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Abstract

Resumptions are avaluable tool in the analysis and design of semantic models for concurrent programming
languages, in which computations consist of sequences of atomic steps that may be interleaved. In this pa-
per we consider a general notion of resumption, parameterized by the kind of computations that take place
in the atomic steps. We define a monad transformer which, given a monad M that represents the atomic
computations, constructs a monad R(M) for interleaved computations. Moreover, we use this monad trans-
former to define the denotational semantics of a simple imperative language supporting non-determinism
and concurrency.

1 Introduction

Modern computer architectures and operating systems have made it practical to execute different parts of a
program simultaneously. From the programmer’s point of view, it is often not important whether the parts of
aprogram are executed by different physical processors or by a single processor using atime-sharing strategy.
New tools are needed to define the semantics of concurrent programming languages, which allow the parts of
aprogram that execute simultaneously to interact with one another, typically using the same memory variables.

Resumptions have long been suggested asamodel of interleaved computation in the semantics of concurrent
programming languages. In brief, a resumption is either a computed value of some domain D or an atomic
computation that resultsin anew resumption. An extensive treatment is offered in [dBak96] using the theory of
complete metric spaces as the mathematical framework for domains. Many variations of resumption domains
(also called branching domains) for specific instances of atomic computations are investigated there.

In this paper, we propose a structured generalization of thistechnique. We allow the atomic stepsto perform
any type of computation, represented by an arbitrary monad M. Thus, we define the resumption monad trans-
former R, which transforms monad M to anew monad R(M) representing interleaved computations. Domains
constructed by R(M) satisfy the isomorphism

R(M)(D) = D+ M(R(M)(D))

which defines the essence of resumption domains. By introducing R(M') we obtain a general framework for
reasoning about such domains. For example, the domain

*This technical report is based on work supported by the National Technical University of Athens, under the Programme for the
Support of Basic Research “Archimedes’. Project title“ SynSemAL: Syntax and Semantics of Artificial Languages’.



D ~ U+ (S— P(SxD))

that is used in [dBak96] for defining the semantics of non-uniform parallelism (ignoring some complexities
related to the use of complete metric spaces) is exactly the same as the domain R(D(P))(U) that we use in
Section 4 for the same purpose.

The rest of the paper is structured as follows. Section 2 contains brief introductions to category theory,
monads and domain theory, that provide the mathematical background for this paper. In Section 3 we define
the resumption monad transformer R and in Section 4 we use it to present the denotational semantics of asimple
imperative language featuring non-determinism and concurrency. We conclude with Section 5.

2 Mathematical background

In this section we define the mathematical background that is necessary for the rest of the paper. The reader is
referred to the related literature for a more informative introduction and the proofs of the theorems.

2.1 Category theory

Category theory was developed in an attempt to unify simple abstract concepts that were applicable in many
branches of mathematics. Excellent introductions to category theory and its application in Computer Science
can be found in [Pier90, Gogu9l, Pier9l, Aspe9l, Barr9o6].

Definition 2.1 A category C is a collection of objects and a collection of arrows satisfying the following
properties:
e For each arrow f there is a domain object dom(f) and a codomain object codom(f), and by writing
f:z — yitisindicated that z = dom(f) and y = codom(f).

e For every pair of arrows f : x — yand g : y — z thereisa compositearrowgo f : z — z.

e Composition of arrows is associative, i.e. for all arrows f : 2 — y, g :y > zandh : z - witis
ho(gof)=(hog)of.

e For each object z thereis an identity arrow id, : © — .

e Identity arrows are identities for arrow composition, i.e. for all arrows f :  — yitis foid, = id, o f =

1.

Definition 2.2 Two objects z and y of category C areisomorphic if therearearrows f : ¢ — yandg: y — x
suchthat fog = idyand g o f = id,. Arrows f and g are called isomorphisms.

Properties of categories are commonly presented using commuting diagrams. A diagram is a graph whose
nodes are objects and whose edges are arrows. A diagram commutesif for every pair of nodes and for every pair
of paths connecting these two nodes the composition of arrows along the first path is equal to the composition
of arrows along the second. An example of acommuting diagram, implying that g o f = h, is shown below.
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Definition 2.3 A functor F' from category C to category D, written as F' : C — D, is a pair of mappings.
Every object z in C is mapped to an object F'(x) in D and every arrow f : z — y in C is mapped to an arrow
F(f): F(z) — F(y) in D. Moreoever, the following properties must be satisfied:

e F(id;) = idp) for al objectsz in C.
e F(gof)=F(g)oF(f) forallarrowsf:z —yandg:y — zinC.
Definition 2.4 An endofunctor on category C isa functor F : C — C.

Definition 25 If I : C — D and G : D — E are functors, then their composition isa functor G o F': C — E.
It isdefined by taking (G o F)(xz) = G(F'(z)) and (G o F)(f) = G(F(f))-

Definition 2.6 For every category C, an identity functor Idc : C — C can be defined by taking Idc(z) = =
and Idc(f) = f.

Notethat if F: C — Cisan endofunctor and n is a positive natural number, the notation F* : C — C can
be used for the composition of F with itself » times. The notation can be extended so that F2 = Idc.

Theorem 2.1 Functors preserve isomor phisms.

Theorem 2.2 ldentity functors are identities for functor composition, that is, if 7/ : C — D is a functor, then
Foldc=IldpoF =F

Definition 2.7 If F : C — D and G : C — D are functors, then a natural transformation »n between F' and G,
writtenasn : F' = G isafamily of arrowsin D. In thisfamily, an arrow n, : F/(z) — G(z) in D is defined for
every object x in C. Moreover, the following diagram must commute:

f F(f) G(f)
y Fly) —" G(y)

2.2 Monads and monad transformers

The notion of monad, also called triple, is not new in the context of category theory. In Computer Science,
monads became very popular in the 1990s. The categorical properties of monads are discussed in most books
on category theory, e.g. in [Barr96]. For a comprehensive introductions to monads and their use in denotational
semantics the user is referred to [Mogg90]. A somehow different approach to the definition of monadsis found
in [Wadl92], which expresses the current practice of monads in functional programming. The two approaches
are equivalent. In this paper, the categorical approach (presented here) is used for the definition of monads,
since it is much more elegant, and the functional approach (presented in Section 2.4) is used for describing the
semantics of programming languages.

Definition 2.8 A monad on a category C is a triple (M, n, u), where M : C — C is an endofunctor, 7 :
Idc = M and i : M? = M are natural transformations. For all objects = in C, the following diagrams must
commute.



M) 2L g2y 20y () Ll ppze
idM(x) Ha idM(I) K () Kz
M(z) M(z) 5 M (2)

The transformation 7 is called the unit of the monad, whereas the transformation . is called the multiplication
or join.

The commutativity of these two diagrams is equivalent to the following three equations, commonly called
the three monad laws:

Ha © MM (z) = ’dM(a:) (1st Monad Law)

pzo M(nz) = idp(e (2nd Monad Law)

oo M(pz) = pzopume) — (3rdMonad Law)

Definition 2.9 If C isa category, a monad transformer on C is a mapping between monads on C?

2.3 Domain theory

The theory of domains was established by Scott and Strachey, in order to provide appropriate mathematical
spaces on which to define the denotational semantics of programming languages. Introductions of various sizes
and levels can be found in [Scot71, Scot82, Gunt90, Gunt92]. Various kinds of domains are commonly used in
denotational semantics, the majority of them based on complete partial orders (cpo’s). The variation used here
is one of the possible options.

Definition 2.10 A partial order, or poset, is a set D together with a binary relation C that is reflexive, anti-
symmetric and transitive.

Definition 2.11 Asubset P C D of aposet D isbounded if thereisaxz € D suchthat y C « for all y € P. In
this case, x is an upper bound of P.

Definition 2.12 The least upper bound of a subset P C D, written as| | P, is an upper bound of P such that,
|| P C z for all upper bounds = of P2

Definition 2.13 A subset P C D of a poset D is directed if every finite subset F¥ C P has an upper bound
z € P.

Definition 2.14 A poset D is complete if every directed subset P C D has a least upper bound. A complete
partial order isalso called a cpo.

Definition 2.15 A domain isacpo D with a bottom element, written as L. For all elements x € D, it must be
1 C x.

