNUD, GOV OTOTEAECUO TNG

"Yrobétovpe ndvia edloyec #wdonOMoeLS IOV XONOOTOLOBY T OURBOA TOV 3 g Tov TAEOV 0mtodoTiS TOST0
YOl VO ROWOLXOTTOLOOUV Tl OTLYIGTUTIO TOV TRoPAuatog (.. ®dfe aplOuds = rwdimomoleiton ue [log‘z‘ x| ymela, 10
e(1) dev meQiéyel mheovaoud 1 dyonom mngogopio, *Aw.).
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ouveyoUg aUEnong g ToiTag TV VIToloylotdv. Ta moQomdvm eV LoYUoUV YIC GUVOQTHOELS
OV PEYAADVOUV TTOAU yO1iyoQa (Tr.). eXOETIRES OUVOQTIHOELS).

A6 ™V dMn mhevod, Eva medPAnua mov Mivetar oe yodvo O (n'100)
otel gvemihuto, og avitBeon ue €va mESPAnuo Tov Avvetol og Yedvo @(2"/ 100, “Opwg mord Miyo
TEOXTIAA TTEOPAUOTC, ATTALTOUV YEOVo emiAvong mov diveton artd €val ToAMDVUIO TG00 PEYAAOU
Babuov. H ovvtoumtiny mhetoymeio tov moofAnudtwy mov avixouvy oty xidon P Avvoviol oe
YQOVO OV PQACOETOL OGS €VOL TTOAVMVUNO WxQoU Babpot (m.y. 1, 2, 3).

Emuthéov, 10 6UvoLO TwV TOMWOVUIUWY EVaL ¥AELOTO WS TTEOS TS TEAEELS TS TEAoHEONS, TOV
molMamAaoiaopoy, xatr e ovvlBeons. Emopévag m whdon twv mpofAqudtov mov Advovion o€

eV WITOQEL VO XOLQOUTNQL-

TOAVWVUIIRG YEOVO €xel aviiotouxes W0t Teg ®hewotdmras. [a mopddetypa, av ocuvBécovpe
300 ahySoIBpuovs ToAOVUILKOU YEGVOU, YONOWOTOLDVTOS TV €E080 TOou €vig oav €(00d0 Tov
drhov, 1o amotéleopa Ba eivor Evag alkydoLBuog moAvmvupLroy xoovou.

Aoxnon 6.1. No oplogte ta mEOPAUaTe OmAPAoNS TOV AVTLOTOLK OV 0T0 TESPANUa Tov TTola-
mhaotaopoy AxohovBiog ITvdxrwv o oto mEdfAnua tov EAdyiotov Emnalintovrog Aévigov.
Elvau avtd ta mpopijuota evemthuta 1 dvoemilvtoy

6.2 Nretreguviotnés Mnyovég Turing

Iod ™mv pdAlov dyaen exdva Tovg, ou unyavég Turing umwoQovv vo TQOTOROLHEOUY 0TTOLOONTOTE
akyépBpo xweic onuavuxt vrofdaduon g amddoonc tov. O pnyavée Turing Ba amoteAécouv
10 faotnd VIOLOYLOTIRG HOVIEAO YO TNV OoUvVTOoUn €w0aywyn nog ot Oeswpiog TTohvmhoxdtrog.
Svynexouuéva, 6o BemEoovIE GOV VTOAOYLOTIXG NOVIEAO QUTO TMWV VIETEQUIVLOTIXMV UNYOVAV
Turing pe morhomhég touvieg (Multitape Deterministic Turing Machines).

Mo tétoio pmyovy Turing €xer & > 1 touvieg and mg omoieg umopel va dofdoel »ou vo
vodyel. Kdbe rawia (tape) extelveton ameQlooloto mog to. 9eBid xan amoteheiton and xedid
(cells) to omolor aBpovVTAL amtd T 0ELoTEQA TEOS Tot deELd. "Eva nell elte elvan xevd (blank)
(1€ TEQLEYEL RATTOLO OTOLYE(D EVOS TETMEQUOUEVOV CApAfnTou X, 10 omoto ovoudietan aledpnto
£L0000v Y amhd ahpdfnto. Kdabe touvio €xel pio xepalyj (tape head) n omoto wuveiltal ®owd pxog
™g Touwviag xouw dLafdlet 1j yodpel 0to ®eM mdvw amd to omoio Poloxetar. Kdbe yooviri otuyu,
n unxavii Turing Boloxetan o pia xardoraon (state). To 0UVOAO TV EMTQENTWV RATACTACEWMV
elvan memeQOoUEVO rou ovuPoliCeton pe Q.

O rotootdoerg g unxovig Turing wow ov evEQyeles Twv ®eQAAdV xabopilovior amd €va
TEMEQUONEVO GUVOLO EVTOMIIV, TO 0Tolo ovoudieton ovvdotnon uetdfaons (transition function).
Aedopévng PLog ®oTAoTAoNS ROL TMV TEQLEXOUEVMV TWV READV 0T omtoio floroVTaL Ol REPAMES,
1 ovvdETOoN HETAPaons TEOOOLOQITEL TV ETOUEVY KATAOTOON, TO CUUBOAO TTou Ba yodyel »dbe
®EPAA] 0TO ®eM oV PoloneTal, ®ow TV ®ivnon »rdbe nepakns. ‘Ocov agoQd OTIC KIVHOELS ULAG
®EPOAM|G, ovTi] WoQel va petaxivnOel Eva ekt deSud (ovuforileton pe R), | €va xel aploteQd
(ovupoliCeton pe L), 1 vo petver otdoun (ovpforiCeton pe S). O vmoAOYLOUOS WOG PNYOVIG
Turing Eexwvder omd pior eWdwmy) agyixij xatdoraon (initial state) o TEQUATICETOL GTAV M POV
prdoeL og vamoles eWOWmES Tedinés nataordoers (final state).

Oguopog 6.3 (Ntetegmuviotizn Muyavy) Turing). "Eotw axégoawog k > 1. Mia Nreteguiviotixij
Mnyavij Turing M pe k touvieg givon pio Soretarypévn mevedada M = (Q, X, 4, qo, F') dmov:
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e () givou €vo memeQAOPEVO ovvolo xataotdoswyv. To @ meQLéxel TV oYX ROTAOTOON qo
%ot 10 oUvoro F' 1oV TEMUOV RATAOTACEWV.

e > elvon €va memeQaonEvo ahgdpnto mov ovoudletor aApdpnto gwoédov. To Aeyduevo
ahpdpnro towviog I' amoteheital amd to oUppoAra Tov X %ol TO JOUERQIUEVO OUUPOAO L
70V dNADVEL TO ®EVO oUUfoMO.

e qp € @ elvan N o] ®ATAOTAON.
e I C (@ elvor 1o 00VOAO TV TEMRDV XATOOTACEMV.
¢ §:(Q\F)xT* = QxT*x{L,R, S}* eivou 1 ouvdpmon petdpoonc.

To apLoted dxpo mag towviag cuuforiletol pe To ovuforo >. Mua mopadoyy elvan 6t av 1
unxov Turing mpoomaOnoeL Vo ®IVHOEL PLo ®EQPOAY TTEQAV TOU [>, N ®eaA] Ba peiver oty B€om g
OXGUAL ®OL OV ) OUVAQTNON HETAPaons oQitel 6Tt TEEmeL va ®ivnBel TEOG TaL 0PLOTEQA. Oemwovne
AvTa 6T N TEATH Touvion lvan M Tawia ei.oodov (input tape).

H ovvdgmon petdfaong 6 amotehel 10 modyoauua g unyxaviic Turing. Agov to vroloyl-
otxd Priporo wag Nretegmuvionxnig Mnyavig Turing (DTM) xaBopiCovian amd m ovvdomon
UETAPaoNG, N ETOUEVN OLAUSQPWOT TS UNXOVHS TEOOILOQICETAL OO TNV TEEYOVCO. JLAUGQPWOT]
™mg. Emouévwg, o vmohoyopdg xon tehMxd 1 amdvinon / €€0dog pog DTM yua dedopévn eicodo
TEOGAQITETOL Hovoojuavta, (W vTeteQuivioTixd ) OMG T OUVAQTNON HETAPOoNS ®ow TV €i00do0.

Mia Nretepuivionxy Mnyovii Turing M Egxuvdel TOV VTOAOYIONS OTTO TNV CLOYLXT] XOTAOTAON
qo. AQrd OLeg OL ToVieg TEQLEXOUV PAVO %evA ovpupola (L), ExTog amd TV Tauvia €l03dov Tov
oV aQY1} TS TTEQLEYEL TN ovufolooeiod etoodov x € *. H ovufohooeipd = ogroBeteitan amd to
TEATO %EVO oUPPoro otV Tavio eLaédov.

O vmoloyioudg g M teQuatiCer pdvo GTav 1 TEEXOVT0 ROTAOTAON YIVEL oL ATt TIC TEMRES
RATOOTACELS TOV OUVEAOU F. YRAQYOouV TQELS TEMUES RATAOTACELS: TO NAI TOU OVILOTOLYEL OTNV
amodoyij ™G €Lo6dov, T0 OXI TOV OVTLOTOLYEL OTNY Aoy, »oL To TEAOS (halt) mov dnhdver v
ohoxAMowon Tov voloytopov. ‘Otav 1 pnyxavij Turing emeEeoydletan €va medfinua amépaong,
eivon F' = {NAL 0x1}. ‘Otav n pnyxovy Turing vrohoyCet pa ouvdoon, eivaw F' = {TEAOZ}.

Av 1 teMx] xatdotaon ms M pe €(00d0 ™ cupPorooelod = eivor NAT, yodgovue M (x) = NAI
nou Aépe StLm pnyoviy M amodéyetar (accepts) to x. Av 1 teMxy rordotaon elvan OXI, YOdgpouue
6t M (x) = OXInan Aépe duum pnxovi M amoppintet (rejects) 10 z. To 0Gvolo TV CUUBOAOTELQHY
T € X* mov yivovtal amodextés and v M amotelel ) yAdooa mov yivetar amodextij amd tyy M
%o oupBoAiCeton pe L(M).

Av 1 el ratdotoon gival TEAOT, 10 AmOTEAECUO TOV VTTOAOYLOROU Poloxreton oty oQxn
™S tehevtalog Tawviag, n omolo Beweiton oav tawia eEcdov (output tape). To amotéleopa g
M givon o oupforocelpd y € X* mov ayiel and To aLotepd dxo g tauviag eE6dov kol
opLobeTeltol amd 10 TEMTO %EVS oUuPoro. e vt TV TeQimTwon yodgovue M (z) = y.

Ymdoyel axoun mepimrwon 1 M pe €00do ™ cuufoloselQd & VoL UNV QTAVEL TOTE O RATOLOL
telni] rordotaon. Tote Aépe o n M (x) dev teouariCet.

Magdderypa 6.1. Oa meprypdpoupe o Nreteguviotinyy Mnyovy Turing pe pia Touvia mTov peto-
tomiCel TV €i00dS TS wiow BEom mEog Ta deELd yodgovtag To ®evé avpPolo oto mEMTO ®eAi. Tia
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moQAdELyua, av aQyd M Tavio eL.oddov mepLéyel 1o 1101, 1o TEAOS TOU VTOLOYLOPOU TIQETEL VOl
meQLéyel to ullol.

‘Eotw M = (Q,%,4,q, F). Tw gvxohia, vwobgétovue 6t 10 ahpdfnto elo6dov eivan ¥ =
{0,1}, onéte T' = {0,1,}. H agywij xatdotaon givat g, ot TEMxES voTaoTdogls elvon F =
{TEAOZ} ®au 10 oivolo TV xoraotdoemy eivan @ = {qo, S, so, s1} U F. H ovvdomon petdpaons
POLVETOL OTOV TTOQOXATW TTEVORCL:

peEQR\F cel o(p, o)
) > (q0,>, R)
) 0 (90,0, R)
) 1 (90,1, R)
qo L (s,u, L)
s > (TEAOZ, >, R)
S 0 (80, |_|,R)
S 1 (s1,u, R)
s L (s,u,5)
S0 > (TEAOZ, >, R)
S0 0 (qUa OaL)
50 1 (90,0, L)
50 U (90,0, L)
$1 > (TEAOZ, >, R)
S1 0 (qUa 17L)
S1 1 (qUa 17L)
51 L (90,1, L)

AxohovBel €va mopddetypo Aettovpyiag yio eicodo ™ cvuforooelpd 1101 dmov mpdta aval-
YOAETOL N TEEXOVCO ROTAOTAON TNG UNYOAVIS ROL 0TI CUVEXELD TO TEQLEXOUEVO TS Towviog. To
VITOYQOUULOUEVO oUUBoro INAdveL TV Teéxovod BEoN TS REPAMIS.

(qo,>1101) —  (qo,>1101) —  (qo,>1101) —  (qo,>1101) —  (go,>1101) —
(g0, >11010) —  (s,>11010) —  (s1,>11000) —  (go,>110u1) — (s, >11001) —
(sg,>11u01) —  (go,>11u01) —  (s,>11001) — (s, >1uu01) —  (go,>1u101) —
(s,>1101) — (s1,owl0l) —  (go,>wll0l) — (s,>wl1101) — (TEAOSZ, >wl1l101)

6.2.1 KafBolxés Mnyavég Turing

e aviiBeon pe ™ Mnyavi) Apeong IMoooméhaong Mviung, mov ivor TQOYQOUUATIESUEVN, N PN
yovi Turing pmogel vo extelécel NGVo 10 TEAYQOUUO TTov ®aB0QICeTAL amd T CUVAQTHOY UETA-
Baong (noviého vmohoylom xaB0QLOUEVOU TEOYQAUUATOS). AUTO eV GUVIOTA OUOLAOTIXG TTEQLO-
QLOUG, Aoy PITOQOUNE VO TEQLYQOWOURE Wiat xaBolixtj unyavij Turing (universal Turing machine),
7OV TTQOOOUOLDVEL TN AELTOVQYiOL ®ABE AAANG UNYOoviS.

Svyrerouiéva, wo xabolxiy DTM U déyetal oav €icodo v ®wdromoinon Wog omolaodn-
mote DTM M ot ovpufohooerd eto6dov z g M. Avn M (z) teouatiCer, n U (M ; x) teopnotiCer
OtV (L0l ATACTOON KO PE TOL IOLOL TTEQLEYSUEVAL OTIS TOUViES TG 6mwg 1) M (). Avtd to dnhdvoupe
vodgovtag U(M;xz) = M(x). Avn M(z) dev tepuatiCer, ovte n U (M; x) teouotiCer.
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6.3 Ymoloyiowwotnra

M yhwooo L eivon DTM-nuiamogpaciown (semidecidable) av vrdoyet o DTM M mov teQ-
notiCel pe €i0odo Ghes g oVUPOLOOELRES ™S L %o udvo avtés. Anhadiy, yio xdbe = € L, M (x)
TeQUaTICEL, ®oL Yot ®d0e x & L, M (z) dev teouotiCer.

Mua YAwooo £ ogiopévn og €vo algpdpnro X etvow DTM-amopaoiowun (decidable) av vdgyet
wa. DTM M mov amod€yetol Gheg T oupufolooelpéc g L %ol amoQQimtel OAES TLS OVUPOAELQES
me X\ £ 2. Anhodi, yio xdBe = € L, M (x) = NAIL »ou yio. #60e = € L, M (x) = OXL

TN va givan a yAdooo aogaocioun mpémnet va vrdeyet pnyovy Turing mov yua »a6e ovpfo-
hooelpd z € ¥, amovtdel owotd 0to gQadtnua “x € L7 (N pnyovy TEEmEL Vo TEQUATICEL TAvVTQL
zow va dtver T owot omdvinon). T va elvan pua yYAwooo quiamogpaocioun oQuel vo vdoyel (uo
unyoviy Turing wov avayvwpiter cwotd g ovpporooelpés g L. Ta tig ovuforocelQés mov dev
avijrovv omv L, agxet n unyxovy Turing vo unv teppatiCer (omdte dev amavidel xabohov).

Mwr DTM M vmoldoyiCer (computes) o pegueyy ouvdomon f @ X% — X* dtav ywo xdde
T e X

e av f(x) =y, eivan M(x) =y, evd
e av 1o f(x) dev opileton, N M(x) dev TepuotiCet.

M pegurn) cuvdomon f eivar DTM-umoloyioyn av vrdoyet o DTM mov v vrohoyiCer. H
EVVOLOL TG VTTOAOYLOLUGTNTOS WOG CUVAQTNONGS €IVOL avTioTOLYN UE CUTH TNG OTTOQACLOLUGTNTOG
wog yawooag emeldr] 1 M moémel vo vitoAoyILeL CwoTd TO ATOTEAECUC TNG OUVAQTNONG YO, CACL
TO, onuelo Tov avty opilteTal.

To a&iwpa Twv Church - Turing mpeofevel 6T ®abe YAdooa (OUVAQTNON) TOU UTOQEL VOL OTTO-
paoloBel (voloylotel) amd alydQLOpo 0€ OTOLOINTTOTE VITOAOYLOTIXG HOVIEAO UTOQEL VAl amoga-
owo0el (vwohoyrotel) amd wa Nreteouvionxy Mnyawvij Turing. To aSlopa €xer amoderyOel yio
oAl TOL VTOAOYLOTIXA POVTEAQL TTOU €XOVV %OTd ®oQoUs motabel (m.y. A-definability tov Church,
p-ovadgomxéc ovvapmioels tov Godel, yevinég avadgomnéc ovvagnioels twv Herbrand - Godel,
ravovixd ovotijpoto tov Post, alydolBpor tov Markov). Emiong ®dfe cvompotiny mpoomdOeia
ywoo vo. ovENBel N ®Adon TV YAwOO®V (CUVOQTNOEMY) TOU WITOQOTVY VO OTTOQPACLOTOUY (VITOAO-
y1o00Uv) amd g Nretepuivionxég Mnyovég Turing dev eiye emrvyia. To a&lwua twv Church -
Turing texpmoldver v emAoyn Twv Nteteguviotxwav Myyavadv Turing oov footrd vroloyotxd
HovTého ylo vo. avamtuEovpe g Oewpio Yroloyionxtig IToAvmhoxdtrog.

Aoxnon 6.2. No amodeiEete 11 andhovBeg mEotdoeLs:
1. Kdabe DTM-amogaocioyn yhdooa eivar DTM-nuoarogacioyn.

2. Av ma yhdooa £ eivon DTM-amogaoioyn, o ovpmijooud me £ elvon emiong DTM-
QITOPACIOLIO.

3. Muwa yhwooo L givow DTM-amogpaoiowun ov ®xow pévo av téoo 1 L 600 ®ot 10 CupumAiownd
me £ eivou DTM-nuuomoaoiowieg YADdOooeS.

H yMdooa T\ £ mov megiéyel Sheg g ouppolooelpée mov dev avijrovv oty L ovoudtetal ovumjooua (com-
plement) g £ %o ovpupohiCeton pe L.
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Avon. To (1) wyver €€ opwopot (av pio DTM amogaoiCer pio yAdooa, ™V NUOmogaoiCel
entong). TNa 1o (2), aviorldocovpe apofaio g TeMxES rataotdoels NAI zow OXI oty DTM mov
amogaoiter mv L. To amotéheopa eivor picc DTM mov amogaoitel o ovpmijowpo L.

TN to (3), ta (1) »ou (2) amogpaoctCovv T pia ®otevBuvon. T to aviiotpogo, €éotw DTM M
mov nuaoaoiCel my £ xow DTM M mov nuamogaociCel my £. Mmogotpe va. gudEoupe puo
DTM M’ mov amogaociCel my L extehdvroag mopdhnha tig M wow M (éva pripe me M, petd. €va
Brinct e M, #ox.). H el nordotoon mg M’ (x) eivouw NAT av M (z) teopatiCer xow OXI av
n M () teoporiCer. Agov #dOe oupforooelpd = € X* eite avijuel omy L elte dev avijuel (xau
avijrer omy L), oxouBade pio omwd tig M (z) »aw M () Bo tepuotios. O

6.3.1 Mn-Yroroyiowotnra: To IgopAnua tov Teguatiopov

Yrdoyovv YADOOES Tov eV IroQouV va. amopaotofoiv and Tig Ntetepuuviotinés Mnyavég Turing.
O Moyog glvan amhog: vdyouV oA TEQLOOGTEQES YAMOOES G TOUS TQOTOUS VO TLS OO0
oovpe (draqogeTnés unyoveés Turing). ZvyrexQuuéva, vadoyovv pn-aoidpiotua (uncountably)
dmelQeg dLaoQeTreS YAMOooeS vt HOMS aoiBuiowna (countably) dmelQes OLOPOQETIRES UNYOVES
Turing. Me Bdon to a&iopa towv Church - Turing, ot pn-amwoOPAGIOLUES YMDOOES AVTLOTOLYOUV OE
moofAuata wov dev ProQovv va Aoty amtd Toug VToAOYLOTES (aveEoQTmitws Twv dtaféotumy
VTTOAOYLOTIXDV TOQWV).

Kevtounn 6€on avdueoo og autd to TQOPAUOTO RATEXEL TO TOOPANUC TOU TEQUATIOUOU ULALG
unxaviic Turing (Halting Problem), émov dtvovton picc DTM M »ouw 1 ovpfolocelpd elo6dov z,
%O TOETEL VO amoooioovpe av 1 M (z) teouatiCet.

Oedonua 6.1. To medfinua tov Teouatiouov eivar un-amogadciowo (undecidable).

AmddeiEn. H anddelEn yivetan pe omarywyn o€ dTomo (oNoLUOTOLOVTOS TV TEXVIXY TS OLaywVLo-
moinong. Ag vrmoBécouue ot vrdyet uicc DTM H mov d€yeton oav etcodo o DTM M xa o
ovupohooewd x, won omopaoiCel av v M(x) teouatiCer vj oxt. Anhadn eivon H (M ; z) = NAI av
N M (z) teouariCet, wow H(M;x) = OXI dlagpoQeTird.

Me pdon myv H, opiCovpe pia véo DTM J mov Aettovpyel wg €Eng:

e H J pe €ioodo mv rwdwomoinon g M (dnhadn n J(M)) mpocopotdvet m Aerroveyio g
H(M; M) uéyol 1o onueio mov 1 H Poloxetor €va Prina oy tov tepuationd. Agod 1 H
aroaoitel To mpoPaua tov Teguotionov, moénel va, TepuaTiCel Tdvia.

e Av H(M; M) = NAL,  J(M) dev teouatiCeL.

e Av H(M; M) = oX1, v J(M) teouotiCer.

Me amhd Méya, 1 J (M) tepuatiCer av zouw pévo avn M (M) dev tepuotiCer. H avtigpaon mooximtet

eEetdlovrag m Aertovgyia g J pe €i0odo tov gavtd mg (dnhadij to J(J)). EE opiopov, n J(J)
TEQUATICEL oV %o uévo av 1 J(J) dev tepuotiCer. O

Eilvan yvwotég apretég andun yhwooeg mov dev eivalr DTM-amogaciowes. H Baown texviri
v va, amodeiEovpe 6t pia yhbooa dev eivon DTM-amogaciown elval pe avoymyr oto meopfinua
TOU TEQUALTLOUOV.
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6.4 Xgovixn Ilodvmhorotnra - H Khaon P

H vmohoyionxy moivmhordtiro evog moofajuatog ooiletan pe fdon v vroloyloTiny ToAVTAO-
®OTNTO TV OAYSQLORmY ov Advouv to medfinua. Ta dudgoga ®QLTtiola amodoTvdTTOS VOGS
alyooLBpov (m.y. xe0vog extéleons, alBuds B€oemwv uviung) opiCovv aviiotorya HETQM VITOAOYL-
OTNS TOAMUTTAOROTNTOGS.

To faordteQo (0mS ®ELTOLO YL TNV OTTOJOTIRATNTO EVOS AAYSQLOUOU Elvol 0 VITOAOYLOTIRGS
¥oOvog. Ztnv megimtwon pag unyxavng Turing M, n povdda pérpnong tov vmoroylotxoy xo0-
VOU €(VaL TO OTOLYELDAES VITOAOYLOTIXG Prjua Tg M, T0o omolo cuviototon g Uik EPOQUOYY| TNG
ovvdgmong petdpaons. H yooviryy molvmhoxdmta evég mpopAjuarog I elvor o ovvdomon
OV (POACCEL AV TOV AOLORS TV OTOLXELWOMDV Pnudtwyv Tov yoetdletol n punyovy Turing yuo va
amogoaotoer o 11,

Suyrexouuéva, Eotw i DTM M mov tepuatiCer yia #dBe eicodo. O yoovos extéleons (run-
ning time) 1 M yoovixi] molvmloxornra (time complexity) g M elvan pio abEovoa ouvdagmon
t : IN — IN mov opiCeton wg €€ric: T #dbe n € IN, 10 t(n) elvol 0 péyLoTog 0BG OTOLXELWIDY
Pnudtwv mov yeeldletal 1 M yuo vo teguatioel pe €i0odo (o GUUPBONOCELQA T PHOVS 1. AV 1)
ovvdomon t(n) divel o yodvo extéheons e M, Méue dtun M éyel xodvo extéheons t(n) 1j elvon
wicc DTM #(n)-yodvou.

H ypovixn molvmhoxdmta evig moofuotos amépaons I (wag ydaoooag L) etvou 1 xoovixn
TOATAOROTNTOL TNS TTLO 0T0dOTIRNS (G00V apod otV Ydvo extéleons) DTM mov amogpaoiost to
II (mv £). Av vrdgyer oo DTM ¢(n)-yo6vov mtov amogaoiCet to I, Aépe dm to II amogaoiCeton
(M Mivetan) og yodvo O(t(n)).

Aedopévne mog avEovoag® ovvdpomone ¢t @ IN — IN, opitovpe v %Adon molvmhoxdt-
TOG TEQLOQLOUEVOU VIETEQULVLOTIXOU VTOAOYLOTIXOU ¥edvou (deterministic time complexity class)
DTIME][t(n)] mov mephaufdver Gheg tg yhdooes / moofijuata pe yooviry molumhoxstnro
O(t(n)). Zvyxexowéva, opitovpe

DTIME[t(n)] = {L: L elvau yAdooa amogaociown and pic DTM O(t(n))-xodvou}

6.4.1 Iegugyio Khaoemv Xgovirtg IloAvmhorotntag

M onpavus magotijonon oxetrd pe g ¥hdogic DTIME[t(n)] eivow meguhapfdvouv Gho nou
TEQLOOGTEQD TTROPMjUaTO 600 OEQvEL ) TAEN neyéBovg g ouvdemons t(n). To axdhovbo Ogd-
ONUa., 7OV TaRATIOETAL XWEIS ATAdEIEN, elvar YvwoTtd oav Oedonua s lepagyias twv KAdoswy
Xoovixijs HoAvmdoxornyras (Time Hierarchy Theorem).

Oedonua 6.2. a xdbe ovvdetnon vroloyotixis molvaroxornras t(n), DTIME[t(n)] C
DTIME]t(n) log? t(n))].

33V mooypomxdTTo. Sev agxel 1 t(n) va sivor oiEovoa. TTpémer var iavomotel ®ow pepiée dhhec didmreg,
ovlimon tov orolwy eivar €€ oS To TVEVPA AVTAY TV ONUELdoE@V. 210 €ENg Bo. ovapeQdUaOTE 0TI CUVOQTY-
OELG IOV LXOVOTTOLOUV GAES QVTES TLS LOLOTNTES OOV GUVAQTHOELS VITOAOYIOTIXYS TOAVTA0XOTHTAS. Ol TOMIWVUIMKES, Ol
exOeTINEG, naL Ol AoyaQBrES ouvopToels (raBdg ran »dle ABEOLOUA TOVS, YLVOUEVS TOVG, %ol OUVOEDT TOUg) elvall
OUVAQTHOELS VITOAOYLOTIRNG TOAUTAORAITTOG.
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“Eva evilagépov mépiopo. Tov Oemoijuatog 6.2 eivou 1 tepagyic Tmv xhdoswv DTIME[nF],
vk =1,2,3,.... Zvyrexouéva, LoyveL 6T

DTIME[n] ¢ DTIME[»?] ¢ DTIME[n?] C ---

AVO onuavTIRES RAAOELS VIETEQUVIOTIXNG XQOVIXE Tohvmhoxdtnrog eival o P wow EXP. H
whdon P amotelelton amd Sha ta mQoPfAuoTo (e TOAVMVUILRY XQOVIXY TOAMTAORGTNTA, VX 1
whdon EXP and dha ta mpofhjuata pe exBetnny xoovirnt molvmhoxdtnta. Tumnd, elivou

P = | | DTIME[n/] =z EXP = [ | DTIME[2"]
k>0 k>0

Agov ®dBe mohvdvupo givor xeoTeQo (mg oG TV TAEN ueyE€0oug) amd puo ex0eTint) ouvde-
™o, To TEOPAMUATO TOU AHVOVTOL 08 TOAMMVUPLRG XAGVO VAL UTOGTUVOAO TV TQORANUATWY IOV
Mivovtow og exBetind yoovo. Tvmrd, P C EXP. Mdlota, amotelel dueon ouvémeia 1ov Osmon-
notog 6.2 6t N xAdon P elval yvijoro vroouvoro g xAdong EXP. Anlady] vrdoyovy mpopAiuoto.
70V MOvovTol o€ €XDETIHG YEOVO OAAG dev wrtoovv var AuBovv og ToAvwVuxs Xo4Gvo.

Aoxnon 6.3. Na anodeitere 6 P C EXP.

Avon. Apeon ovvémela Tov Oewonuatog 6.2. O

Aoxnon 6.4. Me pdon tovg aAyoplOuovg mov 1idn yvweilete, vo evidEete o€ ®AAOELS YOOVIANS
molvmAoxdmrog To TeopAjuata tov ITohMamhaoiaouoy AxohovBiog ITivaxwy xal Tov Zaxidiov
(ax€ooun %ol rhoopoTiry exdoxn).

6.4.2 H Kikaon P

H »Adon P elvor o amd tg onuovtinotepes ®*AAOELS VITOAOYLOTIXNG ToAvmAoxdTTas. “Exovue
Nnon avagepbet oto akimpa twv Cook - Karp mov tavtiCer v xhdon P pe mv xhdon tov mpo-
PAnudtwv mov pmoQouv va AvBovv amodotind amd Wol VToAoyloTey cvoxeuy. EmimAéov eivan
o] emoTUoOVIXKY memoiBnon ot n xhdon P mapapéver apetdfAnt yia omotodnmote eUAoyo
oxohovOLOxS VITOALOYLOTLRG POVTENO.

Me eEaipeon to Ilpopinua tov Ilegrodevovrog Ilwinty wow 1o Axépono IIpdpAnua tov Za-
wdiov, Gha ta mpofAjuata ota omoia €xovue avapeBel avirouvv omv xhdon P.

Ixavomoimoipotnta Aoyizédv Illgordoemv

M Aoy mpdtaon (Boolean formula) amoteleiton omd Aoyirés puetafntés mov oxetiCovian
UeTaEy Toug pe hoywmoUs teAeotés. Mia hoywy| mpdtaon eivan og Jvlevxtixt Kavovixy Moogij
(KM, Conjuctive Normal Form - CNF) av amotelelton amwé ouletvEels dlalevSemv. ZuyrexQuuéva,
1N medtaon ¢ elvan oe ZKM av amoteleital omd ™) oUCevEn Spwv (clauses), ¢ = c¢1 Aca A... Acp,
omov %dBe dpog amotereiton and ™ didlevEn ardpwyv (literals), ¢; = £;, V 4, V... V £;, . Atopo
glva pia hoywn petafinti z; 1 n dovnorj ms —z;. T mapdderypa, n Aoy modtaon (21 V z2) A
(x9 V 23) A (—z1 V —x3) givon oe TKM. Kdbe hoywnn modtaon pmmogel var yoopel toodbvapa og
SvuCevrtnt] Kavoviny] Moogn.
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—X3

X1 X3

X2

Zytina 6.1: To yodgnua G¢(V, E) mov avuotorxel omy npdtaon ¢ = (21 V 22) A (z1 V —z3) A
(mx1 V x9) A (T2 V 22) [33, Zypijuc 9.1].

Mia Aoywr medtaon elval wavomoujouny (satisfiable) av vmdoyer piow amotiunon twv Aoyi-
ROV PETAPANTOV 7OV TV emainOeverl. 210 mEoPAnua mg k-wavomomowdtnrog (k-SAT), diveton
woe Aoy mpdtaon ¢ oe TKM ue k f Mydtepa dropa og xdBe Gpo. To Tnrovpevo eivan vo
amopaoloBel av 1 ¢ eivan wavomomolun 1 OxL.

To mpdPAnua g k-iavomomoudtntog eival omd ta ®evigund mpofijuata ot Oswpio Ymo-
royroting [olvmhoxrdtntag emedn n Aettovgyio o unyaving Turing M pmopel vo xwditromown el
O€ oL AOYLXY TEOTAON ¢ DOTE 1) ¢ VO EIVOL IXOVOTTOOLUN AV Xl évo av 11 M amodéyetal v
€{0000 tng.

Oedonua 6.3. To medfAnua s 2-ixavomomauotnras avijxet oty xAdon P.

AmodeiEn. "Eotw pio hoywn mpotaon ¢ o TKM pe n hoywés PetafNtés x4, ..., Ty ROL M
6povg. Xwic PAAPN g yevirdttag, Bewpovue 6t N ¢ mepLEyel axnLpag 2 dropa og xdbe 6o.
[Mapatneotue 6Tl §vag 6pog TS WoEYNS = V ¥ elvan Lloodbvauog ne (—z — y) A (-y — ).

I vo amogaotoovpe av 1 ¢ elval wovomomjolun, ogicovpne €vo ®OTeEVBVVOUEVO YOAPNUOL
G4(V, E) pe wo xopuen yia xdfe dropo g ¢. Anhadni, V = {z1,...,z,} U {~z1,..., "z, }.
T %O 600 4; V £; Mg ¢, mpooBéTovue oto Gy g arués (4, £;) wow (—4;, 4;) Bewodvtog Tg
#OQUPES = rouw =z oav Tavtdonues (A Zypjuo 6.1). And xoraoxev, 1o yodgnua Gy elvor
OVPUETOLXG GO0V aipoQd 0TI axPes Tov. Anhadif, To Gy mepLéxet v oxprj (¢, £') av xow pévo av
meoLExeL v axuy (=4, —f).

Oa deiEovue 1L N TESTAON P EIVOL LXAVOTTOOLUY GV RO UOVO v Lo oo petopinm  dev
VILAQYEL LWOVOTTATL OO TNV ROQUPY T OTNV ROQUPY] & %Al 0TS TNV ROQUYPY —T GTNV ROQUYN Z.
To Bedonua €meton emeldn (o) o yodgmuo Gy umogel va xoraorevaotel oe xoévo O(n + m),
zow (B) umogoupe vo eEAEYEOURE TNV TQOOTEAAOIUSTNTO AOE ROQUPNS —T OIS TNV XOQUPY & OF
ovvoMxG xe6vo O(n(n 4+ m)) extehdvrag n Avalnmioelg ITpdta oe IThdtog. Agov n meoLyQopri
™S ¢ €xeL uéyebog 2(n + m), ovoLOOTIRA DATUTOVOUUE EVOV OAYGOLOUO TOAMWVUILZOT XOGVOU
YO TO TTEOPANUOL TNG 2-LXOVOTTOLNOLUOTNTOG.

"Eotm agyird 6T 1 ¢ elvol LXovOmooLun %ol OTL VTTAQYEL LOVOTATL P OUTO XATTOLC, XOQUPY &
OTNV ROQUMY] 1 KOl OO XATTOLOL XOQUPNY —Z OTNV XOQUYPY . OEWEOUVUE U0 OITOTIUNON @ TTOY
emainBever mv ¢ xan €xer a(z) = 1. Aot a(z) = 1 naw a(—z) = 0, T0 povomdTL p TEETEL VoL
mepLEyel axuy (41, 42) yiow v omolar a(£1) = 1 »ow a(fe) = 0. ‘Ouwg T6TE 0 AVTIOTOL(O0S GOS
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=41V £y dev emalnBevetal amd My a. Avté avufaivel oty vré0eon Gt ¢ elvol LwovoToujoLun.
Mze 1o (B0 emuyelionua xewWdpaote xow my mepimtmon wov az) = 0.