Many options for the definition of monad transformers have been suggested in literature. Given a category C, monads on C
and monad morphisms (which have not been defined in this paper) form a category Mon(C). Monad transformers can be defined as
mappings between objects in Mon(C), as endofunctors on Mon(C), as premonads on Mon(C) (i.e. endofunctors with a unit), and as
monads on Mon(C). In this paper we have selected the first option.

2The notation a LI b is used as an abbreviation of | [{ a,b}.



Definition 2.16 Every set S defines a flat domain S°, whose underlying setisSU{ L } and inwhich z C y iff
r=yorx=_1.

A number of useful domains can be defined at this point. The trivial domain O is the flat domain that
corresponds to the empty set; it contains asingle element 1. A useful domain with asingle ordinary element
isU = { u }°. The natural numbers under their usual ordering < form aposet w which isnot acpo, sinceit is
directed and does not have aleast upper bound.

Definition 2.17 If D isa poset, an w-chain (,),c, IN D isaset of elements x, € D suchthat n < m implies
z, C .

Definition 2.18 Afunction f : D — E between posets D and E is monotone if z C y implies f(z) C f(y).

Definition 2.19 Afunction f : D — E between posets D and E is continuous if it is monotoneand f( | P) =
LI{f(z) | = € P} foralldirected P C D.

Definition 2.20 Afunction f : D — E between domains D and E isstrict if f(L) = L.

Definition 2.21 Arelation C can be defined for functions between domains D and F asfollows. If f,g : D —
E,then f C g iff f(x) C g(z) for all x € D.

Theorem 2.3 The set of continuous functions between D and E under the relation of Definition 2.21 is a
domain. Thisdomain isdenoted by D — FE.

Definition 2.22 An element = € D isafixed point of a function f : D — D if x = f(z).

Theorem 2.4 If D isadomainand f : D — D iscontinuous, then f has a least fixed point fix(f) € D, i.e
fix(f) = f(fix(f)) and fix(f) C = for all 2 suchthat z = f(x). Furthermore, fix(f) = ||, f"(L).

Theorem 25 Forall n € w, let f, : A — B. Letz € A. Then (., fn) (%) = U,ew fn() if the least
upper bounds on the left hand side exists.

Theorem 2.6 Domains and continuous functions form a category Dom.

To simplify presentation, in category Dom we often omit the parentheses surrounding a function’s argu-
ment, i.e. wewrite f z instead of f(z).

Definition 2.23 A functor F' : Dom — Dom is localy monotone if f C g implies F'(f) C F(g), for all
domains A and B and for all functions f,g : A — B.

Definition 2.24 A functor F' : Dom — Dom is localy continuous if it is locally monotone and F( | P) =
LI{F(f) | fe€ P}forall domains A and B and for all directed P C A — B.

Definition 2.25 If D and F are domains, then the product D x FE isa domain. The elements of D x F are
the pairs (z,y) withz € D and y € E, and the ordering relation is defined as (x,y1) C (z2,y2) < z1 Cp
2 ANy1 Eg yo.

Definition 2.26 If D x FE is a product domain, two continuous projection functions fst : D x £ — D and
snd : D x E — FE can be defined as fst (z,y) = x and snd (z,y) = y.



Definition 2.27 If D and E are domains, then the separated sum D + F isa domain. The set of elements of
D+ FEis

{(2,0) | e D} U{(y,1) | yeE} U{Llpsp}

The ordering relation is defined separately for each kind of pairs, i.e. (1,0) C (z2,0) < z; Cp =2 and
(yl, 1> C (yz, 1> < y1 Cg yo. In addition, J—D—i—E Czforalze D+ FE.

Definition 2.28 If D + E is a sum domain, two continuous injection functions inl : D — D + E and
inr: E — D+ E can bedefined as inl z = (z,0) and inr y = (y, 1).

Definition 2.29 If D, F and F aredomainsand f; : D — F and f5 : E — F are continuous functions, then
a continuous function [ f1, f2] : D + E — F can be defined as:

1p , ifz:J_D+E
[f1, f21(2) = ( fi(z) , ifz=(x,0)
faly) , ifz=(y,1)

Theorem 2.7 Let A, B and C be domains, f : A — C and g : B — C continuous functions. Then [ f,g] o
inl = fand[f,g]oinr=g.

Theorem 2.8 Let A and B be domains. Then [inl, inr] = id 44 p.

Theorem 2.9 Let Ay, By, Cy, As, By and Cy be domains. Let f1 : By — Ch, f2 : A — By, g1 : By — Cy
and g, : A2 — B becontinuous functions. Then [ fi o fa,g1092] =[f1,91]0[inl o fa,inrogs].

Theorem 2.10 Let A, B, C and D be domains, f : C — D, ¢, : A — C and go : B — C continuous
functions. If f isstrict,then fo[gi,g2]=[fog1,fog2]

Powerdomains are the domain-theoretic equivalent of powersets. They have been introduced as a tool
for modeling the semantics of non-deterministic programs and have been widely used for the semantics of
concurrency. In this paper we avoid afull definition of powerdomains; the reader is referred to [Gunt92] for a
detailed definition and a study of their categoric and domain-theoretic properties®

Definition 2.30 Let D be a domain. We write D for the (convex) powerdomain of D.

Definition 2.31 Let D and E be domainsand f : D — E a continuous function. We can define a continuous
function f* : D* — E".

Theorem 2.11 Bytaking P(D) = D' and P(f) = f* we can define an endofunctor P : Dom — Dom, which
is called the powerdomain functor.

Definition 2.32 Let D be a domain. We can define a continuous function { - |} : D — IJ, which is called the
powerdomain singleton function.

Definition 2.33 Let D be a domain. We can define a continuous binary operationd : D* x D' — D, whichis
called the powerdomain union. Furthermore, this binary operation isassociative, commutative and idempotent.

3We also ignore the fact that our category Dom of domains is not appropriate for the definition of powerdomains. The categories
SFP (of sequences of finite posets) or Bif (of bifinite domains) should be used instead. The reader is again referred to [Gunt92].



Definition 2.34 Let D be a domain. e can define a continuous function’ : D** — D*, which is called the
powerdomain big union function.

Theorem 2.12 The powerdomain singleton isa natural transformation between the identity functor Idb,» and
the powerdomain functor P.

Theorem 2.13 The powerdomain big union is a natural transformation between the functors 7 and P.

Theorem 2.14 The powerdomain functor P with the powerdomain singleton as the unit and the powerdomain
big union as the join define a monad, which is called the powerdomain monad.

24 Monadsand computations

An alternative approach to the definition of monads has become very popular in the functional programming
community. According to this, a monad on category Dom is defined as atriple (M, unity, x\). In thistriple
M isadomain constructor, unity : D — M (D) isacontinuous function and sy : M (A) x (A — M(B)) —
M (B) isabinary operation.

In the semantics of programming languages, domains constructed by monad M typically denote computa-
tions, e.g. the domain M (D) denotes computations returning values of the domain D. The result of unity v
is simply a computation returning the value v and the result of . %y f isthe combined computation of m,
returning v, followed by computation f(v). Monad transformers are useful to transform between different types
of computations [Lian95, Lian9§].

The following equations connect a monad (M, unity, x\) defined using the functional approach with a
monad (M, n, 1) defined using the categorical approach.

unity = 7 '
- L = dAm.m x\y id
msm f = (woM(f))m M(f) = Am.m xu (unityo f)

In the functional approach, the three monad laws can be formulated as follows.

m x\ Unity = m
(unity v) *m f = fuo
m km (Av. (fv) *m g) = (m *m f) *m g

An interesting remark is that these three laws are enough to prove that the equivalent (M, n, ), as defined
above, isindeed amonad, i.e. that M is afunctor (preserves function identities and composition) and n and 1
are natural transformations.

In this setting, it is useful to define two special classes of monads, equipped with additiona operations that
are useful for modeling the semantics of concurrency in programming languages.

Definition 2.35 A multi-monad isa monad M with a binary operation | : M (D) x M (D) — M (D), where
D isadomain.

Definition 2.36 A strong monad is a monad M with a binary operation < : M (A) x M(B) — M (A x B),
where A and B are domains.