TN 10 avtiotpogo, vmoBétovpe 6Tl OeV UTAQYEL KOQUPY T OV VoL Eivol TQoomeEAdoLUN Amd
™V ROQUPY T, X0l ROTOOREVALOUNE Wt amoTiunon « Tov wavomotel ™ ¢. Ouolootixd TEEmeL
Vo avaféoovpe MAoYIRES TILES OTIS ROQUYES TOV YOaiaTog Gy dOTE Va. v VITGQYEL OUY OV
norevBuveton amd noguer| ne Ty 1 o nogugry ne Tun 0.

TN v avdBeon tov Aoymdv Tuav, eoyolouoote wg eENG: eVEom VIAQYOUV ROQUPES YmQIS
hoyuxn T, emAyoupe pio tétolo xoQuet| £ xow avabgétoupe v Ty 1 omv £ xow og ®dbe dAn
®oQuUpY Tov eivon mpoomehdowun ond v £. Emiong, avabétovpue v Ty 0 OTIc 0QVNoELS TmV
TOQATAV® KOQUPAV (0L OTTOlES AOYW GUUPETEIOS AVTLOTOLYOUV OTOVS ROUPOUS ATtG TOUG OTOTOVG
N —¢ elvan wpoomehdown).

e avti ) dodrwaoia dev enpaviCetol TEOPANUA OUVETELOS OTIS TUES TV ®oQUYdV. Kot
aQyNV 0ev vrdyel CeEvydoL XOQUP®V T KO I TTOV VO, EVOL QUPITEQES TTOOOTTEAMACLUES Ot TNV
£, Av ovvépaive xndtl tétolo, Ba vanoyoav wovormdtia £ — x — —f nol £ — -z — = eEoutiag g
ovuuetplog 1ov Gg. "Exovpe Spmg vmobéoer ot t€toto povomdm dev vdoyet. Enlong, av vaoxe
novortdrt ot v £ oe pion ®xoeuen x mov €xel 110N Ty 0 amd moonyoluevo Priua,  —¢ Ba 1oy
npoomehdoun ard ™ —z (Myw ovpuetotog). Emouévmg, n £ €mpeme va elye magel v Ty 0 oto
(dto Prjna pe ™ x.

H diodnaoia vty ohoxAnodvetal €xoviog avabEoel MoYIRES TUES O OAES TLS HOQUEPES TOV
Gy. Onwg eEnyfoope dev eppoviCovron meoPAMuaTo CUVETELOS. ATIG ROTAOREVNS, DEV VITAQ)EL
oxpy Tov vo xorevdivetal amd xoguen pe Ty 1 oe xopuepn pue Ty 0. Svvendg, n diadmaocia
RATOM|YEL O PLOL ATOTEUNON TOV AOYIXMV UETAPANTOV IOV LROVOTIOLEL TNV ¢. O

Aoxnon 6.5. Na amodeiEete 611 1 xAdon P elvor ®Aewom] og mog v Evmon, TV TOWY, ®oL T0
ovpumMjompa. Anhadi meémer va deiEete 1L av dvo yhdooes L1 xa Lo avijrovv P, téte »ou ou
yhdooec L1 N Ly, L1 U Ls, vaw L1 avijxovv oto P.

Aven. "Eoww M; xow My oo DTM molvwvupizoy xodvou mov amogacicovy tg L£1 xot Lo avri-
otoyya. Xweis PAARN g yevirdmrag, Bemotue 6Tt zow ov dvo YADdooES (ra oL avTlioTor e
unyovég Turing) opiCovron oto do ahgpdfnro X. Mia ovpforooepd = € X* avixel oty YAdooo
L1 N Ly av xan pévo av My (z) = NAI won Ms(x) = NAIL, avirer ot yhdooa L1 U Lo av xow pévo
av eite M1 (x) = NAI eite Mo (z) = NAI, ®ou avijrer oty yAdooo L1 av #aw pévo ov My (z) = OXI.
H mpooopoimon g hettovpyiog twv Mi(z) won My(z) pumoel va yivel 08 molMwvuprs xo6vo.
ATG T OTTOTEAEOUOTC, TV TTQOCOUOLMOEMY UTOQOUNE EUXOAC VO CUVAYOUUE OV 1] CUUBOAOCELQA
€L0GO0V aviireL 1] GxL oty YAdooo. Emouévmg, ov mapamdvem yAdooeg avijrovy oto P. O

6.5 Avayoyn za IIAnedtnra

O évvoleg g avaywyrjs (reduction) xo g wAgodtnras (completeness) oxeTICOVIOL e TO YEYOVOS
OTL CVY®ERQLUEVOL TTEOPAGIaTA CUVOYILOUY T duoroAia g OAGHANENS *YAAONS TTOATTAORGTNTAS.
AtonoOnrird, €va meopinua eivan dvoxodo (hard) yio piar ®Adom TOATAOROTNTOS OV €IVOL TOVAG-
YLOTOV 1600 dvorolo va AMBel Goo #dBe diho TSP g ®hdons. “Eva modfinua eivon mijoes
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IAM(’)plOuog v IT; :
|

. l
: R(x) :

x—) R AlyopiBpog yuo I, F——> NAI/ OXI

|

. :
| |
| |
| |
L o o o o e )

Tynna 6.2: Avaywyn tov moopAjuatog 11y oto medpinua Il; [33, Exnua 8.1].

(complete) yio pio ®xAdon molvmhoxdmrag av elvar dVOROAO KOL TAVTOXQOVA CVIXEL 0TV XAGOM.
Me amhd Adyua, to TAjon meofAjuata. cuvoyiCovy ) duoroAia pog #AAoNg TOAMTAOXRGTNTOG.

Ou oamdve datodntinol oglopol g duoxolag #ot g mAnedTtag PaciCovion oty ov-
Y®OLOT TGS VIoAoyLoTNS duoxoiiag dvo mpofinudtwv. H évvola e avaymyng emtoénel outi
™ ovyrowon. "Eva mpdPinua I1; avdyetar og éva mpofinua Iy av vrdoyet €vag netaoxnuatiopnds
R mov yia #dBe oupPohooegd = mopdyer a ovpuforooerpd R(z) tétowa dote z € I1y av »au pévo
av R(z) € Ty. O petaoymuatopds R ovoudteton avaywyrj tov Iy oto My, Anhadn n avaywynq R
amelroviteL To. NAI-otrypdtuma tov 11 og NAT-otypudtuma tov Iy xon ta OXI-otrypdtuno tov 11y
o€ OXI-onypmdtuma tov Ils. H avaywyr R omd to I1; oto Iy emitpémel ) xorjon evég alydoibuov
/ unyovig Turing mov amopaciCer to Il yio va amogacicovpe to 117 (BA. Zxnua 6.2).

H avaywyn evig moopMuarog I o éva mpdPinua s dev apuel yia va otolyelobenioel Gt
10 IIy elvouw TovkdyLotov 1600 duoxoro Goo to II;. Tlpémer axdun n diadiracio g avaywmyis (o
neTaoynuotopds R) va pmogel va vmoloyCeton amodotird.

Ogwopdg 6.4 (Tlohvovuurtj Avayoyn). Eva modpiua 11y avdyerar molvavvuixd oe €va moo-
Aqua Iy av vadoyer o ouvdemnon R mov vrohoyiletor o8 molvmvupuxd xedvo xat Yo ®dfe
ovupohooewd z, z € II; av xow pdvo av R(z) € Ty, H ovvdomon / petaoynuotionds R amotehet
o roAvavvuxaj avaywyrj tov Iy oto 1ls.

H avaymyr tov Ogopot 6.4 ovopdletor xou avoywyn tov Karp. 2t ovvéyeio dtav avope-
QOUO0TE O avaymyr], B EVVoUNE TV TOAIWVUIUXY] CVALymY).

Aoxnon 6.6. No amodeiEete 6tL 611 N TOAVOVUIRY avaywyr] elvan petafotixn (dnhadn av to I1;
avdyetor oto Ila, »on 1o Iy avdyetan oto I3, tdte »ou to I avdyeton oto II3).

Avon. H ovvBeon dvo DTM mohvwvupxov xodvou givar piot DTM moAvwvumxov yodvov. Emoué-
Vg, 1 oUvOeom OU0 TOAIWVUIXGV OVAYWYDV OTTOTEAED LAl TTOAVMVUILRY OVOYWYT. O

Aogxnon 6.7. Na amodeiEete o111 xhdon P eivow #Ae1om] @ TOOG TV TOAV@VUIAY] ovorymyr]
(dhadn av to IT; avdayetou oto Iy wou Iy € P, 16te »ou Iy € P).

Avan. Av n avayoyn R and to I oto Iy vworoyiCetan and pa DTM molvmvuuxot xoovou xot
10 Il amogaoiCetan emiong amd wa DTM mohvovupxot xodvov, | otvvBeon twv do punyavdv
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elvan pioe DTM molvavupuxzov xodvou (BA. Zxina 6.2). To amotéheopa g ovvBeong eivor Aowdv
uioe DTM moAvwvupxroy yodvou mov amogpaoiCet to I1y. O

Aoxnon 6.8. Acdopévov evig pn-ratevbuvopevovy yoogrijuoaros G(V, E), 6€éhovpue va amogpooi-
oouvpe av 1o G eivar dyuepég, MAadi| av 10 OUVOAO ®OQUEP®V NTOQEL VO JLAUEQLOTEL OF CUVOAML
aveEapmotac* Vi nat Vo. TvwpiCovpe 6T to modfinua avtd avijrel oto P, agot pmopel v Aubel
ue Avoliitnon Iowra og IMidtog (BA. Aoxnon 5.9). Ze ovt) v doxnon, Tntelton vo meQuyQd-
YETE PLOL TOAVWVUIURY AVAymYT] TOU TQOPAUOTOS ovayvVaiQLonS VoS JLEQOUS YOOPHILATOS OTO
TEOPANUAL TG 2-LXAVOTTO NGO TITOG.

Avon. "Eotw pn-xatevbuvépevo yodgnua G(V, E). Oa meQuyodpoupe Vo UETOOXNUOTIONS /
oly6LBpo ToAMWVUIXOT XEGVOU Tov VITOAOYICEL pict Aoyt medtaon ¢ o KM pe 2 dropa
avd 6o %o Ba detovpe GTL To G elval OPEQES OV ROL PGVO OV 1] PG EIVOL LROVOTIOLOLUT).

e xA0e noouenj i € V tov avuiotorovpe pia hoywij petafinmi ;. Twa xdbe anpi {7, 5} € E,
TEOoBETOVNE TOUG GROVS (z; V =) A (—z; V ;) = z; @ xj. H 1déa elvan Gt av 6o petafintég
OVVOEOVTALL UE 0%, OL AOYIRES TYUES TOUS TOETEL VL E(VOL ALolpOQETIRES (Lo0dTVa, OL OVTIOTOLYES
ROQUPES OEV UTTOQEL VO AVIj®OVV 0TO (10 0UVOAO aveEamoiag). AuTo TEQLYQAPEL TV RATAOKREVY
™S dG TOU UTOQEL VoL YIVEL 08 TOAMWVUULXG XOGVO.

"Eotw 6110 G(V, E) elvoun duuepés, »on Vi, Vo ta 6o ovvoha aveEapmnoiog. Avadétoviog
royn) i 1 otig ®oQugég touv Vi xa T Aoy Tt 0 otig ®xoQueés Tov Vs 1ravomrotoupe GAovg
TOVG GOVS TS Pz, QO KOL TN PG CUVOMAAL.

Avtiotoopa, av N ¢g €Vl LXAVOTOOLUY, DEMOOUUE L0 OTTOTIUNGCT TOV LXOVOTIOLED T PG
xou fdovpe oto Vi Tig 0Queés mov €xouvv hoyixy tiun 1 o oto Vo Tig 0QUEEg mov €xouv Aoy
g 0. Ta Vi o Vo eivan ouvoha aveEoptnoiog apov dev umoel vo vrdoyet axpy] neto&o do
hoywadv netafintadv pe myv do T (o aviiotoryor 6ot dev Ba twavomoLovvTay). O

Av 10 TnTovuevo givor 1 VITOAOYLOWUGTTO. 08 TOAMMVUIKO XOOVO, 1| TOAMVUILKY ovaywyn
EMLTOEMEL TN OUY®OLON TNS VIoAoyLoTnS duoxohiog dvo moofinudtmyv. Av 1o Iy avdyston mo-
Movoxd oto Iz xou 1o Iy vwoloyiCetar oe mohmwvupxs xedvo, 16te xau to I1; vmohoyiCeton
og ToAvmVUIXG xedvo (BA. Zyfqua 6.2 won Aowioels 6.7 zow 6.8). Amd v drln mhevpd, ov
to II; dev vmoloyiletow o molvwvurd yoovo, tote ovte to [lo voloyiCetan oe mohvwvuuLXO
¥xoovo. Mmopouue Aowtdv va, wovue ot to Iy elval Tovldylotov 1600 dvoxoho vo Avbel oo to
IT; (oyquota II; < Ilg). Tlp€mel Spwg va elval oopég GTL 1 0VY®QELOY CUTH 0lpoQd GVO TV
VTTOMOYLOLUGTNTOL O€ TOAVWYVLULIXG YOOV,

Idraitepo evdlapépov mapovotdiovy To TEOPAIATA ILaS *AAOoNS TTOV Elvol TOVAGLOTOV TG00
dvoxolo va \wbovv 6oo »vdbe dAho mESPANUa otV ®Ado.

Ogwopdg 6.5. "Eotw C pio xAdon moAvmhoxotnras. “Eva mpdpAua 11 ovopdCetal dvoxodo yia
v xAdon C (v C-6vororo, C-hard) av xd0e mpdpinua II' € C avdyetal oto II. Av gmimhéov
IT € C, o II ovopdletan mhrjoes yia tyv xAdon C ( C-mhjpeg, C-complete).

#Eva ovvoro nogupdv X C V evée yoagrinatog G(V, E) ovopdteton ovvoho aveEopmoiag (independent set) av
oL %OQUEES Tov X eV €xouv orpég neToky Toug.
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Agv gilval mpogaveg 6T vtdoyovy AN meofAfjuata yio ®afe whdor. Iapdha avtd, pmogel
vo amoderyBel 6Tl areTd YVwoTd meofiipata ivol wAen yio v ®hdon P. Zto enduevo xnegd-
Moo, Ba amodeiSovpe GTL pegrd owrelo mEoPAjuata givon AN YL et dAAN TOAD onpavTixy
x\don, 1o NP.

Ta mAjen mEoPAjUOTO ATTOTEAOTVY L, REVTQLRY] EVVOLOL RO €VOL TTOAD ONUAVTIXG eQYaAelo Yo
™ Oewota ITohmhorndmrag. H molvmhoxdtnto eveg vmohoylotiroy pofAiuatos Oemoeital Gt
€xeL vaboplotel otav avtd amodetyOel mhnpeg yio xdmowa xAdon. Ta mAon meofAjuaTo po
xwhdong C ovvoyiCovv ™mv vmohoylotiny] duoxolion SAwv Twv mpofinudtwy g C xal amotehovy
10 ovvdeopno e Oewpiag [Mohvmhoxdmrog pe ™ Oewpion AhyoBumy ®ot TS EQAQROYES.

H vmopEn onpavardy moaxtixdv mpofAnudtov mov elval Thjon yia wdmoia ¥Adon teoodidet
omVv xhdon meoxtxt a&ia, mov ouviBwg dev elvan EexdBaon amd Tov ogond g (BA. onpaocio
touv P xou tov NP). Avrtiotgoga, av wa xhdon dev €yel onuavird 1 €0tw yvwotd TQartind
mAon meoPfAinata, avtdpato 1 ®hdon Oemeeltol BewENTIRG HOTOOREVOONUO XWQEIS 0VoLAoTIRG
TEQLEYOUEVO.

H évvola g mAnedmtog YoNOUWOTOLEITAL YIo. TNV OTTGOELEN OLQVNTIXWDV OTTOTEAECATOV TNG
€ENg woopric: Av €va modpinua I eivar mijoeg yio pio ®Adon C, 16te Bempeitar amiBavo to 11
va avixel og xdmola o uxedteen xhdon C' C C. O Adyog eivar 6t av 1 C' givan xhewoti wg
oo TV avayoyr xow to IT avijxer o C’, téte 1 C mpémet va TavTiCeTol e T0 VTOoUVOAS e
C’, dnhadij n C roraminrer (collapse) omy C'.

Aoxnon 6.9. No. amodei€ete d1L av dvo #hdoeic C now C gival ®Ael0TEC WS TEOC TV AVaymYN
#on vy el éva pdPAnua I wov eivon mMjoeg 1600 Yo C 6oo xaw ywo m C', 161e C = C'.

Avon. Otwpoipe omorodijmote medPinua II' € C'. Aot to II givar mhjoeg ywo ™ C', to I
avdyeton oto 1. Agov Sumg IT € C #oun C eivar xheloj wg mpog my ovaywyr, wyvst su I’ € C.
Emougvwg, ®d0e modpinuo me C' avijrer xow om C. Tumxd, C' C C. Adyw ovupetoiog, 1oyvet
enione 6n C C C'. Svvenae, C = C'. O

6.6 Bipioyoagizés Avagogés

T pio ohorinowpévn »ow o fdboc magovoioon e Oempiag Yroloyiouxrg [olvmhoxdmrag,
mporteiveron to [33]. H magovoiaon twv faoindv evvoldy g voAOYLOTIXNS TOATAORGTNTOS OF
OUTG %L OTO EMOUEVO REPAANLO €YOUV emmnoeaotel and to [33]. Emiong mold mapadelypara xou
aoroeLg eivol TEo€pyovTal amd To 0o PyBAlo.

‘Oc0ov 0poEd OTIS EVVOLES TV TUTIXMDYV YAWOOMDV, Twv pnyovadv Turing, footxdv eVoroxTIRGV
UOVTEAM®Y VITOAOYLONOU, %ol OEPUEMWIDY ®RANACEWY VITOAOYLOTLXNG TTOAVTTAORGTNTAS, TTQOTEVOVTOL TC.
[23, 29, 38]. To [23] amotehel xAaoord Biio o8 BEPATO AVTORATMOV, TUTMADV YAWGODV, PNYOVHOV
Turing, »ou pn-vroloyiodtnras. To [29] emiyeipel wa eEougeninn now og fABog mopovaioon
SAwv TV Bepdtwv mou drtovion e Oewplog Yrmohoyiopot pe Waitegn €ugpoon ota didgpoga
eidn avtopdtwv zar pnyovadv Turing ®aBwg naw og B€pata un-vmoroyiowotnras. To [29] €xel
eEalpeTnn] ovhhoyr] aoxioemV %o ®urhooel petagpoaouévo ota EAnvind. To [38] amotehel
€va ouyyoovo Piprio mov dramparypateveton 16o0 Bépara Oewpiog Yrohoylopot 6oo xa BEpata
VITOAOYLOTUAT]S TTOAUTTAOXGTNTOC.
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7 Mn-Nretegmuviopnog xar NP-IIAngotnta

Méyot autd to onueto, £xovpe BemENOEL TO QEAMOTIHA UTOAOYLOTIRA HOVTEL TS Mnyaviic Aue-
ong IMoooméraong Mvijuns (RAM) zow tng Nreteouviotiwic Mnyovig Turing (DTM). Ze autd
10 ®ePALLO, Ba BemEiioovnEe TO PN-QEAMOTING VTOAOYLOTIHG POVTELD TwV Mr-NTETEQUIVIOTIRMV
Mnyoavav Turing (Non-Deterministic Turing Machines - NDTM).

AVT{ TOU HOVOOTUOVTOL OQLOUEVOV (VTETEQUIVIOTIXOV ) TEOTOV UE TOV 0molo eEeMOOETAL O VITO-
hoyiopdg piog DTM yioe dedopgvny eicodo, o vmoroyiopds pag NDTM eEehiooetal pe mohEg
dwapopetnés (Oyt duws xar ave&doptnres) exdoyés. H NDTM amodéyeton plo efcodo av o
TOVAQLOTOV OO QUTES TS VTTOMOYLOTIRES €XO0YEC RATOMEEL O atodoy.

e duuonund emimedo, pmogovpe va Bewproouvpe Gt o NDTM amoteleiton and €vov
ueydro aius dragopetrdv (aild ovoyetiiouevwr ) DTM. To zdfe gicodo, n NDTM dwohéyet
%ol emxaeton v DTM pe 1o “mhéov emBuuntd” amotéheona. loodvvapa, n NDTM mpooo-
notvel oheg Tig dtapogetivéc DTM xal emotoépel 10 “nolitego amotéheopna”. O xedvog g
TEOCOUOLWOoNg ®aBoiCeton amd T xooviry moAvmhoxdtnto TS o 0y DTM (zow 6yt amd 1o
d6QOLoUOL TOV YEOVOU YLaL TV TTROTOpoiwon SAwv Twv DTM).

Oa dovpe 6t vdBe NDTM pmogel va mpocopolwOel amd pict DTM pe exbetixy empdouvorn oto
YOOVO EXTEAEONC. AV CLUTH 1 TTOOCOUOIWON UTOQEL VOL YiveL YmOlg onuavTixy yoovirt empdouvon’
1 OxL amoteAel TO MO CHUAVTIXG AVOLXTO €QTHUO 0T Oewonuxy Emomun twv Yohoylotdy.
Mo a7t6 TS TO YVWOTES OLOTUTTDOELS OUTOU TOU EQMTIUATOS OlPOQd OTNYV SLOLPOQETIRATNTC, TWV
whdoewv molvmhoxdttag P xwow NP,

A6 ™V TOQOTAVD adQN TEQLYQUPY] YIVETAL QOVEQS YLOTE TO WOVTEAO TwV MN-NTETEQUVIOTL-
xOv Mnyavav Turing amotelel €va eEonpetind LOoYVES aAAA AAXLOTO QEOMOTIXG VTONOYLOTIXG
HOVTENO. AMMOTE 0 UN-VIETEQUVIOUOS JeV €XEL OTOYO VO ATOTEAEOEL EVA MOONUOATIRG LOVIENO
YLOL JLCL CUYRERQUUEVT], TTQAATLXY 1] LOE0TY, LoEPY VItoAoYLouoU. O AGYOS TTOU O PUN-VIETEQULVIOUGS
amotehel avuixeipevo dieEodwmric nehétng ot Oewpio Yroroyionuxrig Iolvmhoxdtntag eivan ot
EPAQUOYES TOV O0g AAAeS meQLOYES omwe 1 Mabnuotiwn; Aoy, n Teyxyvnm Nonpoovvr, zow m
Svvduaotxy Behtiotomoinon. H xhdon NP, pe ta moAd xow onpoviind mhrjen zow dvoxoha
moofAMuata, amotelel o oo TS POOIRES EPAQUOYES TOU UN-VIETEQULVIOUOU OTN TTEQLOYN TNG
Svvdvootxnc Beltiotomoinong.

! Av o NDTM pimopotoe va toooopowwdel omd pice DTM ywolc onuoviiny emtpéouvon oto xovo extéleonc, 1o
VITOAOYLOTIHS poVTELO Twv Mn-Nteteguviotrdv Mnyovadv Turing 8o ®abiototo avtdpota QeoloTrd.
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7.1 Mn-Nreteguuviotinég Mnyavég Turing

Muwar Mn-Nreteguviotny] Myyavij Turing (Non-Deterministic Turing Machine - NDTM) N pe
k > 1 wouvieg givon o droretorypévn eviddo N = (Q, X, A, qo, F). ‘Onwg xow otov OQLopd 6.3,
10 ) €lval T0 GUVOAO XATAOTACEWV, TO ¢ € ) €lvon M aEywn xordotaon, 1o F C Q elvor to
OUVOMO TV TEMXIDV ROTAOTATEMY, ®oL T0 X elval To alpdpnto eloédov. H ovotaotiny] duagpopd
givaw 611 0 vohoyropndg g N xabogiletan amd ™ oyéon uetdfaons A mov oQiteTon wg

AC((Q\F)xT" x (Q xT* x {L, R, S}¥)

T #d0e Srapdopwon / ototyeio Tov (Q \ F) x T*, 1 oyéon perdfaong A opilel Tig emroentéc
EMOUEVES OLAHOQYPMOELS (TTOV PIToQel va elvan ropia, pio, M ®ow TeQLoooTeQes). Me dhha Adya,
T0 endpevo Pripa Tov vroroyiopot wog NDTM dev mpoodioiletal novooiuovto omd v Toé-
yovoa dtopdpemwon, ahhd 1 NDTM emAéyel to emdpevo Bripot TS amd To OUVORO TV EMTQETTMOV
SLOHOQPWoEWV TOV ®aB0QEICEL | oxEon nuetdfoaong A.

EE” opltonov, oo DTM amotehotv pua eldixy] xatnyopioc NDTM, avtj dov 1 oxéon petdfaong
A éyeL v emumhéov WOIGTITOL va elval ovvdeTnon.

7.1.1 T'h®ooeg Huarogaoiowes zar Arogaociowes oo NDTM

To pun-vreTe@uvioTing vTohoyLoTnd HOVIENO glvor TOAD LOYVEAS %ol CUVARA EAAYLOTO QEAMOTIRG
emeldn] dev vmdEyel amdiuty eEGQTNON avdpeso oty €i00d0 row otV eEEMENS TOV VIOAOYIOUOU
%ol TeMxd omyv €50d0 wog NDTM. Zta vieteoUvoTird vitoAoyLotikd Hoviéha, xdoe eicodog
®naBoiCel povoorjuovto ™mv €EEMEN TOV VTOAOYIONOU oL TEMRA TV €5000 / amdvtnon g un-
yoviig. Avtifeta, 1 eicodog mag NDTM emitpénel v emhoyr] avdpueoa o€ TOMES JLAPOQETIRES
VITOAOYIOTINEG exdoyés (computation paths) xa €E600VG / amovTioels. AnG OAeg TIC SLOPOQETIRES
amovmioels, 1 NDTM emhéyel xdbe gopd v “mAéov embuunti”.

M NDTM N nquiamogpaciter pic oupforooelpd e106dov z € X* av pia TovhdyLotov omd Tig
vrrohoylotirég exdoyés e N(z) teouariCer. H N amogoinrer ty 2 pévo av xauia vitohoylotixi
exdoyn Mg N(x) dev tepuotiCet.

Bempovue Tov voroylond wos NDTM N pe ovuporooelpd. ewoddov = € X*. M exdoyn
TOU VITOAOYLOMOU ™S N () ®ohelton viroloyiouds amodoyrc oV RATOMYEL 0TV TEMXY] ROTAOTAON
NAI, %0l ROAETAL VITOAOYIOUTS ATTOQQIYNS OV ROTOMIYEL OTNV TEMXY] ®otdotaon OXI. @a Afue
6T M amodéxetal 10 T av uia TovAdyiotov €x30xN Tov VItohoylopoy g N (z) glivan vtoAoYLoHGS
amodoyric. ©Oa Aéue 6T 1 amoEEinTel TO T OV xauia exdoYY Tov vroloyopoy g N(z) dev
glvaL VITOAOYLOUGS atodoynic. e mepimrtmon amodoyris, yodgovue N (z) = NAIL, %al 0g TeQIMTWON
amnépoupng, yodgouue N(z) = OXI.

Mio NDTM N amogaoiCer pa yhdooa L C E* av yia »dbe ovpforooelpd e1.06d0v z, (o) GAeS
ot €xd0y€¢ tov vrohoyopnot e N(z) teguatiCovy, zon (B) z € L av xow uévo av N(x) = NAL
Mua yhwooa eivow NDTM-amogaoiowyn (decidable) av vrdgyel o NDTM mov mv amogpaoiCet.

270, UN-VTETEQVLOTIXG. VTTOAOYLOTIXG MOVTEAQ, Ol VITOAOYLOUOL amodoynis empdiovy T OF-
ANO1 TOUS OGO KOl ALV ATTOTEAOUV LoV petoymeio. Avt] 1 aovppeToio vtéQ tov NAI gival oAy
ouvnoopévn oto pobnuatixd. Mo pobnuotix medtoon eivat Bedonuo (Bewoeiton dnhadt| aro-
dederynévn) av €xovue Poel Pt omoty amédelEn yior avt. AvioTQoga, o TEATaoN dEV LoYUEL
av éxovue PoeL Eva avil-mtaQddeLyoL.



7.1. Mn-Nreteguvionnés Mnyovég Turing 135

"Yyog Aévtpov =
Xpovog YTOAOYLGHLOD

Yynue 7.1: Iapdderypo dévrpov vtoloyiopou pog NDTM. H yoovixt molvmhoxdmro divetal
amnd 10 VYPog Tov OEVTQovU.

“Evog 106mog avomtapdotoons Tov VoAoytopot g N (z) elvar péow 1ov dévtpov vaoioyiouov
(computation tree). H oiCa tov d€vroov eivar m ayixii Stapudoemon s N (z) pe »atdotaon g ®o
€(0000 z. Ot evOLANETES QLOUOQPDOELS OTIS JLAPOQETIXES VTTOAOYLOTIXES EXDOYES OLVOTTOLQIOTAVTALL
oo TS ®oQUEES Tov dévtpov. Ta moudid xdBe rogugrig / evdidueons diopdgpmong elval ot
dopopoels mov (ouppmva pe ™ oxéon petdfaons A) umwoQotv vo mooxthpouv oe €va frinat.
“Erou ®dBe dagopetint} vohoytotxyj exdoyii me N (x) aviiotouyel oe évav #hddo tov dévigov
vrohoytopov (Zxua 7.1). Av 6heg oL vtohoyLoTiRES €x00YES / ®Addot Tov d€vTpou vITohOYLOROU
TeEQUATICOVV, T0 dEVTEO givan temegaouévo. H N amod€yetan v €{00do  av TouhdyLotov €va amd
Ta PUALOL TOV OEVTQOU POIOXETOL OTNV ROTAOTAON NAT %Ol AOQQINTEL TO T AV RAVEVA OIS TaL PUALL
dev Poloreton o€ nordotaon NAL Egdoov €vag touhdylotov ®Addog tou d€vipou avtiotolyel o
vroloylopd amodoyng, Bewoovpe 6t N Oa emhéEer un-vreteguviotnd (Ba “poviéper”) Tig
ROATAMMAES peTafdoels wote va, amodeyel to .

H yoovixy mohvmhordmra mag NDTM N pe efocodo = xabopiletan amd 10 unxrog g Ueyad-
Miteong vrroloyotieis exd0y1is, 1 Loodvvaua amé 1o Hpog Tov dEVTEoY Vmoroylopol g N(z).
SvyrerQuéva, €0Tm o ovvdetnon vroloywotixig mohvmioxomrog t: IN — IN. O yoovog exté-
Aeong M m voloyotilj molvadoxoryra pag NDTM N egivan t(n) av yio xdBe ovpforooelpd
T WHROVS M, TO P®OS dAwv Twv ®hddwv vrrohoyopov g N (z) eivor mxpdtego 1j (0o tov t(n).
Agug 6T oL YADooo, omo@ooiCeToL 08 IN-VIETEQUIVIOTIXG Y06VO t(n) av vtdyet NDTM pe xodvo
extéheong t(n) mov MV amoaoitel. Me Bdon autd Tov 0QLOUG, 1M XQOVIXY TOATAOXGTITAL OGS
NDTM pmopei vo glvor ex0eTind unQdSTeQn amd TV OUVOMHY (VIETEQULVIOTLXY) VTOAOYLOTIXY
dpaotnoLdmro.

7.1.2 H Khdon NTIME

To 0¥voho TV YAWOO®DV OV ATtoQACICOVTOL 08 UWN-VTETEQUVLOTIXG Yedvo O(E(n)) amotehovv v
whdon vohoyrotriic molvmhoxdmrag NTIME[t(n)]. H owoyévelo »hdogwv molumhorndtnrag
TEQLOQLOUEVOV [IN-VTIETEQUIVIOTIXOV XOGVOoU (non-deterministic time complexity class), NTIME]:]
oQ(Cetan Tumnd wg:

NTIME[t(n)] = {L : L elvou yhdooa amopaciown amné pic NDTM O(t(n))-yedvou}
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Agov ou DTM amotehotv eiduny xatyopia twv NDTM, n »Adon DTIME[t(n)] eivan vro-
ovvoro g xhdong NTIME[t(n)] yua ®x60g ovvdomon t(n). T pegunés cuvoQmogls molvmho-
®nomtog, €xel amoderyBel 6t n whdon DTIME eival yvijoto vroovvolo g avtiotoyng vAdong
NTIME (n.y. DTIME([n] C NTIME[n] [34]). Oa ftov eEatoetind onuovtind (ro ®otd xouv
nemolOnon amoAvitwg ami@avo) vo amodeyBel 6t yio #d0e cuvdomon molvmhoxdmras t(n), 1
xhdon NTIME([t(n)] eivow vroovvolo g xhdong DTIME(# (n)], dmov t'(n) eivor éva mohvd-
vupo g (n). TIoog to maEdv, ac amodeiEovpe eivar 6t avts wyvet Gtav ' (n) = O(cH™), ya
rdmolo otafepd ¢ > 1.

Oedonua 7.1. Kdbe yAdooa wov amopaoiletar oe un-vieteQuiviotixd xoovo t(n) umooel va amo-
paoiotei oe vieteouvioring yodvo O(c!™) yia xdmowa otabeod ¢ > 1.

Amodeién. “Eotw L o tétowo yhdooa, xat €otw N o NDTM pe xo6vo extéheons t(n) mov omo-
paoilel v L. "Eotw d o péyiotog agipnds emMTQETTHV JLAUOQPHOOEDV TOU UTOQEL VAL TIQORVPEL
amd wo dopdpgmwon ™ms N. To d ovopdCeton “fabudg un-vietegmuviopov” g N. YmoBétouue
on d > 1, yiati dwagogetind n N Ba vjitav o DTM. Oa deiEovpe mwg waee DTM M umogel va
TEOCOUOLMOEL TN ALTovEYia ™S N 0TO OUYXRERQLUEVO XQGVO.

H vreteouviotny] mpocopoiwon g N PaociCeton oto yeyovog 0Tl pa axoAovdio amd un-
VTETEQUIVIOTIXES ETAOYES TNG IV UTOQEL VoL avamtaaotadel amd vayv d-0dird agloud tdlov unrovs.
T ®dBe mbavse mpog ¢ tov d€vigou vmohoylopov, N M moocopoldvel ™) Aettovgyia g NV yio
OAES TG OLAPOQETIXES OMOMOVOIES UN-VIETEQUIVIOTIXADV EMAOYWV. Ag onuewwbel 6tL 1 M mpémel
VoL AELTOVQYEL YWQIE €% TV TTROTEQWV YVMOT TOU XQOVIX0U 0glov £(n). Avtdg elivatr o MGyog mov
N M doxipudler Gha o duvord yoovird dpla og avEovoa oeld.

T v gxtéheon g mpooopoiwong, N1 M dameel Evav d-adumd apbud (¢, . . ., ¢;) ot dgv-
TEQN TOLVIOl TNE %O TTQOCOUOLDVEL TN AettovYia T [N ®AvovTog 0To Brjua ¢ TNV UN-VIETEQUVLOTIXY
emAoyn ¢;. Av n aviiotouyn vmolhoylotiry] exdoyn ®otaAEel og amodoyn, N M amodExeTal TV
£(0000 %o TeEQUOTICEL. ALopoQeTrd, | M owEdver tov auOud (c1, ..., ¢) »ord 1 now ovveyiCel
™V mpocopoiwon. ‘Otavn M €xel Bewrjoel Shovg Toug d-adirots aLBpovs ujxovg ¢, avEdVEL To
t nowd 1 #now ovveyCel. H M amogpimtel v 00080 NSvo av yia ®dmolo £, GAES Ol VTTOAOYLOTURES
€n00YES UNHOVS T0 TTOAD t ®OTOAYOUV OTIS TEMXES RoTaoTdoels OXI 1] TEAOZ.