The binary operation || of a multi-monad is used to express digunction in computations. In other words,
if M isamultimonad, D isadomain and m;,ms € M (D) are two computations, the computation m; || mo
indicates a (possibly non-deterministic) option between m; and mo. Moreover, the binary operation > of
a strong monad is used to express conjunction in computations. Let M be a strong monad, let A and B be
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domains. If m; € M(A) and my € M (B) are two computations, the computation m; 1 ms indicates that
both m; and my will be performed and their results will be combined. The option here relates to the order, if
any, in which the two computations will be performed.

3 Resumption monad transfor mer

The notion of execution interleaving isawell known one in the theory of concurrency. In this context, computa-
tions are considered to be sequences of atomic steps the nature of which depends on our notion of computation.
In isolation, these atomic steps are performed one after another until the computation is complete. Given two
computations A and B, an interleaved computation of A and B consists of an arbitrary merging of the atomic
steps that constitute A and B. Interleaving easily extends to more than two computations. The atomic steps of
any computation must still be executed in the right order, but this process can be interrupted by the execution
of atomic steps belonging to other computations.

Our primary goal isto define amonad transformer R capable of modelling generic interleaved computations.
Inthisway, if weare given amonad M which models the computations taking place at the atomic steps, we can
obtain a monad R(M) which models interleaved computations of such atomic steps. One possible solution to
this problem isto use the long suggested technique of resumptions, illustrated in [Schm86, dBak96] for specific
instances of M.

Generalizing this technique, the domain R(M ) (D) of resumptions must satisfy the following isomorphism:

R(M)(D) =~ D+ M(R(M)(D))

In this domain, atomic steps are arbitrary computations defined by M. The left part of the sum represents
an aready evaluated result, i.e. a computation that consists of zero atomic steps. The right part represents
a computation that requires at least one atomic step. The result of this atomic step is a new element of the
resumption domain.

We start by considering an arbitrary locally continuous monad M on Dom. The rest of the section is
organized as follows. In Section 3.1 we define an endofunctor Ry : Dom — Dom . In Section 3.2 we
define two natural transformations unit : Id = Ry, and join R?M - Ry and in Section 3.3 we prove
that (R, unit, join) satisfies the three monad laws. In this way we define the monad transformer R. Next,
in Section 3.4 we prove that R(M)(D) satisfies the aforementioned isomorphism by constructing the two
components k¢ and hP of the isomorphism. Finally, in Section 3.5 we define a few additional operations on
domains constructed by R(M).

3.1 Functor Ry,

We start by defining for each domain D an endofunctor Fy; p : Dom — Dom, and some auxiliary functions.
The domain R(M)(D) that we are trying to define is afixed point of Fys p.

Definition 3.1 Let D, A and B be domainsand f : A — B a continuous function. We define the following
mappings.
Fun(X) = D+ M(X)
Fur,p(f) Linl,inr o M(f)]
Lemma3.1 Fy; p(f)oinr=inro M(f)
Proof  Immediate from Definition 3.1. O



Theorem 3.1 Fj;,p : Dom — Dom isa functor.
Proof Wemust provethat F;r,p preserves identities and the composition of continuous functions.

1. Let X beadomain.

Fy,p(idx)

= ( Définition of s p (3.1) )
[inl,inro M(idx)]

=( M isafunctor )
Linl,inr o id y(x)]

= ( Composition with identity )
[inl,inr]

= ( Theorem 2.8)
idFM,D(X)

2. Let A and B bedomains, f : A — B andg: B — C continuous functions.

Fur,p(go f)
= ( Définition of Fyr,p (3.1) )
[inl,inroM(go f)]
= ( M isafunctor )
[inl,inro M(g) o M(f)]
= ( Theorem 2.9)
[inl,inro M(g)]o[inl,inro M(f)]
= ( Définition of Fyr,p (3.1) )
Fu,0(9) o Far,n(f) [

Itis not hard to prove that the functor F,, p islocally monotone and locally continuous. This result comes
easily, since monad M has these two properties and Fy/,p is defined in terms of M, using only basic domain
operations which preserve monotonicity and continuity.

Lemma 3.2 Functor Fy;,p : Dom — Dom islocally monotone.

Proof Let A and B be domains, let f,g : A — B be continuous functions with f T ¢. We prove that
Fu.p(f) C Fa,p(g). Letx € Fy p(A) = D+ M(X). By case analysis on z.

1. Casez = L. Then

Fu,p(f) #

= ( Assumption )
Fup(f) L

= ( Définition of Far,p(f) (3.1) )
[inl,inro M(f)] L

= ( Definition of selection )
1

= ( Definition of selection )
[inl,inro M(g)] L

= ( Définition of Far,p(g) (3.1) )
Fu,p(g) L

= ( Assumption )
Fu,p(g) 2



2. Casez = inl tforsomet € D. Then

Fu,p(f) 2

= ( Assumption )
Far,o(f) (inl t)

= ( Définition of Fp; p(f) (3.1) )
[inl,inro M(f)] (inl t)

= ( Définition of selection )
inlt

= ( Définition of selection )
[inl,inro M(g)] (inl t)

= ( Définition of F s p(g) (3.1) )
Far,0(g) (inl ©)

= ( Assumption )
Fu,p(g) 2

3. Casez = inr w for somew € M(A). Then

Far,p(f)
= ( Assumption )
Fr,p(f) (inr w)
= ( Définition of Far,p(f) (3.1) )
[inl inro M(f)] (inr w)
= ( Definition of selection )
(inro M(f)) w
= ( Composition )
inr (M(f) w)
C ( M islocally monotone, monotonicity of inr )
inr (M(g) w)
= ( Composition )
(inro M(g)) w
= ( Définition of selection )
[inl,inro M(g)] (inr w)
= ( Définition of F s p(g) (3.1) )
Fu,p(g) (inr w)
= ( Assumption )
FM,D(g) A |:|

Lemma 3.3 Functor F;,p : Dom — Dom islocally continuous.
Proof Let A and B be domainsand let P C A — B be a directed subset. We need to prove that
Fup(UP)=U{Funp(f) | feP}
Fu,p(LP)
= ( Définition of Far,p (3.1) )
D+ M(]|P)
= ( M islocally continuous )

D+U{M(f) | feP}
= ( Continuity of + domain operator, { M (f) | f € P} isdirected )
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Li{linl,inrog] | ge{M(f) | feP}}
= ( Simplification )
LI{[inl,inro M(f)] | f€ P}
= ( Définition of Fps p (3.1) )
L{Fun(f) | feP} O

The two functions ¢ and (» are useful in the definition of Ry, (D). They define an embedding and a
projection between the domains O and Fy/,p(O).

Definition 3.2 Let D be a domain. We define the pair of functions &£ : O — Fj;, p(O) and ¢ : Fj;p(O) —
O tobeequal to I.

Lemma3.4 »o.° = idg
Proof Letz e O. Then
(P o)z
= ( Composition )
P (1€ z)
= ( Definition of /7 (3.2) )
L
= ( O has only one element )
z
= ( Identity )
ido z -

Lemma35 “o/” C idg,, ,(0)
Proof Letz € Fy,p(O). Then

(t°0P) 2z

= ( Composition )
¢ (1P 2)

= ( Définition of .° (3.2) )
1

C ( Bottom element )
z
= ( Identity )
idFM,D(O) z O

We proceed by defining amapping of objects and amapping of functions, which will define the endofunctor
R : Dom — Dom at the end of this section. Thisisthe key definition of our work.

Definition 3.3 Let D be a domain. The domain Ry, (D) isthe set
Ry (D) = {(zn)new | Yn € w. zy € FY; p(O) A zy = Fy (P)(zn11) }

with its elements ordered pointwise:

($n)n€w ERM(D) (yn)nEw & Vnew. z, EFK/[,D(O) Yn

11



The elements of the domain Ry, (D) are infinite sequences, indexed by the set of natural numbers w.
The n-th element of the sequence is an element of the domain F}, ,,(O). Such elements represent finite
approximations of resumption computations: if a given resumption cofnputali on terminates in less than n steps,
its n-th approximation is able to compute its result accurately; otherwise it produces 1. The condition 5 =
F; p(tP)(zn41) states that the elements of the infinite sequence must indeed be approximations: the result of
projecting the (n + 1)-th appoximation (an element of ]5"]"(}11)(0)) to an element of F}, ,(O) must be equal to
the n-th approximation. ’ ’

Before we can define the mapping of functions that corresponds to Ry, it is necessary to define a few
families of auxiliary functions. Thefirst is the family of functions f,gm which map between different approxi-
mations of aresumption computation.