Aot 1 yoovixy tohvmhoxdtta me N eivan t(n), n M Ba €xeL ohoxANodoEL TNV TQOTONOIWOoN
Grav Oa éyel BewEiiogl GAovg Tovg d-adtrots aBpots wixovg 1,2, ..., t(n). H vieteouviotixi
ooopolwon Yo ®dbe d-adé abus wirous ¢t wrwopel vo. yiver og xooévo O(t). Emougvmg, n
yoovix mohvmhoxdmro me M eiva Zi(znl) O(d') = O(d™+1), O

Mo wooduvoun dratimmon tov Oewenuotog 7.1 efvor ot yio ®aBg ouvaQTnon VTOAOYLOTIRNS

olvmhoxdtrag t(n),
NTIME[(n)] C | DTIME[/")]
c>1

Mo onpovtirt ouvemela Tov Oewuatog 7.1 elval 6Tt To 6Uvolo Twv YAWCSO®DY TTou YIvovTol
amopaoitovral amd Mn-Nreteouviotixés Mnyavég Turing tavtiCeton pe 10 0UVOhO TwV YAWOOHV
mov yivoviow amogacicoviar amd tig Nieteguivionxés Mnyoavég Turing.  Anhadi 1 emavEnon
TOU UTOAOYLOTIXOU HOVIENOU HE €VA TOGO LOYVES YOQOXTNOLOTIXG ONWS O UN-VIETEQUVIOUOS OEV
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OVEAVEL TO GUVOAO TV YAWOOMV TTov amogaoicovian and T Nietepmuvionnés Mnyavég Turing.
AnS auty v dmoyn 1o Oewpnua 7.1 pmopel vo BemonBel cav €va axdun TEXUNELO VTEQ TOV
a&udparog Twv Church-Turing.

Aoxnon 7.1. Noa amwodeiEete 6t to [TpdPAnua tov Megrodevovrog Mot (o0& poeen meofAiuatog
amSpaong) avijeer omy xhdon NTIME[n?].

Avon. OpiCovpe pa NDTM mou “pavteter” (AELTOVQYMVTOS UN-VIETEQMVIOTIXA) ROL YQAPEL OE
rdmolat Tavio ™V oupPorlooelpd Tov ®mALXOTOLEL TNV TTEQLOE(D EAAYLOTOV UROVS. AUTS UmoQel
va yiver ogiCovtog ) oxéon petdfoong dote vo dMuoveyel dheg TG duvatég meQlodeles. X
OouvEyeLd, N unyxovy (AELTOVQYDVTAS VIETEQUIVIOTIXA) ATOJEYETOL TV €(0080 OV %ol UGVO av M
ovuPolooeLQd TTOV £ypope QUTOTEAEL TNV ®kWALXOTOIMON Mg TTEQLOJE(OG mirovg 1o oAy B. Av
VItdyeL TéTola TeQLodeial, n unyavy Ba ) “uoavtépel” xon Bo amodeyOel v eicodo. Alapogetird,
N unxovy elval vToYEEWUEVT VO toQQPEL TV £(0000. AUTES OL EVEQYELES UTTOQOUV VO YIVOUV OF
yoévo O(n?). T tg hemropgoetee, PA. [33, Iapdderyua 2.9]. O

7.2 H Khaon NP

Mia and tg onuavirdteges ®vhdoelg mohvmhordmrog eivon n ®hdon NP, dnhadi n xhdon twv
TEOPRAMUATOV TOU PTOQOUV Vo AuBoTUV 08 TOAMVUILRS UN-VTETEQUIVIOTIXG YOVo. Tumxd,

NP = | | NTIME[n]
k>0

Aoxnon 7.2. Na amodeiete 6t 10 mEoPAua g k-Inavomomoudttog avijrel oto NP yio xdfe
uotrd apBud k > 1. Tu woyvet yio to modPinua g 2-Ixavomomowdmrag;

Avon. "Eotw ¢ o omowadiimote Aoy mpdtaon o k-ZKM. OpiCovpe o NDTM mov pe eicodo
™MV TEATOON @, “UOVIEVEL” (AELTOVQYDVTIOS UN-VIETEQMVIOTIXA) TV “roliTeQN duvath” amotipmon
Yl TIG UETAPANTES TG ¢ (.. TNV CTOTIUHOT TTOU LXOVOTIOLEL TOVS TTEQLOOGTEQOVS GQOVS). 2T
ouvvéyela, 1 NDTM Aertovgyel vieteouviotind xot omodéyetal ™ ¢ (iady amavrder 6t n ¢
€(VOL IXAVOTTOOUN) AV %Ol PUGVO OV 1) GTOTI(UNON ToU “pavieype” wavomolel v ¢. AvTEg oL
EVEQYELEC WTOQOTV EUXOAN VO YIVOUV 0€ TOAVWVUIHO IN-VIETEQVIOTIXG XQOVO. O

Yrdoyet €vag tooduvapog (row mold mo evdiagégov) ogropds tov NP mov faociCeton otov
T00mo pe Tov omoto Aettovpyel uaee NDTM molvwvupuxov yodvov. “Eotw pio dvadwn oxéon
R C ¥* x ¥*. H R naheltton molvavvuind amopaociown (polynomially decidable) av vrdoyet pio
DTM molvovuuxot xoévou mov yio #40e =,y € X*, amogaociCel av (z,y) € R. H R »oleiton
wolvwvvuixd twogomuévy (polynomially balanced) av ywa #dfe (z,y) € R, 10 mjrog Tov y glva
TOMIWVUIIRG OTO jrog ToV z (Tummnd, vdoyet otadeod k > 1 tétota dote |y| < |z|*).

Oedonua 7.2 (Xagaxtnotopss tov NP). Mia yAdooa L avijxer oto NP av xai uovo av vrdoyet
uia wolvwvvuixd amopaciown xat Tolvwvvuixd 16000TnuUEvy ayéon R tétola wote

L={zeX:(z,y) € Rywa xdmoio y € £*}
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AmddeiEn. Agyurd vmoBgétovpe Gt vtdoyel wior tétowo oxéon R. Tdte n L amogaocietor and
wo NDTM N mov Aertovpyel wg €€1ig: Aedopévng ewoddov z, 1 N mpoomabel va “pnavréypel”
(AerTovQYdVTaC Im-vieTEQIIVIOTING) %dmote oupBorooelpd y ue wixog |y| < |z|* tétowa dote
(z,y) € R. Zm ovvéxewa, 1 N AelTOvQYel VIETEQUIVIOTIRG %KOL OTTOOEYETOL TO T OV %O UGVO
av (z,y) € R. Me dMa Mdywa, aoyird ot #hddot vroroyiopnoy s N(z) dnuoveyoty Ghes Tig
dapooeTinéc oupforooelgéc ¥ pe wixog 1o mohd |z|¥. H N amodéxetal 10 = ov xatl pévo av
2ATOL0G Ot6 TOVS ®AAdOVE VITOAOYLOHOU €xel dmpuovpyfoet éva y tétolo dote (z,y) € R (PA.
entong Aoxnoelg 7.1 xou 7.2).

EE’ optopov n N amogaoiter ™ yhaooo L. Emxeidri o oupfohooelpés y €xouv wijrog to moll
|z|¥ %ow 10 (7,y) € R amogpaoiteton and picc DTM molmvupxot yoévou, o xo6vog extéheons
™me N elvor mohvwvords oto nEyeog g eLoGdov .

TN 1o avtiotpowo, éotw yhwooa L € NP zow pioo NDTM N mov arogacitel v L og yodvo
n*. Opitovpe ™ oyéon R wg e&ic: (z,y) € R av %at pévo av 1o y eivor 1) *mdnomoinon eveg
vrrohoyopnov amodoynic e N(z). EE oglopov,

L={zeX:(z,y) € Rywandnow y € ¥*}

H R elvow mohvwvupxd 10oQoomuévn yati #d0g xAddog vmoroyiopot g N (z) €xel pixog to
mold |z|*. H R eivon molvwvupuxd omogaoiown yiom pmopel va. eAeyx0el VieTeouviotind oe
YOOUUARG YOOVO OV oL CUUPBOAOCELQA Y ATOTEAET TV XWALROTOMOT EVOS VITOAOYLOUWOU 0todoyNs

mg N(z). O

To Oedonua 7.2 amotelel Tov ®aliteQo (Ows TEOMO YL va xatavorjoovpe v #hdon NP.
Zopgpowva pe 10 Osdonua 7.2, xdbe yAdooa / medpinua mov avixel oto NP €yel o agioonpein
wWidtra: T ®dBe €i00do = mov avireL OTNV YADOOW, VITAQYEL EVOL “OVVOTTIXG TOTOTONTIXG” Y
mov urtoel va eheyyOel amd wioce DTM mroAvmvupixov Yeovou %ol Vo TILOTOTOWOEL OTL TO T CVIXEL
ot YMwooo. AviiBeta, xavEvo TETOLO “TOTOTOMTIRG” ¥y OEV VITAQYEL YLOL TO. T TTOV OEV CVIIHOUV
ot YAMwooa. Aev yvmiLouie Tws VO VTOAOYICOUNE €VOL TETOLO “OUVOTTIXG TLOTOTOWTIXG” OF
TOMOVUIKO (VIETEQMVIOTIXG) XeOvo. ['vipiCovue Spwg GTL o GURBoAooeLQd avijreL 0Ty YADOOoO
OV ROl UOVO OV VITAQYEL VAL “OUVOTITIXO TTLOTOTTOLNTLXG™ YLOL TO YEYOVOS OUTO.

lNa mopdderyna, To “motomomnxs” 6t o Aoy Teotaon ¢ elvan ixavomowmoln (dnhadn
OVITXEL OTN YADOOO TTOU OITOTELEITOL OO TLS LXOLVOTIOUNOLES AOYIRES TRoTdoEls og ZKM) givon puo
amrotiunon Tmv UeETapAnNTdv mov wavomolel mv ¢. H amotiunon meptypdgetol and pio duadiri
ouUPOLOOELQA e NNXOS (00 Ue ToV aQLOUS Twv PeTapAntdy ™ ¢. Egpdoov ma amotiunon mwov
LXOVOTTOLEl TNV ¢ elval daBEoLum, UmoQel va. eAeyOel o Vo, ETPEPALDOEL TNV LAAVOTONCLUOTHTOL
™g ¢ o€ moAvwvLIKG Xeodvo. To aviiotolyo “miotomomtind” yio 1o IIpdpAnua tov ITeprodevovrog
I[wAnm) elvor pio weprodeio ne wirog mov dev Eemepvd 1o B. Mua mepLodeio etvan o pnetdOeon
TV onuelmv el0odov. To uiirog g umwopel evrola vo vrohoyloBel xal va ovyxolBet pe to B oe

yoaumxs yoGvo.

Aoxnon 7.3. Na amodeiEete 6t 10 NP elval #Aelotd wg mpog v €vaon xou Ty Tout]. Anhodn
va deiEete 6t av dvo yhdooes L, Lo € NP, 16te »ou o1 yYhdooeg L1 U Lo, L1 N Lo € NP.
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Acgxnon 7.4. Na amodeiEete 611 1o NP givouw #Ae10t6 ¢ mog TV Tohvmvupusyj avaywyn. Anhod
va deigete ot av to mESPAnua Iy avdyston mohvwvupxd oto medfinua Iy xouw 1o Il € NP,
1ote o to 117 € NP.

7.3 NP-IIAngotnra

H »xlhdon P eivon vwoovvoro g #hdong NP emeidri oo DTM eivou e1duxn mepimrwon twv NDTM.
Ta meguoodtepa mpofijuato Pertiotomoinong mov ovvavtioape aviirovy oto NP xow Aivovrou
0€ TOMMVUIRS VTIETEQUVLOTIXG YQOVO. ARG TV AN TAgvQd, VITAQYOUV TQOPAUOTO TTOU OLVH-
xovv 010 NP xou dev elvor yvwotd av Mivovior oe molvmvupirs xoovo, onmg to TTpdfAnua tov
IIeprodevovrog ITwhnty #ow to mESPAnua g k-Ixavomomoudmrog. To onuoavtivdteQo avorrtd
godmua o Oewonuxy Emomiun twv Yrohoylotdy elvol av To TQoPAUATO TS THS ®OTN-
yopiog Avoviol 0 TOMWVUULXG VIETEQUVLOTIXG XQGVO 1| OYL.

Mo 1oodvvaun dLatimmwon Tov (Blov EQWTHIATOS ApoQd 0T JLUPOQETIXATNTO TWV KAACEWV
P xou NP. Me dhha Adyia, 1o goaytmua glval av eivor Quvaty] 1 VIETEQUVLOTIXY TTQOCOUOIWON
%1d0e NDTM mohvwvupuxot xo6vou pe Tohvmvupuxy] xeovirnis empdouvon. To ggadtnua autd €yel
TEQAOTLO. TQOXTLXY %ol BEmENTIXY] ONUAGIRL, OAAG QOGS TO TGV eV HOLALEL DOLUO VAL ATV OEL.
Tapdha avtd, amotehet xowr| emoTnuoviry memoinon ot to P eival yvioro vrooivoro touv NP.

Av oviwng 10 P duagéper and to NP, mpémer va vrdoyouvv xdmoio mpopijuota oto NP
mov dev AUvovtal og molvwvulxo xodvo. I'vopiCovue dtL tor wAjon mooPAjuaTo g *Adong
“ouvoyiCouv” TV UTOAOYLOTIXY] TS OUO®OAID. AV AOTGV URAQYOUV RATTOL0. TEOPAUOTO OTO
NP mov dev Mivovtar o€ ToAV@VUIKG XOGVO, TOTE OVAUECSO OF QUTA TEETEL VO EIVaL XL CAaL
oo NP-mhjon moofhjuata (epdoov guowxd tétowa mpofiijnata vrmdoyovv). YmevOuuiletor ot
éva mpopiua II eivon NP-mhfjpoeg (NP-complete) av avijzer oto NP o #d6e dhho modfAnua
IT' € NP avdystow tohvovouxd oto I1.

Oedonna 7.3. ‘Eorw 11 éva NP-nlijoec moofinua. To 11 Mdverar oe molvwvuuixnds vieteouiviotizs
xoovo av xai uovo av P = NP.

Amoodein. Av P = NP, 6ha ta mpofijnata oto NP (xow too NP-mhjon) Advovion og molvwvv-
wro xeovo. Avtiotpopa, €0tw 6t To I Miveton o molvwvupxd xoovo (omdte II € P). Agov
#dBe mooPua I € NP avdyetan mohvwvuuxd oto I, »dfe mospinua II' € NP Aivetar og
moAvwvupxo xedvo xan avijrer oto P (BA. emlong Aoxnon 6.7). Zvvenag, P = NP. O

Emwonuaven. Mo dueon ovvémeia tov Oemprjpatog 7.3 eivon 61t av P # NP, navéva NP-
mAeC TEAPANUa dev Mivetal og ToOAMWVUIIRS YEOVo. AV 6w motevetal, ou xhdoews P xaw NP
diagpépovy, To oUVoLo TV TEOPANUAT®Y Tou elvarl Ao Yo o NP amotehovv €va vmoovvoho
tov NP E€vo ue mv xhdon P. MdMota, yvopitovpe 6t av P # NP, vidoyouvv xdmoua toofAy-
noto, o Aeyopevo NP-gviidpeoa (intermediate) mpoofiijpata, mov dev avixouvv oto P xou dev
eivaw NP-miion (BA. Zxyiqua 7.2). To mio yvwotd vroyrigio NP-evdidueco medfinua givon to
TEGPANUO TOV LOOROEPLOROYU V0 yoapnudtmy (graph isomorphism).

To Oewonua 7.3 eEnyet oe €va Pabud yort N Oewelo g NP-ndnodttag €xel molEg xal
ONUOVTIXES TEARTIRES ePaUoYES. "Eotw o1t mpoomabovpe vo oxedidoovpe €vav amodotxd oh-
yoouo yio xdmolo meSfAnua mov avixer oto NP (n ovvrguttintg mhetoyngio Twv TQoxTRdY
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NP-IImpn
IpofAnpata

Yynna 7.2: H ewdva g #hdong NP av P # NP.

moofAnudtov avixer oto NP). “Exovtog tavtioel toug amodotinovg alyoolipovs pe tovg oh-
YOELOUOVS TTOAMVUILXOU YOOVOU, €(VOL ONUOVTIXG VO, OTOQACTiocoUIE oV T0 TEORANMa AGveTol
og moAvmvurS xodvo (avixel oto P) 1 elvan NP-mhjoes. Metd ammd HeQur€s amotuynueves
MEOOMAOELES YiIaL alySoLBpo TOAVWVUILKOU XEGVOU, CUVHOMS OTOEPOUNE TO EVOLAPEQOV OS OTN
dratimwon anddelEng NP-nminodmroc. H autio mov dev rnatahiyouvpe og ahydoiBuo molvwvupl-
%0V ¥0OVoU ouxvd odnyel ovtdpata og ancdelEn NP-minodmrog. AMeg popEg, 1 artio mov dev
xatagéQvoupe vo. datvrndoovpe o amddelEn NP-winodmrog odnyei og akydolfpo molvmvuut-
%0V YOVoU.

Aoxnon 7.5. "Eotw mpofMjnata I, Ils € NP tétoia dote to I avdyetan molvwvuuird oto 1o,
No eEnynoete moleg amd TS TAQARATW TEOTACELS elval ainBels, Yevdeic, 1 amotelovv avolxtd
moofAjuorta.