Definition 3.4 Let D be a domain. For all m, n € w, we define a function £ . : Fi} ,(0) — F}; 1 (O) by:

D _ e
frg,n = ’CLF%’D(O) ifm=n
fRo = fRaoFip(®) Lifm<n
foin = Fiip(t9) o D Lifm>n

Lemma3.6 Forall m,n € w, fr,oFh p(P) E i),
Proof

1. fm<n.

fnlz,n °© FS\LLD(LP)
= ( Definitionof £ ., (34), m <n)

D
fm,n+1

2. If m > n, by induction on m — n.
(@) Basecase. If m = n + 1 then

fnlz),n © FT/[,D([’p)

= ( Assumption )

7?+1,n © FKZ})(L;D)

= ( Definition of f,7,, ,, (34) )
Fii (%) o fi o FRi b ()

= ( Definition of fP(3.4) )
i b () o idpy, () © Fif b(7)

= ( Composition with identity )
Fif5(9) o Fip (1)

= (F}/}, isafunctor (Theorem 3.1) )
FK}:})(LB o (P)

C ( Lemma3.4, 7/}, islocally monotone (Lemma3.2) )
Fil(ido)

= (F}/}, isafunctor (Theorem 3.1) )
ey (o)

= ( Définition of 7., .., (3.4) )

D
fn+1,n+1 )
= ( Assumption )
D
m,n+1

12



(b) Letusassumethatitistruefor m = n + k for somek > 0. Then, for m = n + k + 1 we have

Fom © By p(eP)
= ( Assumption )
f7?+k+1,n °© F%,D(Lp)
= ( Definition of fP ;.\, (34, n+k>mn)
Fﬁg(be) o 7?+k,n °© F%,D(”p)
C ( Inductive hypothesis )
k
FXZD(LB) © T?+k,n+1
= ( Définitionof P, .1 B4, n+k>n+1)
fr?+k+1,n+_1
= ( Assumption )
f£,n+1 [

Lemma 3.7 For all (z,)new € R (D) and for all m,n € w, f,lrz,n Tn C Ty
Proof

1. If m = nthen

fnlz),n Tn
= ( Assumption )
f?ﬁn Tn
= ( Definition of £, (3.4) )
ianM,D(O) Tn
= ( Identity )
Tn
= ( Assumption )
Tm

2. If m < m, by induction on n — m. Let us assume that it istrue for n = m + k for some £ > 0. Then for
n =m + k + 1 we have

fnlz),n Tn

= ( Assumption )
fﬁ,mkﬂ Tm+k+1

= ( Définitionof {1 ., (34, m <m+k)
(f£,m+k °© F?&Tﬁ(t”)) Tm+k+1

= ( Composition )

£,m+k (FS&TL@(A”) Trn-tk+1)

= ( (zn)new € Ru (D) (Définition 3.3) )
fnlz),erk Tm+k

C ( Inductive hypothesis )
Im

3. If m > n, by induction on m — n. Let us assume that it istrue for m = n + k for some k& > 0. Then for
m =n+k + 1 wehave

fnlv?,n Tn

13



= ( Assumption )
f7?+k+1,n Tn
= ( Définition of f7 ;.\, (34, n+k >n)
(F%g(zﬁ) o nD—I—k,n) T
= ( Composition )
FXZIIC)(Le) ( nD+k:,n Tn)
C ( Inductive hypothesis, monotonicity )
FK/;:][C)(Le) Tntk
= ( (zn)new € Ry (D) (Définition 3.3) )
Fﬁzg(ﬁ) (FTXZE(“’) Tpiks1)
= ( Composition )
(F%E(Le) °© FTXZE(LP) Tntk+1
= (F}}, isafunctor (Theorem 3.1) )
FKZ]E)(LQ ol Tpigi1
C ( Lemma 3.5, Fﬁj’f, islocally monotone (Lemma 3.2) )
'dFM,D(O) Tn+k+1
= ( Identity )
Tntk+1
= ( Assumption )
Tm [l

The families of 1 and b, functions are also related with mappings between resumption computations and
their approximations. The former embeds an approximation requiring less than n steps to an element of the
domain R, (D), while the latter projects an element of the domain R, (D) to its n-th approximation.

Definition 3.5 Let D be a domain, n € w, z € F}; ,(0) and (zm)mew € R (D). We define the pair of
functions 5, : ¥, ,(O) — Ry (D) and ph Ry (D) — F1; p(O) asfollows:

I
I

z = (frlrz,n z)me

e
n
p _

n xm)me = Tn

We are now ready to define the mapping of functions required by the functor R,,. Instead of defining this
mapping directly in terms of elements of the resumption domain Ry, (D), we use the family of functions g‘,f’B
and define it in terms of the finite approximations.

Definition 3.6 Let A and B be domainsand f : A — B a continuous function. For all n € w we define a
continuous function ¢;"* f : %, (0) — F%, ;(O) by:

GPr o= L
GEBF o= linlo f,inro M(¢iP £)]

Definition 3.7 Let A and B be domainsand f : A — B a continuous function. \We define a continuous
function R/ (f) : Ry (A) — Ry (B) by:

Ry (f) (Tn)new = (C;“?’B f Tn)new

The central result of this section is Theorem 3.2 in which we prove that Ry, is afunctor. For doing so, we
make use of the following lemmata.

14



Lemma3.8 Foralln € w, puy,oFy, (F) C oy iy

Proof Letz e FTXZLI)(O)' Then
(145 0 Fly p (7)) 2

= ( Composition )
pn By (i) 2)

= ( Définition of p5, (3.5) )

(frg’n (F’]“\‘/[’D(LP) Z))mew

( Composition )

((fn[z,n o FVJ‘L/[,D(LP)) Z)mew

C (Lemma3.6)

(frg,nJrl Z)mew
= ( Definition of ¢ , | (3.5) )

e
N’n+1 z

Lemma3.9 Let A and B bedomains, f : A — B a continuous function. Then for all n € w,
¢hB foinr =inro M(GHP f)
Proof Immediate from Definition 3.6.

Lemma3.10 For all z € Ry (D), (ph 7)new = .

Proof Letusassumethat x = () mew- Then
(:U'g $)n6w

= ( Assumption )

(,u% (IEm)mew)HGw
= ( Definition of i, (3.5) )

(xn)new
= ( Assumption )
T

Lemma3.11 For all m,n € w, ph, opué = f,l,?,n.
Proof Let(zp)new € Rar(D). Then

(Ml;n °© :U'%) (xn)nEw
= ( Composition )

pin (115, (#n)new)
= ( Definition of ¢, (3.5) )
Lim, (frg’,n (Zn)new)m’ ew
= ( Definition of i, (3.5) )
fnlz),n ($n)n€w

Lemma3.12 Foraln € w, phopué = idF"MD(O)'
Proof Directly from Lemma3.11.
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Lemma3.13 Foralln € w, ué, ouh C IdR,, (D)
Proof Let(zp)new € Rar(D). Then
(15 © p1n) (#n)new
= ( Composition )
s, (i (Tn)new)
= ( Definition of y}, (3.5) )
fhin, L
= ( Definition of ut (3.5) )

(frg,n xn)mew
C ( Lemma 3.7, definition of Cgr ,, (py (3.3) )

(xm)mew
= ( Identity )

idRM(D) (Tm)mew 0

Lemma 3.14 Let A and B bedomains, f : A — B a continuous function. Thenfor all n € w,
ph o Rar(f) =GP fouh
Proof Let (zp)new € Rasr(A). Then

(kn © Rt (f)) (Zn)new

= ( Composition )
/1,% (RM(f) (xn)nEw)

= ( Définition of Ry, (3.7) )
MITJL (CnA’B f $n)n6w

= ( Définition of 1%, (3.5) )
Qf’B [ n

= ( Définition of 1%, (3.5) )
G f (i () new)

= ( Composition )
(P o k) (n)new -

Lemma3.15 Let A beadomain. Thenfor all n € w, " id = idpy (o)

Proof By induction on . If n = 0 then CSLA idy= 1 = idF%A(o). Let usassumethat it istrue for some
n € w. Then |
Gop 1 i A
= ( Definition of ¢ (3.6) )
Linl o id 4, inr o M (¢ id 4)]
= ( Induction hypothesis )
[inl o id 4, inro M(idgy,  (0))]
= ( M isafunctor )
[inl o id 4, inr o idywy, (0)]
= ( Composition with identity )
[inl,inr]
= ( Theorem 2.8)
gyt (x)
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Lemma3.16 Let A, B and C be domains, f : A — B and g : B — C continuous functions. Then for all
AC B,C A,B

n€w, (p (gof):Cn goCn f.