1. AvIl; € P, t6te wou Il € P.

2. AvIl; € P, 16te v II; € P.

3. Av 7o I3 dev elvon NP-mijoeg, ovte xan 1o I eilvau.

4. Av appdtea ta 11y o Iy etvon NP-tivjon moopAjuata, téte ot to Iy avdyeton oto 11;.

Avon. To (1) amotelel avorrtd mEopinua, agov alnbevel povo av P = NP. Av P # NP,
éva meopinua I1; P avdyeton og »vdmowo NP-mhjoeg Iy addd o s ¢ P. Ta (2), (3), (4) elvan
olnBeis mpotdoelc. O

Aoxnon 7.6. Eival o NP #Aelot6 wg mpog 1o ovumAomuo; Anhady av wa yhdooo £ € NP,
elvan oMjBeta 6T 1o ovpmAipwpd ™e £ avijret emiong oto NP;

Avon. Aev yvmpiCouvpe av NP glval ®xAelotd wg mpog to ovpmijompa. Av P = NP, yvwoilovue
NOn 6t 1o P elvan ®Aewotd wg mpog to ovumAiowua (PA. Aoxnon 6.5). Av P # NP, amotehel
xowi] semoiBnon on 1o NP dev elvon ®hewotd wg mpog 1o ovpmdjompa. H amddelEn avtig mg
memoiBnong amotehel onuavivd avorrtd medPinua. H diagopd oe oxéon pe 1o P éynetton oty
aovppetpia Tov oglopot amodoyrs wag NDTM. Ta megioodtegeg Aemtopnépetes, Ph. my. [33,
Kegpdhowo 10]. O
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7.3.1 NP-IIAjen Heopijuata

"Exovtog emuyelonuotohoyNoEL Yo TS ONUOvVTkES eqaouoYEs s NP-minodtntog, amougvel va
amodetEovpe ATl Svtmg vrdeyouvv opAnuata mov eivor NP-mrion.

Iravorowmomotnta Aoyirav Igordoemv

To mowto mESPAnua wov amodelymre mAjoes Yoo 1o NP elvon avtd g Iravomomowudtrog
Aoywav Ipotdoswv og ZvLevrtniy Kavoviryy Mopgn (EKM), n amhd to modfinua tg Ixavo-
TOWMOUSTTOGS. 210 ESPANua ™S Ixavomomowmdmrag (Satisfiability), diveton o hoywi| Todtoon
¢ og ZKM (ywolg meplogLopots otov aolips atdpumv o xdbe 6o). To Tnrovpevo elvan av 1 ¢
elvou iavomromjouun, dMMAadN av VITGQYEL ULOL ATTOTIUN O TWV AOYIHMV UETAPANTMV IOV ETOANOEVEL
™ ¢. H Inavomomowdmra amodelytnrue NP-mAjong otng apyés g dexaetiag tov 70 amd tov
S. Cook [8] »ouw tov L. Levin [28] oe aveEdomreg egyaoies. To Oewpnua 7.4 elvar yvootd oov
Ocwonua twv Cook - Levin.

Oevonua 7.4. To modfinua tng Ixavomomowdryras eivar NP-mhrjoec.

Amodei&n (Baoixij 1déa). Eilvor evnoro va amodewyel on 1 Ixavoromowdtnra avixel oto NP
(BM. emiong Aoxnon 7.2). Emopévmg, amopével va deiSovpe om vdbe yAdooa L € NP avdyston
mohvwvupxd oty Ixavoromowdtta. H anddelEn ovolaonnd xmdiromotel ) Aettovgyia mog
NDTM oe pio hoyury mpdtaon oe XKM.

“Eotw wa omowadijote yadooo £ € NP, xau éotw pioc NDTM N pe pio touvio® wov omo-
paoiCet v L og xo6vo t(n). T #dbe €{0odo z, B0 kUTAOKEVACOVIE € TOMWVUIXAGS XOGVO (io:
Aoyr1| TEATOION ¢ 08 ZKM mov elval 1XovoToujoLun av XL pévo av x € L.

"Eotw 6n 1o algpdpnro touvias e N eivar {ay, ..., am} %0l 10 0UVOAO %ATOOTACEWDV €lvoL
{90, q1,---,qe—1}. Enlong, €é0tw n 10 wijrog g e106dov z. Agov 11 N ohoxAnQ@veL Tov viroho-
YWOUS TG O YOG6VO (1), ) ®EPOA TG TaviOG OV EMORENTETON TTEQLOOGTEQM 0TS t(n) neMd. H
AOYLXY] TOOTOON ¢y YONOLUOTTOLEL TOLDL €(0M AOYIXWDV UETAPANTADV:

1. KEAI(%, j,t) mov dnhddver 6Tt “T0 %ehl 7 TeQLEXEL TO oUpPoro aj ) xeovixij owypy t7, 1 <
i <t(n),1<j<m, 1<t <t(n). SuvoMnd mt?(n) peraphnréc.

2. KEPAAH(1, t) Tov dnAdveL 6T “n veolj e Touviag Poloxeton 0to xeM 7 T xeovixyj otrypn
17,1 <i<t(n),1<t<t(n). Suvohnd t2(n) peraphnréc.

3. KATASTAZH(k, t) mov dnhadvel 6t “n N Boloretan oty xotdotoon gx T Xoovixky otyw t”,
0<k<t£-1,1<t<t(n). Zuvohxd lt(n) netophnrés.

I #dBe yooviri otyun t,  Toéyxovoa dapdepmon s N TeQLYQApETL TANOWS 06 €val
odvoro (m + 1)t(n) + £ hoywdv petafintdv. Suvolud yonowomowovpe (m + 1)t2(n) + ¢(n)
Moyurés netafAnTés yuo va eoryodapovpe t(n) fruato (Un-vieTeouviotizoy) vtohoytouov e N.

TH vndBeon S N €xer pio pévo touvia yivetar yio. Adyoug omAdmog ®at ywolc PAGRN e yevindmrog. Kdde
NDTM mohvavuprot xodvov pe k touvieg umopel vo mpocouotwdel amd wo NDTM molvwmvupuxzot xodvou pe pio
TovioL.
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H hoywn mpdtaon ¢, amotehelton amd ) oUCeVEN EMUEQOVS MOYIROV TQOTAGEWY IOV YQAPO-
viow o ZKM yxonopomoldvtog g HeTofAntég mov megrypdpape. Kabe empégouvg hoyurn mpdtaon
SLATUTTOVETAL OTE VOL ELVOLL LROVOTIOLOLUT OV RO OV AV LOYUEL 1) avTioTOL N ATtd TS TOQOXATW
ovvOnreg:

1. KdaBe yoovix otyun, n ®epaln g touviag foloxetar o€ €va xou novo ®eil.
2. KdBe yoovixny omypy), ®dBe xehi meQLéyeL €va wou pévo oupfolo Tov aigpdfntov.
3. KdBe ypoovixny owyn), n N Poiloxreton o pict povo ®ord.otoon.

4. Agyd to TedTaL N keEMA TEQLEYOUV TNV (0000 T %o TaL vrGhowtaL £(n) — n TEQLEYOVV TO
%xevo ovuporo. EmmAéov, n N Eexntvder oty ooy ®atdotaon go.

5. Kdmowa yoovirij ouyur ¢ < t(n), n N @tdvel og xotdotoon amodoyngs.

6. Kdbe yooviri otypr], WGvo 10 TEQLEXOUEVO TOU KEMOU OTO OO0 POIOKETAL 1| KEPOUAT] TG
towviog umwopel vo petafinoet.

7. KdBe yoovixn otypi, n endpuevn diapudoemwon xabogitetol ams m oxéon petdpfoons. Aniadn
oL TIHES TV UETOPANTAV TOU TEQLYQAOUV TS dapoQpaoels e N og dvo dradoyirég
XOOVIXES OTLYUES TOETEL VO VITAROVOUV OTOUS ®OVAVES Tou B€TeL M ox€on neTdpfoong.

OL moQamdvm ouvOnxes cuvoypiCovv Toug ®avoves Aertovgyiag wag NDTM pe pio touvio.
H N amod€yeton 10 £ av ®ar Wovo av umdeyel Wo axoloudic, JLaNOQ@MOEWY TOV IAAVOTTOLEL
TS WOQOTAVW oUVvO®eS. Autd oupfaivel av ®ol HOVO av VITAQYEL WO ATTOTIUNON TV AOYIROV
UeTAPINTAOV TTov emalnBevel TV ¢,. Edd ohornhnodveton 1 meoryoapn s paotriic WOEag.

TN va ohoxAnpwBei 1 amddelEn amounteiton vo deiEouvpe Gt oL EMPEQOVS TEOTACELS ALATUTTHD-
vovror woduvauo og ZKM xou 6tL vt 1 poegr] WoQet vo vtohoyloBel amd v meQryQopn g
N nan v €i00d0 = og TOAVWVULIUAO XOGVO. O

“Exovpe 1101 amodeiEel o1t 1 2-Inavomomoypdtta, dmov | Aoy medtaon €xel 2 To oAy
dropa o€ xdBe 600, MiveTOL 08 TOAVWVUILKGS YOGVOo (Bewonua 6.3). X ovvéyela, Ba amodelEovue
o 1 3-IxavomomowdTta, 6ov N Aoyt Tedtaom €xel 3 To oAU dtona o ®dBe 6o, elvar NP-
mMiENg.

Oevonua 7.5. To modfinua g 3-Ixavomomoworyrag eivar NP-mhijoes.

Amodei&n. "Eyovpe 1dn amodeitel 611 10 medpAua g 3-Inavomomoipdmrag avijxer oto NP
(BMA. Aoxnon 7.2). Oa amodeiSovpe axdun 6t 1 [zavomomoudmra avayetol TolMmvupuxd oty
3-IxovomomouoTTo. ZUYyReXQUIEVA, Ba detSovpe Gl o Aoy modtaon oe ZKM pmopel va
UETOTQOTEL 08 TOAMVMVUILXO XOOVo € pio Loodvvaur Aoywn mpdtaon o 3-ZKM.

"Eotw ¢ wa mpdtaon oe XKM. H petarpomi ovviototar oty avuxatdotaon #dbe 6gov ¢; ue
k > 4 dropo amd pa opdda 6pwv c;- ue 3 dropa avd 6po. "‘Eotw 6pog ¢ = £, V...V L, g ¢
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ne k > 4 dropo. OpiCovpe k — 3 véeg netaPAntés zj,, . .., 25, _,, ®aL avirablotovue Tov 6Qo ¢;
UE TOVS GQOVG:

¢ o= (L Vi,V zj ) A(=zjy VgV zjy) A (=zj, VG V) A
/\(_'zjk—4 Vi,V ij—3) A (_'zjk—3 Vi,V Ejk)

H ¢' mpoxnimter amd m ¢ avurabotdviag xdbe 6o ¢; mg ¢ ue k > 4 dropa pe mv avtiotou
ondda Gpwv c;.. H ¢’ umopei va. vohoyotel og ToMWVUIRS XOEVO.

Oa amodeitovpe 6T N ¢ eivar wavomowjoun av xow pévo av 1 ¢ elvor txavomowjouur (Smh.
Gt ou ¢ won @' eivon 1odvvapeg). Aoxel va detEovue Gt 1) Wooduvapio oyvet Yo xdbe Tevydol
OQWV ¢; ®o c;-. "Eoto piot amotipinon wov ixavomoLel Tov 600 ¢, ®at €0Tm £y To TEWTO GTOUO oV
yivetal alnBéc amd avt] mv arotipnon. H opudda dpwv c;- IXOLVOTIOLE(TOL OV CUUTTANQMCOUIE TV
amoTiunon pe TG onShovbeg TpEg yioo mg uetoATes 25, ¢t =1,..., k — 3:

Zj; =

1 avi<p-—-1
0 avi>p-—1

I 10 avtiotoopo, oatneovue Gt 1 oudda 6wV c; elval OvVOToUjoLUY WGVO OV TOVAdYL-
oTov €va. ol taL dToua £q, . .., £y elvor alnBéc. Emouévmg, »dbe amotiunon mov wovomoLel v

oudda dpwv c;- IXCAVOTTOLEL %Ol TOV OQO ;. O

H peBodoroyia T amddelEng tou Osmeiuatog 7.5 yonowpomoLeitar ouyvd otig amodeitelg
NP-minpsmrog. EWdwdtepa, yia va avdyovue €va meofinuo og €vo GAAO EMLYELQOUUE VO LETOL-
OYNUOTICOVPE TUUOTO TWV OTLYULOTURWV TOU TTQMTOV TQORAMUATOS O€ TUHUOTO TWV OTLYULOTUTWV
Tou deUTEQOV TEOPAMUOTOS. (). UETAOYKNUOTIONOS €VOS GQOV te TOMA dtopo o€ ondda Gemv
ue 3 dropa og ®dOe 600). Av €vag TETOL0S UETOOXNUOTIONOS dtotneel Tig emOuunTeS WO TES
(.. ROVOTTONOLATNTAL), WTOQEL VO EQPAQUOOTEL TUMROTIRG O UEYOMITEQO OTLYMOTUTIOL RO VOL
amoteléoel ™) Pdon yia po amddelEn NP-wtinodmrog.

Aoxnon 7.7. 210 medfinua g Méyiomg 2-Iravomomowdmrag (Maximum 2-Satisfiability) dive-
Tow €val OUVOAO GpmV ¢ Tov rabévag amoteleitan ams ™ dudlevEn dvo atdpmyv, ®ol Eva QuoLros
aoBuds . To Tnrovuevo elvor av VITAQYEL ATOTIUNON TTOV LXAVOTTOLEL TOVAGLOTOV B 3Qovg Tou .
No amodeiEete 6L T0 MESPANUC TS MEyiomg 2-Ixavomomoindmrog eivor NP-mAjpes.

Avon. AmodemvieTtol evxrola 6Tl 11 Méyiotm 2-Ixavomomoipdmro avixzer oto NP. T'a va amo-
deiEouvpe om elvor NP -mtAriong, Oa avdyovue to medpAnua g 3-Inavomomoiudmrog ot Méywom
2-Tnavomomoipdtra. H avaymyn mov Oa meguyodpouvpe BaciCetan oto axdhovBo aivoro 10 Spmv
OV OOTELOUVTOL atd TECOEQIS MOYIRES PETOPANTES:

C= {(CE), (y)v (Z)a (w)a (—|ZE v _'y)7 (_'y \% _'Z)a (—|ZE v _'Z)a (‘/E \% —|’UJ), (y \% —|’UJ), (Z v _'w)}

IMogatnootue 6t M aotipnon mov dev travomoLet Tov 6Qo = Vy V z (dnhadn divel ota z, y, not
z 1 0) pogel va iavomomoet To mohd 6 amd tovg 10 dpoug tov C. AvtiBeta, ®dbe amotiunon
OV LROVOTIOLEL TOV 6Q0 = V ¢ V 2z PIWOQEL VO 1RAVOTTOOEL TOVAAYLOTOV 7 amtd toug 10 dgoug tou
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C' (ywo »ordAnio emheyuévn pn Tov w). Avti 1 TAQOTHONON ATOTEAE! ROl TNV REVTOWMI] W€
™e OOOELENG.

“Eotw ¢ = c1 A...cp éva onrypdtumo g 3-Ixavomomowdttas. YroB€tovpe 6t vdbe 60og
™ms ¢ €xer axPas Tl dropa. Xe wdbe 6o ¢j = £, V £, V £;, avuotor(ovpe 10 00voro 6wV

Ci = {), (Uyy), (Ly5), (wy), (=, V =Ly,), (2L, V —Ls),
(_'£j1 \ _'eja)a (£j1 \ _'wj)a (ejz \ —|’UJ]'), (gj?, \ _'wj)}

6mov n uetofinmy w; eivou dapogetinn ywa xdbe ovvoro Gpwv Cj. To oivoro Gpwv ¢’ yia o
TEGPANUa s MEyiomng 2-Ixavomomoudmrog amoteleital amd ™mv Evaon Twv cuvéhmv épowv Cj,
j=1,...,m. Huwjrtov eivor 7m. To ¢' umopsl va vroroylotel amé mv ¢ og TOMOVUIHLS
YOOVO.

SUUQVAL IE TO TOQOTTAV®, VITAQYEL OTTOTIUNOT TTOV IXAVOTIOLEL TOWTOYO0VE. Tm Gpovg Tov ¢’
OV %O UOVO AV CUTY] 1] OTTOTIUNOT LXOVOTTOLET TOWTOYQOVO GAOVS TOUS GQOVS TS ¢, dNAadN av %l
UOVo av 1 ¢ elval IXAVOTTOL OLUY. O

Ynroloywopos I'oagoBemontirev Iagouérony

21 ouvvéyela, Ba amodeiEovpe 6Tl 0 VITOAOYLOUGS CQUETDV YQOPODEMONTIXRDV TOQANETQWY CTTWG
T0 NEYeOOC TOU EYLOTOV OUVOAOU aveEaTnoiog, To NEYE00g T eAdLOTNG #AiOg, TO NEYEDOS TOV
ehdixloTov ovvehou xdiuvymg avtiotoryel oe NP-mthrjon moofiuota ammépaong.

"Eva ovvodo aveEagtnoias (independent set) evog un-zoatevBuvopevou yoagpiuatog elval €va
OUVOLO ROQUYADV XWEIS 0XUES HETOED TOVg. 2T0 MEAGPANUA Tov MEyiotov Zuvéhov AveEaQTnoiog
(Maximum Independent Set), diveton €va pn-zatevBuvépevo yodgnuo G(V, E) nou €vog guotrds
opuog B. To Tnroduevo eivar av 1o G megiéyel ovvolo aveEapmoias ue B 1] meQuoodtepeg
ROQUEC.

Oedonpa 7.6. To medpfinua tov Méyiorov Svvilov AveEaotnoiag eivar NP-mhijoe.