Proof By induction onn. If n = 0 then CJ"C (gof)=L =10l = Cf’c g oCé"B f. Let us assume that

itistruefor somen € w. Then

G (g0 f)
= ( Definition of ¢ (3.6) )
linl o go f,inro M(¢;" (go f))]
= ( Induction hypothesis )
[inlogo f,inro M(¢C2C go¢a® f)]
= ( M isafunctor )
[inlogo f.inro M(CH" g) o M(¢G £))]
=( Theorem 2.9)
[inlog, inr o M(¢2¢ g9)]o [inlof,inroM(C;?’B f)]
= ( Definition of ¢ (3.6) )
S 9ot f -

We can now proceed with the proof of Theorem 3.2.

Theorem 3.2 R;; : Dom — Dom isa functor.
Proof We must prove that R, preserves identities and the composition of continuous functions.

1. Let X beadomain and (z,)necw € R (X).

R (idx) (Tn)new

= ( Definition of Ry (3.7) )
(Cﬁ\/’X idx fL‘n)nEw

=(Lemma3.15)
('dFK/[x(O) xn)nEw

= ( Identity function )
(wn)nEw

= ( Identity function )
idRM(X) (xn)nEw

2. Let Aand B bedomains, f: A — Bandg: B — C continuous functions and (2, )nc, € R (X).

Ru(go f) (Tn)new
= ( Définition of Ry (3.7) )

(G2 (g0 f) Tn)new
=(Lemma3.16)

(62 g0 f) n)new
= ( Composition )

(G g (G f @n))new
= ( Definition of Ry (3.7) )
R (g) (G f 2n)new
= ( Definition of Ry (3.7) )

Rar(9) R (f) (Zn)new)
= ( Composition )
(Rar(g) o R (f)) (zn)new :

17



3.2 Unitandjoin

Having defined R, as a functor, we now define the two monad operations unit and join. For each one, we
provethat it is anatural transformation.

The unit function maps an element d € D to a resumption computation, using the family of auxiliary
functions . All approximations in the resumption computation are equal to inl d (except for the trivia ap-
proximation of zero steps).

Definition 3.8 Let D be a domain. For all n € w we define a continuous function 7 : D — F; 1,(O) by:

g = 1
My = inl

Definition 3.9 Let D beadomainand d € D. We define the function unitp : D — Ry, (D) by:

The following lemmais useful in proving that unit isanatura transformation.

Lemma3.17 Let A and B bedomains, f : A — B a continuous function. Then, for all n € w,

Gl font=nlof
Proof By induction onn. If n. = 0 then g‘OA’B fond=1lol=1=_1of=nPof. Letusassumethat
itistruefor somen € w. Then

Cfﬁ fo nﬁlﬂ
= ( Définitions of ¢ (3.6) and ) (3.8) )
[inl o f,inro M(¢i2%)] o inl
= ( Theorem 2.7 )
inlof
= ( Définition of ) (3.8) )
o f O

Theorem 3.3 unit : Id = R, isanatural transformation.

Proof Let A and B bedomainsand f : A — B acontinuous function. We must show that unitg o f =
Ry (f) o unity. Leta € A.

(unitB o f) a
= ( Composition )
unitg (f a)
= ( Definition of unit (3.9) )
(7Y (f @)new
= ( Composition )
(17 © f) @)new
=(Lemma3.17)
(G ond) a)new
= ( Composition )
(62" (7t @)
= ( Définition of Ry (3.7) )

R (f) (7 @)new
= ( Definition of unit (3.9) )
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R (f) (unit4 a)
= ( Composition )
(Ras(f) o unit ) a O

The definition of the join function requires the family of functions ¢ which associates corresponding ap-
proximations in the domains Ry, (D) and D.

Definition 3.10 Let D be a domain. For all n € w we define a continuous function & : F7, Rs (D)
Fj;,p(0) by:

& =1

7?+1f = [,uﬁﬂ,inroM(@?)]

Definition 3.11 Let D be a domain and (z,)new € R3,(D). We define the function join,, : R%,(D) —
R (D) by:

(0) —

jOinD (xn)nEw = (57? xn)new

For proving that join isanatural transformation, we need the following lemmata.

Lemma3.18 Let D beadomain. Thenfor all n € w, &2, o inr = inro M(¢D).
Proof Immediate from Definition 3.10. O

Lemma 3.19 Let A and B bedomains, f : A — B a continuous function. Thenfor all n € w,

B o G RME) (R (1)) =GP fogl

Proof By induction onn. If n = 0 then & o (?”M(A)’RM(B) (Ry(f) =Lol = cg"B fotd. Letus

assume that it istrue for somen € w. Then

€8, o (RMARMB) (R (1))

= ( Définitions of £ (3.10) and ¢ (3.6) )
(1041 inro M(ER) o [inl o Ry (f), inr o M (G R Ry (£)))]
=( Theorem 2.9)
(1041 0 Rar(f), inr o M(EP) o M(Gi ) (R (1))
=( M isafunctor )
[y 0 Rag(f), inro M(EP o Gt W RuE) Ry (£))))]
= ( Induction hypothesis )
(b1 0 Ras(f), inro M(GP fogih)]
= ( M isafunctor )
(b oy 0 Ras(f), inro M(G" f) o M(&1)]
=(Lemma3.9)
(b 1 o Rar(£),Goslt foinro M(&1)]
=(Lemma3.14)
(G fomb 1, G foinro M(E1)]
= ( Theorem 2.10, (% [ isstrict [111] )
Cfi—? fo [:U'I;L—I—lv inro M(frf)]
= ( Définition of £ (3.10) )
Gl fogi, 0

19



Theorem 3.4 join : R?M - R, isanatural transformation.

Proof Let A and B be domainsand f : A — B a continuous function. We must show that joing o
Rar(Rar(f)) = Ru(f) o join 4. Let (z,)new € R, (A).

(jOinB o Ry (Rum(f))) (Zn)new
= ( Composition )

jOinB (RM(RM(f)) ($n)n€w)
= ( Définition of Rys (3.7) )

join s (G VI (R (1) e
= ( Définition of join (3.11) )

(&2 (G B (R (£)) ) new
= ( Composition )

(&7 0 G ) Ry (£))) 2a)new
=(Lemma3.19)

(62" f o &) Ta)new
= ( Composition )

(CTI“?,B f (g;;l Tn))new
= ( Définition of Ry (f) (3.7) )
= ( Définition of join (3.11) )

R (f) (,iOinA (Tn)new)
= ( Composition )

(R (f) ojOinA) (Tn)new

3.3 Monad R(M)

In this section we prove that functor R,; together with the natural transformations unit and join defines a
monad. The three theorems of this section verify the three monad laws and the following lemmata are necessary

for proving them. Let D be adomain.

Lemma3.20 For all n € w, &P onmMP) = b

Proof By adegenerate induction onn. If n = 0then &2 o e P) = 1 61 = | = 42, Also

fD o RM(D)
n+1 nn+1
= ( Definition of ¢ (3.10) )
[y inr o M(ED)] o iy
= ( Definition of n) (3.8) )
[, i1 0 M(E) 0 il
= ( Theorem 2.7))

p
lj’n-i-l

Lemma3.21 Forall n € w, py, o unitp =inl.
Proof Letd e D. Then

(MI;H_I ounitp) d
= ( Composition )

K1 (UNitp d)
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= ( Definition of unit (3.9) )
NZH (777?7, d)mew
= ( Définition of it | (3.5) )
777?4—1 d
= ( Définition of  (3.8) )
inl d O

D,Ry(

Lemma3.22 Forall n € w, &2 oG ™) unitp = idgy (o).