AmodeiEn. Mo NDTM modvmvupuzoy xodvou uwoel vo “povtépel’” éva ovvolo aveEapmoiog
ney€Boug B (epAoov UTdyeL) ®ot va eLBEPOLDOEL GTL GVIMS TTEOXELTAL YLt OUVOAO aveEapnoiag
oe x06vo O(n?). Emopévae, 1o Méyloto Sivoho AveEapmoiag (MEA) avijxet oto NP,

Mo va amodetEovpe 6t 1o MZA eivow NP-mhfjpeg, B avdyovpe to medfinua g 3-
Izavomomowdtrag oto MEA. "Eotw ¢ o hoyry] modtoon pe m 6Qovg »ou 1 PETOPANTES O
3-3XKM. Xwoic pAAPN e yevirdtntag, Bewpotue 1L xdbe 60og €xetl aropns 3 dtopa. Oa noto-
oxevdoovpe €va yodgnua Gy (V, E), |V| = 3m, mov Ba €ygl éva ovvoro aveEaptolog peyéBbovg
m oV ROl WGVO OV N ¢ EIVOL LXOVOTTOOLUY).

I my roraoxevy Tov yooagiuatos Gy, #dbe 600g ms ¢ avamapiotaton pe €va tolywvo. Kdde
dToNo TOU GEOV AVTIOTOLYEL O 0L XOQUEPY TOV TELYWVOV. ATVO XOQUEPES JLAPOQETIHMV TOLYDVWV
OUVOEOVTOL NE O] 0LV %Ol UOVO OV CLVTLOTOLYOUV O€ OUUTTANQMUATIXRG dTopa, Onhadn droua wov
to €va. elval n dovnon tov dAOV, Y. T; %ol —x;. ~Eva moodderyna g avoymyng QaiveTol oto
Zyiuc 7.3

Tomxd, €0tw ¢ = c1 A. .. Acpy, he #dOe 600 va. €xeL ™ poepn ¢; = £, VL, VL;,. To yodenua
G»(V, E) €xeL 0:0voho %OQUPGHV

V=A{vji:j=1,....mzai=1,23}
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Yyrae 7.3: "Eva mapdderypo e avoywyng and mv 3-Ixavomomoipndmta oto Méyioto Xvvoho
AveEapmotog. H Moy modtaon sivan ¢ = (21Va2Va3) A (—xlV -x2V —=z3) A (-x1V 22V 23)
[33, Zxiua 9.2].

%O GUVONO ORIV
E={{vji,vjx} :5=1,....muowi #k}U{{vj,vpr} : j #puoulj =L, }

Ymdoyel AOmov (e, 0Quen yia #de gugpdvion atopov o€ ®dbe 6po. H mod oudda axpdv
Iuoveyel ta m Tliywva OV aVTLOTOLK oYV 0Toug 6povs. H devuteon opddo axpwv ovvdgel Oheg
TG CUPTANOWROTLES eppavioels e duag petafinmis petagv tovg. H navaoxevy tov Gy pmogel
VoL YIVEL 08 TOMWOVUULRG XOGVO.

Kdbe toiymvo ouvelopéQel To Told pio xoQuen oe €va ovvolo aveEapmoiag. AQo rovEVO 0U-
Voo aveEapmolag Tov Gy Oev €YgL TEQLOOGTEQES amtd ™ ROQUYES. Emiong, dvo ovpumAnowpominég
gugpavioels mg Ouag petafinms (m.y. x; xow —z;) dgv avijrouv oto dlo ouvolo aveEoQmoiog
yiati ouvd€ovtal pe oxpy.

H ¥€éa elvon 611 Gha 100 dTopa eveg ouveAou aveEamnoiag umoget va €xouvv v Tipy| 1 og wia
amotipmon. Av 1o G4 €yeL oUvoho aveEapmotog HeYEOoUS m, 1) OmOTIUNON VT LXOVOTTOLEL TNV ¢
vt dtvel i 1 og €va dropo amd wdbe 6po. H amotiunon avty elon cuvemng yiatt dev €xovue
CUUTANQWUOTIXES EUPOVIOELS TNG (OIS NeTAPANTIS O0TO Ovvoho aveSaQTnoiog.

TN to aviiotpogo, BemEovpe Lot OTOTIUNOT TTOV LRAVOTIOLEL TNV ¢ RO EMAEYOUUE €Vl ATONO
pe g 1 omé #dbe 6po. Ov avriotoryes ®0QUEES amotelovv Eva ovvoro aveEapmoiog Tov Gy
YTl avirouV o€ JSLAPOQETIXA TOIYWVO %ol OEV TQORELTOL YIOL CUUTANQWUATIXES ENPAVIOELS TNG
idrog petaPinmig, agov Ta dtopa alnbevovy tavtdyoova. Emeldn €xovue €va dtopo amd xndbe
600, TO GUVOAO OVEEAQTNOLOS EXEL M ROQUPEG. O

Sty moaypotwdmta amodeiEapne 6t To mEAPANU Tov Méyiotov Zuvélov AveEaQtnotog ma-
papéver NP-thjoeg axndun ®ow oL ®0QUEPES TOU YQOPHUOTOS €L0GO0V (ITOQOTY Vo dLaieQLoTouV
oe E€va pueta&l Toug tolymvo. AmS v AAA TAEVQA, VITAQYOVV AORETES ELOIRES TEQUITWOELS TOV
Méyiotov Zuvéhov AveEaptoiag mov givow Mivovial og moAvmvupuxs xoovo. T moapddsrypa,
otav to yodgmpo eloodov elvar duuees, N anddelEn tov Oemonuartog tov Konig (BA. m.y. [12])
anotelel ovolaoTvd Eva, TOAVWVUIKO alyooLOno Yo to Méyloto Zvvoho AveEapnoiog.

Aoxnon 7.8. Na amodeiEete dt 10 MESPANUa Tov Méyiatov Zvvéhov AveEapmoiag eivon oto P
OTav GAES OL ROQUYPES TOV YQOPNUOTOS €ELGO00V €xouv Babud 2.
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Avan. “Eva yodgnua pe Gheg Tig #0QUEES Tov Pabrot 2 amoteleltal amd v Evoon EEvav netagl
Toug oV ®Uxhov. Xwic PAAPN e yeviotntag, Bemoolue 6Tl To YOAPNUOL EIVAL CUVERTIXO,
Ohady mooxertan yia Evav amhd wixho (av Oev elvol CUVEXTIXG, OVIIUETWOTCOUNE ®ABE ®UT%AO
EeyxwoLotd). To Méyioto Zuvoro AveEamoiog €xel [n/2] ®0Qués, 6mov 7 0 ouvoMrAS aLBUGS
TV ROQUPOV TOV YQOPTUATOGC. O

Tevindtepa, yia 6ha 1o NP-mhjon moofifjpata, vrdeyouv eldmés TEQUITWOELS OV AUVO-
vion 0g wolvwvupuxo xeovo. T mapdderypa, ta moofhijuata g Ixavomomowpdmrog (Oed-
onua 7.4) now mg 3-Ixavomomowdmrog (Oenonua 7.5) eivon NP-mtinon, olid to medfinua g
2-Inravomomopomrog, dMAadn 1 eduy megimtmwon dmouv xdbe 6pog €xel To mOAD 2 dropa, elvor
oto P (@ewonua 6.3).

"Eyovtag oov onueto exxivnong to medfAnua tov Méyiotou Zuvéhov AveEapmaoiag, progovue
va aodeiEovpe GTL peQurd axdun yoopobewonuxd mpofiinata eivar NP-minon.

Aoxnon 7.9. Xe éva un-ratevbuvopevo yodgnua, xAixa (clique) elvor €va oUVoho ®0QUEYMOV GOV
%d0e Cevydol ovvdéeton pe axprj (ue dAa ASylo, TO avTiOTOL(O ETOLYOUEVO UTTOYQAPNUOL ELVOL
TMES). Zto mESPAua g Méyiomg Kiirag (Maximum Clique), diveton €va pin-»otevfuvouevo
vodgmuo G(V, E) won évag puords aobpds B. To tnrovuevo gival av 1o G meguéyel xhixa ue B
1 teQLoodTeEQES ®OoEUPES. Na amodeiete GtL 10 mEdPAnua s Méyiome Khixag etvou NP-mArjoec.

Avan. To medPinua tng Méywotmg Khirag oto G eivon 1oodivopo pe 10 mdfinua tov Méyiotou
Suvéhov AveEapmolag oto oupmAnompatixd yodenuo G. O

Aoxnon 7.10. Zg éva pn-rotevbuvouevo yodgnua, €vo ouvolo roouewyv C' ovoudletal ovvolo
xdAvymg (vertex cover) dtov xdOe oxp €xel Tovhdyiotov €va amd ta dxoa g oto C. 210 mEo-
Anua tov Erdyrotov uvéiov Kahvyng (Minimum Vertex Cover), divetal €va un-xatevBuvopevo
vodgnuo G(V, E) »ou évag guowrds apbuds B. To Tnrovpevo eivan av 1o G meQLéyel ouvolo
ndhvyne ue B 1 Mydtepeg xopuepés. Na amodeitete 6t 1o mpdfinua tov Eddyiotou Suvéiov
Kdalvyng eivar NP-mnpec.

Avan. "Eva otvoro xogupav X C V eivar ovvolo aveEamnoiog av xot Hévo ov oL UTGAOLITES
#0QUPES (dnh. to ovvoro V' \ X)) amotehotv éva otvoho rdivymg. Tlodypatt, ot ®0QuEég Tov
X dev €youv axrpég HETOED Toug av o POvo av xdBe axpt] €xeL TOVAGYLOTOV €vo. d®QO TS OTO
V\ X. Emouévawg to X C V amotelel éva Méyioto Zovoho AveEaQtnoiag av xow uévo av to
V' \ X amotehet éva Ehdyioto Zivolo Kalvyms. H avaywyrj eivon Mooy tetouupévn. To G éxel
0UvVohO ®AAYMG te B 1j AyOTeQes ®0QUEES av »al udvo av €xel otvolo aveEapmoiag pe |V | — B
1 TEQLOOGTEQES HOQUYPEC. O

7.4 Biphoyoagirnés Avagogés

To Bpiio Twv Garey xat Johnson [20] eivou ®hoowxs xow amotelel avoupiforo onpeio avapods oe
0épna NP-minodmrag. To [20] dwamparyparetvetar v évvolra tng NP -minodmrog omd Bemontiry]
RO TTQOXTLNY] OXOTILAL ®ouL €L o extevéatary Aiota amd NP-mhjon moofhjuata.
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H Ozwpio NP-mhnodmrag magovotdletor dieEodind eviaynévn oto YeEVIRGTEQO TAAIOLO TNG
EVVoLag TS TANEOTNTOS ¢ TEOS Mia #hdomn molvmhoxdtnrog oto [33]. To [33] €xer ovvreléoel
onuovtrd oty moapovatoon e NP-mingdtntog oe avtd 1o xepdhato. AQxetd moQadeliypato
%O OLORNOELS €OVV TEOEEYOVTOL 0Ttd To [33].

Iotopuxd, o Jack Edmonds (.. PA. [16, 15] zow arviiotoryes avagogég oto [33]) diatimmoe yia
TEWMTN POEA TNV ELXAOIC, OTL VITAQYOUVV TQOXTIXA TQOPANUOTO TTOU €V AHVOVTOL G€ TTOAMVUILRG
¥0o06vo, ®ai doa o P elvan diapopetind amd 1o NP, Zav mpdto vroynplo mpdpfinua, o Edmonds
mpdtewve 1o ITpdpAnua tov ITeprodevovrog IlwAnti. O Edmonds emiong mpodiéyponpe Gl woAAd
omd Tow mEoPAjuate Tov deV MHVOVTOL 08 TOAVWVUIUKRS XOOVO ouvdgovial otevd Petal Toug
(évvora tov NP-mAjpous mpofiuartog).

To Bewpnua twv Cook-Levin xouw 1o mpwta NP-miion moofijuata amodelyOnrav otg €o-
voaoteg [8, 28]. TToAld Bepehdddn mpopAjuata amodeiyOnrav NP-thjon oty epyacio [26].
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A Emildvon Avaogoptzov XyEoenv

e avty mv evomta Bo maovoldooupe TEELS Pactnés peBdoUS Lo TNV EXTIUNOT TS ALOVUTTTO-
TUNS OVUTTEQLPOQAS AVOOQOIRMDV OXECEMV OV TQOXUTTOUV XKATA TNV OVAAVON OVOLOQOKAV Oh-
vopiBuwv. Zvyrexouuéva, Ba magovoidoovpe ) néBodo g emavdinyng, ™ uébodo g avu-
ratdotaons, xot 10 Oewdonua tov Kupilapyov ‘Ogov (Master Theorem). Ta GAeg Tig avodQOMnES
oyéoglg avmig g evétrag, Bempovpe 6t T'(1) = O(1) Gmov dev avapEQETOL QLY CUVOTXY.

A.1 ME£6odog tng Emaviinyng

H Baowr] Wéa g nebddov g emavdnymg eivor va avomtiovpe v avodoouxy oxgéon oe
dBgotopa zal vo vroloyioovpe tov #Aeotd timo tov. [ mopddetypa, ag Bemoroovpe v
TOQOXATW avodQoxy oxéon:

(A1)

T(n) = 2T(n/2) +n avn = 2% yio wdmow k > 2
] 2 avn =2

H vnéBeon 61 1o n mpémer va gival duvopn 2 yIVeToL Yo VoL ao@UYouUE TNV TEQITTMON OV TO
n/2 dev giva axéQouog.
Avamtiooovtog TV ovodQoxy] oyEon €YOuNE:

T(n) = n+2T(n/2)
n+2n/2+ 22T (n/4)
= n+2n/2+22n/2% +21T(n/2%)

= n+2n/2+2°n/2% + -+ 27 /27 4 20T (n/2")
= ni+2'T(n/2Y)

Av B€tovpe © = logn — 1 oty moamdve 1odTTa, 1 AVATTUEN TS AvadQOUNS TEQUATICETAL aLpoy
n /219871 = 2. Emopévacg, T(n) = nlogn.

H d€a g uebddov g emavainymg eivor oAy, dAAd 1 epoouoyrq g ouyvd odnyel oe
TOAUTTAOXROVS aAYEPOUKOVUS VTTOAOYLONOUS. AUO elval oL ONUAVTIXGTEQES TAQAUETQOL ROTA TV
€POQUOYN TNG HEBAd0V: 0 CEIBUGS TWV ETOVOMPEDV YLOL TNV TTAREY OVATTTUEN TG atvadQouns (dmA.
néyoL To onueio mov epOUQASCeETOL M AEYIXY] CUVOTRY), KAl O VTOAOYLOUGS TOu 0BQOIoUOTOS TWV
GOV TOV TEOXVTITOVV S ®dBe enmimedo avdmTuEng g avadoouic. H epaguoyn me nebédov mg
eTAVAAMMG STV 1 vadQopLRY oY €0t 0QICeTol e TAVM 1] ®ATW OXEQOLAL UEQT) UTTOQEL VoL OON YT OEL
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n n
/\ N
(n2)? (n/2)? n’2
log n +

(/4Y (4} (WA ()Y n*4
A A A A

I\ I\ /\ I\ +

Tovodro: O(n’)

Tyrua A.1: To dévipo me avadoouic yia my oygon T'(n) = 2T (n/2) + n?.

o€ mohimAoxeg alyefowmés exgpodoels. Ta TV eXTiUNON TS QOVUTTOTLRNG OUUTEQLPOQAS MO
avodQorNg ox€ong, uroouue va vrofécovpe L To #AAOUA VA QIVEL TAVTOL AREQOLO ATTOTEAEONAL
(.. omv oxéon (A.1) vmoBéoape 1L to n givon dvvaun Tov 2).

Mia amhi zow xorowun pEBodog yiow TV avomodotaon TS avamtuEng wog ovadopxrig
ox€ong elvar 10 O€vrpo s avadooutjs (recursion tree). To d€vigo g avadoopis emTQEmer TV
ROAMITEQN 0QYAVWON TMV OAYELQIADV VITOAOYIOUDV KATA TV OVATTTUEN TG avadQoxig oxEong.
“Eotw 1 avadoomxti oxéon T(n) = 2T (n/2) + n%. To dévrpo mg avadoomic yio ovtij mv
oxéon gatvetal oto Zyniua A.l. Iapatngoipe 61l | ouvelopoed #dbe yoouuis Tov dEvigoy o€
Wpog i (n ofCa Bewoeitar 6t Poloneton oe Wpog 0) etvar n?/28. Agot ot #dOe emimedo 10 n
vrodumhaotdletan, To Vpog Tov dEvigov elvar logn (dnhadn 1o dévio €xer logn + 1 enimeda).
Eivau howmdv

logn logn
Z n?/2" = n? Z 27" < 2n? = O(n?)
1=0 1=0

o6mov yonopwomomjoaue 6t 1o dbgowona Twv k£ 4+ 1 modtwv 6wV TS YEWUETOUNS TEOGd0U ne
@10 G0 1 %an Aéyo 1/2 etvon 2 — 2%,

Aoxnon A.1. No vrohoyioete (o axQUpn] GCUUTTWTIXY EXTLUNON YLol T AVON TS AvOOQOMANS
oyéong T'(n) =4T(n/2) + n pe ooy ovvdixn T'(1) = 1.

Avon. To dévrpo g avadpouns €xel logn + 1 enimeda emedr] 10 n vOAITAACIALETOL O nAOE
enimedo. T #d0e i, i = 0,...,logn + 1,  OUVELOPOQE Tov emEDOL i eivon 2¢ n. Emopévac,

logn logn

T(n) = Z2in:n22i =n(2n — 1) = O(n?)
=0 =0

6mov yonopomonjoaue 6t 10 dbgolona Twv k + 1 modtmv GomVv TS YEMUETOIRNS TEOGdOU e
modT0 600 1 ®now Adyo 2 eivou 28+ — 1. O
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Aoxnon A.2. No MioeTe TNV TOQARATW ovadQomxy ox€on xonotuomotdvtos ™) néBodo me emavd.-
Ampmge:

(A2)

T(n) = 2T(n/2) +1 avn =2k yua wdmowo k > 1
1 avn =1

Avon. Avamticooviog v avodoopwri oyéon oe i emimeda, maiovovpe T(n) = i + T(n/2%).
O¢tovtac i = logn, N avdmruEn me avadoomic Teopatitetar agot n/2'8" = 1. Emopgvac,
T(n) =logn + 1. O

A2 Mé€00dog TS AvTiratdotaong

H Baown 10€a g nedddou e avuratdotaons ivor vo HavIEPYOUPE T HoQer| TS AUong ®xat vo
YONOWOTOWOOUPE Pabnuotnt] emorymyn yuo va amodei€ovpe 6t ) Adon etvon owot. H pébodog
elvou oA o 1ove, oAG utoel va epaQUOOoTEl HOVO GTAY WTTOQOUIE VO LAVTEWOUILE T LOQPY]
™g Avong.