Proof Byinductiononn. If n = 0then & ogD R (D) unitp=_lLol =1 = idF%D(O). Let us assume
that it istrue for somen € w. Then ’

DR .
£n+1 o Cn+1M unitp

= ( Définitions of ¢ (3.6) and ¢ (3.10) )

[ph 1 inro M(ED) ] o [inl o unitp,inro M (¢,
=( Theorem 2.9)

[Mn+1 o unitp,inro M(£P) o M (¢, DR (D) unitp)]
= ( M isfunctor )

[ph . ounitp,inro M(EP o
= ( Induction hypothesis )

[NZJFI o unitp,inro M(idp%,D(o))]
= ( M isfunctor )

[ 11541 0 Unitp,inroidy e (0]
= ( Composition with identity ) ’

(1?1 ounitp,inr]
=(Lemma3.21)

[inl,inr]
= ( Theorem 2.8)

deh0) =

DR (D) unitp)]

DRyD) ynitp) ]

Lemma3.23 Forall n € w, uhojoiny =¢&P o b,
Proof  Let (z5)necw € R3,(D). Then

(1 ©join p) (zn)new
= ( Composition )

M% (jOinD ($n)n€w)
= ( Definition of join (3.11) )

1 (€7 Tn)new
= ( Définition of 1%, (3.5) )

&
= ( Définition of 1%, (3.5) )

an (1 (Tn)new)
= ( Composition )

(57? o /1'7%) (xn)nEw O
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;R (D) D)

join,, = ¢P o Rl

(D) joinp = Lol =¢p of(l))”M(D). Let us

Lemma3.24 Forall d € w, &P o(RuP)

Proof By induction on n. If n = 0 then & o Cf?”(D)’R
assume that it istrue for somen € w. Then

&P o C?ﬁ\{(D)’RM(D) joinp,
= ( Définitions of £ (3.10) and ¢ (3.6) )

(b inro M(EP)] o [inl o joinp, inr o M (¢
=( Theorem2.9)

L1151 0 Joinp,inro M(&7) o M
= ( M isfunctor )

B%J(D):RM(D) joinD) ]

R2,(D),Ry (D) . -

[uh o joinp, inro M(eD o (R (D)Ras (D)
= ( Inductive hypothesis )

[MZH o joinp, inro M(¢P o g?M(D))]
= ( M isfunctor )

(1P, o join,inro M(£P) o M(¢R™P))]
=(Lemma3.18)

[MITJL+1 OjOinDaan+1 oinro M( 7EtM(D))]
=(Lemma3.23)

[anJrl °© Mﬁﬂ,fﬁ’ﬂ oinro M( EM(D))]
= ( Theorem 2.10, £, is strict [111] )

i Ry (D
€Dy o [pb . inr o M(e D))

= ( Definition of ¢ (3.10) )

Ry (D
nD+1 Ofniv[l( ) O

joinp)]

We can now proceed by proving the three monad laws.

Theorem 3.5 (1st Monad Law) joiny, o unitg,,py = Idr,,(p)
Proof Let(zp)new € Rar(D). Then
(Joinp o unitg ,, (py) (Tn)new
= ( Composition )
joinp (unitg, (py (Tn)new)
= ( Definition of unit (3.9) )
;s R (D)
Jjomnp ("7n (xm)mew)new
= ( Définition of join (3.11) )
(& (™" (@m)mew)nees
= ( Composition )
(€2 o mn ') (@m)mewnew
=(Lemma3.20)

(b (2m)mew)new
= ( Définition of 1%, (3.5) )

(*’I;n)nEw
= ( Identity )

idRM(D) (Tn)new 0
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Theorem 3.6 (2nd Monad Law) joinp o Ry (unitp) = idg,,(p)
Proof Let(zp)new € Rar(D). Then

(joinD o RM(UnitD)) ($n)n€w
= ( Composition )

join, (Ras(unitp) (z,)new)
= ( Définition of Ry, (3.7) )

. DRy (D .
joinp (¢ (D) unitp x,)new

= ( Définition of join (3.11) )
(€2 (&™) unit p ) news
= ( Composition )
(€2 o ¢ ™) unit ) @n)neo
=(Lemma3.22)
(idgy, ,(0) Tn)new
= ( Identity )
(Tn)new
= ( Identity )
idRM(D) (Zn)new 0

Theorem 3.7 (3rd Monad Law) join,, o Ry (join ) = joinp, o joing )
Proof  Let (z5)necw € R3,(D). Then

(Joinp o Ry (joinp)) (Tn)new
= ( Composition )

joiny, (Ras(joinp) (2)new)
= ( Definition of Ry (3.7) )

joiny, (CVI}MD)’RM(D) Jjoinp zp)new

= ( Définition of join (3.11) )
R3,(D)Ru(D) . .
(&2 (G foin g, )
= ( Composition )
(6P o G PV Rw (D)
=(Lemma3.24)
(62 0 &8P 2 )new
= ( Composition )
(&2 (&) 2n)new
= ( Définition of join (3.11) )
joinp (f?M(D) Tn)new
= ( Définition of join (3.11) )

joinp, (joing , (py (Zn)new)
= ( Composition )

(Joinp, ojoinRM(D)) (Tn)new O

jOinD) xn)nEw

Having established that R, satisfies the three monad laws, we can now conclude the definition of the
resumption monad transformer R.

Definition 3.12 The resumption monad transformer R is defined by the mapping R(M) = Ry,.
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3.4 Isomorphism

Let D be adomain. In this section, we define the pair of functions # and hP that establish the isomorphism
between domains R, (D) and D + M (R (D)). Using these functions, it is possible to define an operation in
one of these two domains and obtain the corresponding operation on the other domain by applying 7% and h?

appropriately.
The definition of the embedding function #¢ is straightforward. We make use of a family of auxiliary
functions @, which construct the necessary approximations.

Definition 3.13 For all n € w we define a function 67 : Fy;,p(Ras (D)) — F4; 5(0) by:
oy = 1
0 = [inl,inro M(uh)]

Definition 3.14 Let z € Fas p(Ra(D)). We define the function 7€ : Far, p(Rar (D)) — R (D) by:
h@ z = (gnD Z)new

On the other hand, the definition of the projection function #’ is more complicated. It first requires the
definition of an additional domain Qu;(D) whose elements are infinite sequences of computations yielding
approximations (we will call them approximate computations for short). We also find it helpful to define a
family of auxiliary functions o for associating elements of Qu, (D) with approximations in Ry, (D).

Definition 3.15 The domain Q,;(D) isthe set

Qur(D) = { (u)ucws | Y0 € w. 2, € M(FY 5(0)) A 20 = M(F}y (7)) (2041) }

with its elements ordered pointwise:

(Zn)new EQM(D) (wn)new & Vnew. 2z, EM(FK/ID(O)) Wn,
Definition 3.16 Let (2,)mew € Qar(D). For all n € w, we define a function o2 : Qu(D) — F; p(O) by:

U()D (Zm)me = 1
O-T?+1 (Zm)me = INr z,

Furthermore, the definition of /” requires the proof of Lemma 3.25, which states that elements of Ry (D)
come in three distinct forms. Thislemmais crucial in the definition of #” and in the proofs of several theorems
that follow.

Lemma3.25 Let (z,)necw € Ras(D). Then exactly one of the following istrue:

1 Foralln € w,z, = L.

2. Thereexistsat € D such that for all n € w, z,, = nP ¢.

3. Thereexists @ (2 )mew € Qur(D) such that for all n € w, z, = 02 (2m)mew-
Proof It isobvious that the three alternatives are mutually exclusive, so it suffices to show that one of them
istrue. We know that zp € F%, ,(O) = O, and therefore 7y = L. Also, 71 € Fp;p(O) = D + M(O). If
n > 0, we notice that ’

= ( Defirition of Ras (D) (3.3) )
Fi p(P)(Tn1)
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= ( Composition )
Far,p(Fhy (7)) (@n41)

= ( Deéfinition of Fys p (3.1) )
Linl, inr o M(F7y; (1) ] Znia

We proceed by case analysis on z;.

1. Casez1 = L. Wewill show that the first alternative istrue, i.e. for al n € w, 7, = 1. We aready know
itforn = 0andn = 1. Let us assume that it is true for some n > 0. Then, from the previous remark
weobtain L = [inl,inr o M(F37 1 ()] &pi1. If 2,41 = inl d for some d € D, then we obtain
L = inl d which isacontradiction. Similarly, if Tp41 = inrm for somem € M(FY; ,(0)), then we
obtain L = inr (M (F’y; (%)) m). It follows that z, 1 = L.

2. Casez1 = inl t for somet € D. We will show that the second alternative is true, i.e. for all n € w,
T, = nPt. Forn = 0, weknow that zp = 1L = p t. Alsoforn = 1, we know that z; =
inl t = nP t. Let us assume that it is true for some n. > 0. Then, from the previous remark we
obtain inl t = [inl,inr o M(F", (:?))] @n41. If 2,41 = L, then we obtain inl ¢t = L which is
a contradiction. Similarly, if z, 1 = inr m for some m € M(F}; »(0O)), then we obtain inl ¢ =
inr (M(F%, 1,(:?)) m). Findly, if 2,41 = inl ¢' for some # € D, then we obtain inl t = inl t'.
Therefore t’ = ¢ and Tpy1 = inl t.

3. Casex; = inr w for somew € M(O). Wewill show that the third alternative is true by constructing a
(Zm)mew € Qu(D) such that for al n € w, z, = o2 (2n)mew- FOr n = 1, weknow that z; = inr w.
Let ustake zp = w. Furthermore, let us assume that for somen > 0 we have x,, = inr z,_,. Then,
from the previous remark we obtain inr z,_; = [inl,inr o M(Fﬁ;’})(#’))] Tpt1. If 21 = L, then
we obtain inr z,—; = L which isacontradiction. Similarly, if x,.1 = inl d for some d € D, then
we obtain inr z,—, = inl d. Findly, if 2.1 = inr v’ for some w' € M(F7, ,(O)), then we obtain
inr z,_y = inr (M(F’;/Z})(LP)) w') and therefore z,_, = M(F’;/Z})(LP)) w'. It suffices therefore to
take z, = w' and by definition we obtain that ,, .| = inr z,, and z,, | = M(F’;/Z},(LP)) zp. Inthisway
we can construct a (2, )mew € Qar(D) suchthat for dl n > 0, z,, = inr z, 1 = o2 (zn)mew- And
obvioudly, for n = 0 weknow that 7y = L = o’ (2m)mew- O

We can now proceed with the definition of A7, based on the three cases of Lemma 3.25. For the first two
cases, the definition is easy. In the third case, each approximate computation z, is mapped to a computation
M (ps) zn, € M (Rpr(D)) and the least upper bound of thisinfinite series of computations is taken.

Definition 3.17 We define the function /7 : Ry (D) — Far,p(Ra (D)) by case analysis on its argument
(n )new based on Lemma 3.25:
1. Ifforalln € w, z, = L, then
P (zp)new = L
2. Ifthereexistsat € D such that for all n € w, ,, = 1P t, then
h? (zp)new = inlt
3. Ifthere exists a (2 )mew € Qar(D) suchthat for all n € w, 2, = o (2)mew, then

hP (zn)new = iINr <|_| M (py,) Zn)

ncw

In order to ensure that the least upper bound in the third case of the previous definition exists, we prove
Lemma 3.26 which states that M (n&) z, form an w-chain.
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Lemma3.26 Let (2,)ncw € Qu(D). Foralln € w, M(pj,) zn © M(pS 1) Znt1-
Proof We have:

M (py,) zn
= ( Definition of Qps(D) (3.15) )
M(p) (M (Fp p(¢)) 2nt1)
= ( Composition )
(M (p7,) © M(F%y (7)) 2041
=( M isafunctor )
M (pr, © Fy p(1F)) Znt1
=( Lemma 3.8, M islocaly monotone )
M (piy1) Znt1 U

The following lemmata are necessary for proving the central theorems of this section.

Lemma3.27 Forallt € D,forall n € w, 62 (inl't) =nP t.
Proof By adegenerate inductiononn. If n = 0then§? (inlt) = L (inlt) = 1 = 1 t =nf t. Also

0. (inl )
= ( Definition of 6 (3.13) )
[inl,inro M (uh)] (inl t)
= ( Definition of selection )
inlt
= ( Définition of ) (3.8) )
7]nD+1 ¢ O

Lemma3.28 For all w € M(Ry (D)), for all n € w, 6P (inrw) = o? (M (1b,

n w)me-

)
Proof By adegenerateinduction onn. If n. = 0then 6P (inrw) = L (inrw) = L = L (M (i) w)mew =

ol (M (uh) w)mew- AlSO

oL, (inr w)
= ( Définition of 6 (3.13) )
[inl,inro M (uh)] (inr w)
= ( Définition of selection )
(inro M(uh)) w
= ( Composition )
inr (M (1h) w)
= ( Définition of o (3.16) )
Urlz)—l—l (M(MITJI%) W) mew n

Lemma 3.29 |_| fy © ph, = idR,, (D)

new
Proof We must first show that for al n € w, ué o uh C IdR,,;(p)- This follows immediately from
Lemma 3.13. Then we must show that for al f : Ry(D) — Ry(D), ifforaln € w, péouh C f
then idg,,(p) E f. L&t (zn)new € Ru (D). Wehave

idRM(D) (xn)nEw
= ( Identity )

(xn)new
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= ( Identity )

(idF"M,D(O) $n)n€w
=(Lemma3.12)

((uh © 17) Tn)new
= ( Composition )

(MI;& (15, Tn))new
= ( Definition of pf, (3.5) )

(Mfl (17, (M% (Tm)mew)))new
= ( Composition )

((IJ'ITJL O fiy, © /1'%) (Tm)mew)new
C ( Assumption, monotonicity, definition of Ry, (D) (3.3) )

((N% o f) (Tm)mew)new
= ( Composition )

(o (f (Zm)mew))new
=(Lemma3.10)

f ($n)n6w

Lemma3.30 For all w € M(Ry (D)), | | M(ué 0 pb) w=w.

ncw

Pr oof

|| Mg, 0 i) w
necw

=( Theorem2.5)

<|_| M(ui@uﬁ)) w

ncw

= ( M islocally continuous )

M| o)) w
new

=(Lemma3.29)

= ( M isafunctor )

id \r(Ry (D)) W
= ( Identity )
w

Lemma3.31 Let (zn)mew € Qu(D). Foralm e w, | | M(f7,) zn = zm.

ncw

Proof  We must first show that for al n € w, M(f5),) zn T 2m.

1. If m = nthen

= ( Assumption )
M( b ) Zn
= Definition of IR, (34))

M(’dFK/[,D(O)) Zn
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=( M isafunctor )
idi(ry, ,(0)) #n
= ( Identity )
Zn
= ( Assumption )

Zm

2. If m < m, by induction on n — m. Let us assume that it istrue for n = m + k for some £ > 0. Then for
n =m + k + 1 we have

M(frg,n) Zn
= ( Assumption )
M( ng,m+k+1) Zm4-k+1
= ( Définitionof {1 ., (34, m <m+k)
M(f] s © FT/[—,%(LP)) Zmk+1
= ( M isafunctor )
(M ( nlz),erk) °© M(Fﬂfg(bp))) Zm+k+1
= ( Composition )
M(fvg,erk) (M(Fﬁjrg(bp)) Zmtk+1)
= < (zm)me € QM(D) >
M(fng,m+k) Zm+k
= ( Inductive hypothesis )

Zm

3. If m > n, by induction on m — n. Let us assume that it istrue for m = n + k for some £ > 0. Then for
m =n+k + 1 wehave

= ( Assumption )
M(an-I-k-l-l,n) Zn
= ( Définitionof fP ;.\, (34, n+k >n)
M(F375 () © £, om) 2n
= ( M isafunctor )
(M (F3/505) 0 M(f,24.0)) 7
= ( Composition )
M (B 59) (M(f,2p0) 7n)
C ( Inductive hypothesis, monotonicity )
M(F3 5 (%)) Zntn
= (Zm)m%w € Qu(D))
M(F3/ 5 (%) (M(Fy; (7)) znsres1)
= ( Composition )
(M(Fyl\?—f)(be)) o M(F}; p(t9))) Znsk+1
= ( M isafunctor )
M(F7 () 0 Fyf (7)) Znrst
= (¥} isafunctor (Theorem 3.1) )
M(Fﬂg(be 0 P)) Zntk+1
C (Lemma35, M, [}, arelocally monotone )

M(Fﬂg (idFM,D(O))) Zn+k+1
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= (¥4} isafunctor (Theorem 3.1) )
M('dengrl(O)) Zn+k+1
= ( M isafunctor )
19y (m b (0)) Fnthet
= ( Identity )
Zn+k+1
= ( Assumption )
Zm O

At this point, we can proceed to Theorem 3.8 and Theorem 3.9, our central results in this section. These
two theorems conclude that functions A¢ and h? define indeed an isomorphism between the domains Ry, (D)
and D + M (R (D)).