TN mopdderypa, ag Bemeiioovpe v avadoopxt oxéon T'(n) = 2T (n/2) + O(n) pe agyxy
ouvvOrixn T'(1) = ©(1). Zmv meonyoluevn evémto omodeiEape pe ) né60do g emavalmyms ot
n oxéon (A.1), mov eivon ohovoteen ahhd apdpota, €xel Aion O (n logn). Oa xENOWOTOWCOUNE
™ uEBodo e avurardotaons yio vo omodeiEovpe 6on T'(n) = O(nlogn).

Mmogovue va aryvoriooupe TS IxEES TES Tov 1 emeldr] BEhovue vo amodeiEouvpe wa aov-
urtwti extipnon ywoeto T'(n). "Eotw ¢i, ¢ € IR o1 0ta8e0€s mov “roifoviar” otov mpoobetind
600 O(n) me avadoouwrric oxéonc!. Emaywymd vrodétovpe 6t

c1 (n/2)log(n/2) <T(n/2) < ¢z (n/2)log(n/2)
IlpoéneL amodeiEovue o
cinlogn < T(n) <cynlogn
Iodyunatt, XONOLMOTOLHVIOS TV OVOIQOWXY] OYEON, TAIQVOUNE:
T(n) >2c (n/2)1log(n/2) +cin=cin(logn—1)+cin=cinlogn
%ol
T(n) <2c2(n/2)log(n/2) +can =con(logn —1)+can =canlogn

onwe amouteitar. AmodeiEape howdv 6t T'(n) = ©(nlogn).

A2.1 Aoy Merafintov

3¢ ®ATOLES TEQUTTAOELS, MO OVOOQOULXY] OYEON UTOQEl va. amhomonOel onuoavtind pe ohhoyn
netafinrdv. T mapdderypa, ag Bempricovue v oxéon T(n) = 2T (y/n) + logn pe ooy
owbifxn T(1) = O(1). Oftoviac m = logn, maipvovpe ™V oxéon T(27") = 2T(2™/?) +
m. Mmogoipe va petovoudoovue to T'(2™) og S(m) »ouw va. odnynbovpe oty oyéon S(m) =
28(m/2) + m pe agywq ovvbixn S(1) = O(1). "Exovue 1jidn amodeier 6 n Mion ovtig g
oygong eivaw S(m) = O(mlogm). TQOyHOTOTOIHVIOS TNV CVTIOTQOPY VTIRATAOTAON, TOIQVOUE
T(n) = ©(lognloglogn).

"Tvmind, Bewoovue Jt 1 avadgopunii oyéon sivor T(n) = 2T (n/2) + f(n), énov f(n) = O(n). Ané 1oV 0QLOUS
TOV AOVUTTOTIROY OUpfolopot O, vrdoyouv otabeQss 1, c2 € IR této1eg wote c1n < f(n) < czm.
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Aoxnon A.3. No Mioete T TOQArATw oVOOQOUIRES OXE0ELS BemE®VTaS oav oyl ouvOnxn
T(1)=1.

1. T(n) = T(n— 1) + 3.
2. T(n) = T(n—1) + 2n.
3. T(n) = 2T(n/2) + n.
4. T(n) = T(n/3) + 1.

5. T(n) = T(n/2) +n.

6. T(n)=2T(n—1)+1.

A3 To Oedgnua tov Kvptagyov ‘Ogov

To Oedonua tov Kvpiopyxov ‘Opov (Master Theorem) amotehel por eixohn cuvtay yior v
emihvon avadoouxrav oyxéoewv ™ms poepric T'(n) = aT(n/b) + f(n), Gmov a o b elvon otaOeQEg
%o f(n) elvon pior Oty ouvdemnon.

To Bedonua tov Kupiagyov ‘Ogov dtaxgivel 11 axdhovBes TQELS TEQUITDOELS:

1. Av f(n) = O(n'°8 2=€) yia xdmola. ota0eod € > 0, 1618 T'(n) = O(n'°82),
2. Av f(n) = O(n!%8 ), 1616 T'(n) = O(n'°% *logn).

3. Av f(n) = Q(n!8 ) yia xdmowa otafepd € > 0, nou vdoyel otafepd ng € IN tétol0
dote yuo vdbe n > ng, a f(n/b) < f(n), 16te T(n) = O(f(n)).

Katd g egapuoyn ov @swonuatog tov Kvpiapyov ‘Ogov, N neyoliteon o Tig CUVOQTHOELS
f(n) won n'o8 @ (). o wvplayoc G00c) raBopitel ™ Aion Mg oxéone. SV TEGT TEQIMTWON,
N f(n) moémer va givar molvwvupxd uxedteon (dh. va vroleimetol xatd Vo ToQdyovTo ne)
amd Ty n'°8 ¢, X devteon meolnTwon, oL cuvaTioels f(n) xat n'°8 ¢ mogmer va £xovy my (dol
TGEN neyébovs. Zmv toitn mepimtwon, N f(n) meémel va eivow TOAOVUIRA HEYAATTEQY A6 TV
n1%85 @ yon vou ieavomotel ™ owvOiun a f (n/b) < f(n) yio peydhec e Tou n. Yrdoyer andum 1o
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evoeYOueVo M f(n) va unv eVIGooETOL 08 RATTOLAL 0Tt TS TTOQOTTAVM TTEQUTTMOELS KO TO Bedonua
VoL UMV EQOQUOCETOLL.

Sav mdTo madderyua, Bemootue ™y oxéon T'(n) = 9T (n/3) + n. Eivaw a =9, b = 3, »au
nlo8 @ = ploBsd — 12 A@ov f(n) = n, eQUQUSTOVILE TV TOMTN TEQITTOON TOV OEWONIATOS %Ol
nadovovpe T'(n) = O(n?).

Sav devtepo mopdderypa, Oewooipe v oxéon T'(n) = T(2n/3) + 1. Elvawa =1, b = 3/2,
way nlog @ = plogs2l — 0 — 1 — f (n). Emouévmg egaouilovue ) delteon meQimtmon tov
Bewonuatos xol maipvovue T'(n) = ©(logn).

To mv avadoomxy oxéon T(n) = 3T (n/4) + nlogn sivou a = 3, b = 4, wou n'°&* =
nlo8s3 ~ 03 Agov f(n) = nlogn xou 3 f(n/4) < f(n) epopudtovpe mv Tt TEQIMTWON
Tov Bewonuatos o maipvovue T'(n) = O©(nlogn).

Sav éva tehevtaio mopdderyua, Bemgovue v oxéon T'(n) = 2T (n/2) + nlogn. Tagam-
Q0UpE GTL deV PTOQOVE Var EPOQUGCOVIE TO Bedonua YLl 1) ToosT T nl%8 @ = nlog22 = Sev
elvall wolvwvvuixd wixodteon omd ™ cvvdemon f(n) = nlog n. Xonowomowdvias 1o dEVTQo g
avadoic, proeovue vo. arodeitovpe 6t T'(n) = O(nlog? n). O Aemtopoetes agrivovion oo
Ao%NON YLOL TOV OVALYVAOTH).

Aocxnon A.4. No vohoyioete axQLPels AOVUTTOTIXES EXTIUNOELS YO TLS AVOOQOMARES OYECELS:
1. T(n) = 6T (n/5) 4 nlog® n.
2. T(n) =5T(n/6) + n.
3. T(n) =3T(n/9) + /n.
4, T(n) =T(n—1)+n2
5. T(n) =T(n/5) +T(7n/10) + 3n.

6. T(n) =T(5n/9) + T(4n/9) + n.
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B Emwroalvntovra Aévroa

Kafe vroypdgnua mov givon d€vtoo o weQuhapfdver (RaAUmTel) GAES TIG XOQUYES EVOS YOO
T0g ovoudieton emxalvmroy O€vtoo (spanning tree) TOU YOOPHUATOS. AMES EMANVIRES OOOGOELS
Tov (Oov Gpov elvar: YeVeTHd dEVTQO, YeEVVNTOOWO dEVTQOo, mopdyov d€vigo, diaviov dEvTQo,
d€vTpo-ralvua, ot ouvdeTIHG dEVTQO.

Oevonua B.1. "Eva yodonua eivar ovvextixd av xat uovo av €xet Eva. emnalvmrov dEvroo.

Amodei&n. Av vrdeyel VTOYQAPNILOL TTOU RAAUTTEL OAES TIC KOQUEPES TOU YQOPYIOTOS XL ELVL
O€vTo (doa ouvexrTIrG), TGTE TO YOAgNUO deV NITOQEl TARd VoL elvar CUVERTIXG (apoU 1) TTEOCHN®N
TV XUV TOU AEITOUV OTADS “EVIOYVEL” TN OUVERTIXOTITA).

Av 10 yodgmua gival ouvertind, Bewpovpe €va vmoyedgnua T mov aQyrd CUUTITTEL UE TO
vodgnuo.. Emopévag, 1o T #ahUmTel GAEC TIG ROQUEES TOV Yoapiiuatos. Evéow to T' €xel winhovg,
apoQoune pia axpy mov Potoxetal og xunho. To T moQOauEVEL CUVEXTIRG Ao 1) OLPOLIQEDT] MOLS
oxpic wov Poloxretal o€ ®Unho OV emnEedlel ™ ovvexrtirdmra. Avtin diadiwacio ohoxAnowvetat
otav 1o T yiver oxvrhxd. e avti ™ @don, 10 T’ ToQAUEVEL GUVERTIHG (OTTG TV ROTOOKEVT]) KO
ouvveyiCel vo o imTeL GAES TIG OQUEPES TOV 0QYROU YQOPHUATOS (alpoy TTOTE dEV APOLQECONE
®ATOLOL ROQUEPY). ZUVETMS, TO VTOYQAPNUO TOV TQOXVITEL ald oty T Owadwacia efvon €va
EMROAUTTOV SEVTQO TOV CLOYLXOV YQUPHUATOGS. O

A6 1o Oedpnua 5.1, #dbe emrolinTtov EVIQO EVOS YQOPNUOTOS UE T ROQUEES €xeL n — 1
oxpés. Me dhho Adyo, Sha T emnolimTovio dEVIQa eVOS yooeHuatos €xouv Tov idlo agliud
OXUWDV.

H anddeiEn tov Osmworjuarog B.1 divel €vav to0mo va vitoAoyicoupe €vo emrolimtoy 0EVTQo
eVOg ouvexrTinoy yoagpiuatos. "Evoag dhhog todmog gival vo Bemprioovue Tig axpés tov G uio-
TOOG-ioL 08 Lt (0TTOLAONTTOTE) CUYREXQUUEVT OELQA ®OL VO TTROGOETOVNE OTO JEVTQO ®ABe VEQ
oxin wov dev oxnuoTiCel xUxAo ne TS vdeyovoes. Alhol Teomol elivar 1 Avatntmon Iowta og
IT\drog »al n Avalnmmon Ipdta og Bdboc.

B.1 OgpehMaders Kvrdot zar Xvvora Tourg

"Eotw ovvextixd yodonuo G(V, E) pe n #0Quegs »ow m oxpés, »ot éotw T(V, Er) éva emuohv-
nrov dévtpo tov G.

Iapatnoupe ot Yo ®dOe emmalimtov d€vigo T, ndbe xinhog Tov G TEETEL VO TEQLEYEL
war axpn ov dev avixel oto T' (ahadg 1o T' Bo meguelye wixho). AmS 1o Oedonua 5.1.(6), m
TEO0OxN ®dBe axwig mov dev avijrel oto T (dnhadij xdOe axwric oto ovvoro E \ Er) oynuatiCer

159



160 B. Emueahintovio. Aévrpa

oxQadg Evav xixho. Kdbe té€tolog ®inhog ovopdleton Osuedicddns xvxiog tov G wg mEOS TO
emrakimrov dévigo T. Agov to ovvolo E \ Er meguéxer m — n + 1 anpég (autég o ompég
Aéyovtan row y0edés (chords) tov T'), vmdyovv m — n + 1 duopogetinol Bepeddelg xixhot Tov
G wg mpog ®dBe emnolimTov d€VTQo Tov.

"Eva ovvolo axpdv twv omolmv M apaipeon wdvel 10 G un-ouveRTIvG OVOUdleTon avivolo
towjs (cut set). Ilapoamoeovpe 6t yia ®dfe emxroakinrov dévigo T, ndbe ovvoro tomig tov G
TOETEL VOL TEQLEYEL Ll ] wov dev avixel oto 1" (ahhig to T dev Ba ftav ouvexTivd). ATS 10
Ozvonua 5.1.(3), n agaipeon »dbe axpuic Tov T dnuoveyel dvo cuvexTinég ovviotmoes. "Eotw
e € Er wo axprj tov T, nou éotw Vi won Va o1 #0uggs tmv 860 ouvertxdv ouviotwody tov T'\ e
(M. oL oVVIoTDOES OV TEORVTTOVY aTtS TV agaipeon s axwiic €). "Eotw 6(Vi, Va) 10 ovvolo
TV ORUDV TTOV EXOVV TO §Va dxQo Tovs 0To Vi #ou 1o dhho oto Va. Tlpogavag, e € 6(Vi, Va) nan
10 0(V7, Vo) ammotehel éva ehoiototind ovvoho Touwrig yia 1o yodgnua G. Kdbe oivolo topig o
TQOXVTTEL UE OUTA TOV TEOTO OVOUdLeTal Oeuediiddes avvolo Tourjsc 1ov G g TEOS TO EMHANITTOV
dévtpo T'. Agov 10 ovvoho Er megiéyel n — 1 anpués, vadoyovv n — 1 dtopogetind Oepueidon
ouvola Toprig Tov G g Eog xdoe emrAAUTTOV OEVTQO TOV.

e €va yodgmua, T0 0UVOAOo CAOV TV RUXAMV (GUVOAMV TOUS) OTTOTEAEL EVOL JLAVUOUOTIXG
x®eo. H onuavtinn mogotionon givor 6t to oGvolo Tmv Bepe Mmwddv ®ixhwv (ouvElmv Topric) wg
7P0g €va, omtolodNmote emkaAUTTOV d€VTQO Tov G amotelel PAom YLo TO ALAVVOUATIXG XDQO CAWV
TV ®xAwV (aviiotoryo ovvoAwv tounis). Emopévog, n didotaon tov diavuopuatixot xidoov Tmv
RORADV (CUVOADV TOUNS) YL EVOL CUVERTIRG YOAPNUOL UE 10 ROQUPES RO M OXPES elvan m — n + 1
(n — 1 avtiotoya).

Oedonna B.2. Kdbe xiixlog éxer dotio apibud oy axudy ue xdbe eAayiototixd avvolo tours.

AmodeiEn. H agaipeon evig ehaytototinol cuvohou Topfg YwEICEL TIG ROQUYES EVOS YOOPTUATOS
oe dvo ovvexrtrés ovviotdoes. KdbBe winhog yonowomolel axpués 1ov ouvélou Topnis yia vo
“emione@Oel” now vo “ovaywEnoel” amd (ol CUVEXTIXY ouvioTwoo. EmmAéov, o aguluds tov
“EMOREPEMV” EVOS ®VXAOV OE L. CUVEXTIAY OUVLOTADOM TEETEL VoL elval (00¢ e TOV aQLOUS TV
“avaymonioenv’. ‘Eotw £ = ai 0 dplBuds TV “emOrREPEWV’ KOl TWV “OVIYWOOEWV” VO
®Unhov ot pio artd Tg 000 oVVeERTIXES OUVIOTWOES. O aQLOUGS TWV KOWVADV OXIDY TOU ®UXAOU L
TO QVTIOTOLYO EACLYLOTOTIRG OVVOAO TOUNS elval £ + ag = 2ek, MMAadN doTLoS. O

Aoxnon B.1. "Eotw T xouw T" 800 emxolimrovia dévipa evig (ouvertxov) yoagiuatog G. T
#dBe o e € T\ T, vrdoyer oxpj €' € T\ T, této10 dhote 1o (T + €) \ €' eivou emnahintov
dévtpo tov G.

AVon. Agot e € T\ T, 10 T' 4+ e mepiéyet Evav amhd xixho mov megihapfdver v e. "Eotw
e € T wo oxpn awtod Tov ®ixhov ov dev avijxel oto T. Mo Tétola axpyj €' vrdoyet ywori to
T meoéxeL v e adld dev mepLéyel tov xixho. H agaipson g € agalpel tov ®ixho %o dev
ENNOEALEL T ouvexTdTTeL Suvende, 1o (T7 + €) \ € elvon emxakimtov dgvrpo Tov G. O

Aoxnon B.2. "Eotw T xow T &0 emxoalinrovia dévroa evig (ouvextizov) yoagiuatos G. Ta
#dBe oy e € T\ T', vrdoyer o €' € T' \ T, tétow dote 10 (T'\ €) + €' glvon emnahintov
dévtoo tov G.
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Avon. Agpougotpe v e omté 10 T %o TEORUTTOUY 300 CuverTRES ouvioTtdoes. "Eotw S wau V'\ S
10, 0UVOA ROQUPADY TV dJ0 CUVIOTWODY. Agoy 10 T dev mepLéyer ™V e ald elval CuVEXTIAG,
vrdoyer wa axpri € € T mov ouvdgel o xouen Tov S xan pe wa xoeuey tov V' \ S (e dhha
Moy, m e’ draoyiCer v topn 6(S, V' \ S)). H € dev avixer oto T yworl m mpootijxn g Oa
oynudnle ®oxho. Emopgvwg, M mpoobixn g € oto T\ e enavagEQet T CUVEXTIXGTITOL %Ol TO
(T'\ e) + €' elvou emxalimrov dévigo tov G. O
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