Theorem 3.8 hP o h¢ = idFM,D(RM(D))
Proof Letz € Fy,p(Rum(D)) =D+ M(Ru(D)). By caseanalysison z.

1. Casez = L. Then

(h? o h®) z

= ( Assumption )
(h? o h®) L

= ( Composition )
h? (h¢ L)

= ( Définition of h® (3.14) )
B (L)new

= ( Définition of h? (3.17) )
1

= ( Assumption )
z

2. Casez = inl tforsomet € D. Then

(h? o h®) 2z
= ( Assumption )
(hP o h®) (inl t)
= ( Composition )
hP (ke (inl t))
= ( Définition of h® (3.14) )
W (67 (inl 1)) ne.
=(Lemma3.27)
hP (77711) t)nEw
= ( Définition of h? (3.17) )
inlt
= ( Assumption )
z

3. Casez = inr w for somew € M(Ry/(D)). Then

(h? o h®) z
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= ( Assumption )

(h? o h®) (inr w)
= ( Composition )

hP (h¢ (inr w))
= ( Définition of h® (3.14) )

RP (62 (inr w))new
=(Lemma3.28)

hP (o) (M () W)mew)new
= ( Définition of h? (3.17) )

inr (|_| M () (M(22) w>>

ncw

= ( Composition )

inr <|_| (M (par,) © M (ps3,)) w)

new

= ( M isafunctor )

inr <|_| M (p, 0 pih) w)

new

=( Lemma3.30)
inrw

= ( Assumption )
z

Theorem 3.9 hf o h? = idRM(D)
Proof Let (2n)necw € Ras(D). By case analysis on (x,)pe., based on Lemma 3.25:

1. Iffordln € w,z, = L, then

(h¢ o hP) (Tn)new

= ( Assumption )
(h¢ o hP) (L)new

= ( Composition )
he (hP (L)new)

= ( Définition of h? (3.17) )
he L

= ( Définition of h® (3.14) )
(67 L)new

= ( Définition of 6 (3.13) )
(Lnew

= ( Assumption )
(Tn)new

= ( Identity )
idRM(D) (Zn)new

2. If thereexistsat € D such that for al n € w, z,, = n? t, then

(h o hP) (Zn)new
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= ( Assumption )
(he o hP) (777]? Hnew
= ( Composition )
he (AP (03] H)new)
= ( Définition of h? (3.17) )
he (inl t)
= ( Définition of h® (3.14) )
0P (inl t))new
=(Lemma3.27)
(777? t)new
= ( Assumption )
(Tn)new
= ( Identity )
idRM(D) (Zn)new

3. If there exists a (2 ) mew € Qur(D) such that for dl n € w, 2, = 0, (2m)mew, then

(h€ o h?) (n)new
= ( Assumption )

(h€ o hP) (0’7? (Zm)mew)new
= ( Composition )

he (hP (05 (#m)mew)new)
= ( Définition of h? (3.17) )

he (inr <|_| M () Zn))

new

= ( Definition of h® (3.14) )

(95 (inr (lzl M (pir,) zn> ) )new

=(Lemma3.28)

(05 (Mw;n) (I_I MW%W')) )
n'cw mew

= ( M (uh,) is continuous )

oD (I_I M (uih,) (M(uzoznf)) )

new

n'cw

= ( Composition )

op (I_I (M(ui’n)oM(qu))zn'> )
mew/ new

n'cw

= ( M isfunctor )

ol (|_| M(ui’nou%)zn'> >
n'cw mew/ new

=(Lemma3.11)

o? (I_I M(frﬁn'”"’) )
n'€w mew/ pnew
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=(Lemma3.31)
(0-7? (zm)me)nEw
= ( Assumption )
(xn)nEw
= ( Identity )
idRM(D) ($n)n6w U

3.5 Additional operations

In this section we define two functions, step and run, which convert a non interleaved computation of type
M (A) to an interleaved computation of type R(M)(A) and vice-versa. The names of these functions indicate
their behaviour. The first converts a whole computation to a single atomic step in an interleaved computation.
The second runs the whole sequence of atomic steps of an interleaved computation without allowing other
computations to intervene.

In the rest of this section, we assume that (M, n, ;1) isamonad and that D isadomain.

Definition 3.18 step, : M (D) — R(M)(D) isthe continuous function defined by:
step, = hCoinro M(hoinl)

Definition 3.19 runp : R(M)(D) — M (D) isthe continuous function defined by:
runp = fix (\g. [np,up o M(g)] o 1?)

The following theorem states that the composition of run and step, in this order, yields identity. The
reverse composition does not yield identity, since it forces an interleaved computation to be executed in one
atomic step (it will be used in Section 4 for defining the semantics of (s)).

Theorem 3.10 runp o step, = idy;(p)
Pr oof

runp o step,
= ( Unfolding fix in the definition of runp, (3.19) )
[np,pp o M(runp)]o h? o step,
= ( Definition of step, (3.18) )
[np,pp o M(runp)]ohP o h®oinro M(h® o inl)
= ( Theorem 3.8)
[HD,MD o M(I"UI’TD)] o idFM,D(RM(D)) oinro M(he o lnl)
= ( Composition with identity )
[np,up o M(runp)]oinro M(h o inl)
= ( Theorem 2.7)
pwp o M(runp) o M(h® o inl)
= ( M isafunctor )
up o M(runp o hfoinl)
= ( Unfolding fix in the definition of runp (3.19) )
ppo M([np,up o M(runp)]oh?oh®oinl)
= ( Theorem 3.8)
Up © M([nD,MD o M(runD)] o idFM,D(RM(D)) o lnl)
= ( Composition with identity )
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wp o M([np,up o M(runp)]oinl)
= ( Theorem 2.7)

pip © M(np)
=( M isamonad, 2nd Monad Law )
id v -

Function prom, which lifts a computation of type R(M)(D) to a computation of type M (R(M)(D)), is
useful in the rest of this section where we establish that R(M ) (D) can be defined as a multi-monad and a
strong-monad. These two properties of R(M)(D) will aso be used in Section 4.

Definition 3.20 promp, : R(M)(D) — M(R(M)(D)) isthe continuous function defined by:
promp = [nRr,,(p)© inl, id v r,,(py) ] o h”

Let us now assume that M is a multi-monad and that ||y is anon-deterministic option operator for com-
putations represented by monad M. It is easy to extend this behaviour to the monad R(M).

Definition 3.21 Let M be a multi-monad. Let D be a domain. e define the binary operation [g(w)
R(M)(D) x R(M)(D) — R(M)(D) by:

z |lrevy ¥ = he (inr (prom z || prom y))
Monad R(M) with ||r(m) isa multi-monad.

Furthermore, we can introduce away to create a new interleaved computation of type R(M)(A x B) given
two existing computations of types R(M)(A) and R(M)(B). Here we prefer to use monads M and R(M)
in the functional way. If one of the two computations does not require the execution of any atomic step, i.e.
if one of the two computations has already been completed, then the other computation is executed and the
two results are combined. Otherwise, if both computations require at least one atomic step, we choose non-
deterministically which computation will start executing.

Definition 3.22 Let M be a multi-monad. Let A and B be domains. We define the binary operation b :
R(M)(A) x R(M)(B) — R(M)(A x B) by:

baramy = fiX (Ag. Az, y).
[Avz.y *remy (Avy. UNitRy (U2, vy)), A Mg
[Avy. x *R(M) (Avg. unitgw) (Vz,Vy)), A1y
he (inr (mx wm (Mg’ unity (g (z',y))) |Im
my v (Ay'.unity (g (z,9)))))] (W y)] (W @)

Monad R(M ) with gy isa strong monad.

4 Semantics of concurrency
Consider the simple imperative language whose abstract syntax is given below.
s u=skip | z:=e | s;s | ifethenseses | whileedos

It features an empty statement, assignment, sequential composition of statements, a structure for conditional
and one more for while loops. The symbol = € Var represents avariable. The language of expressions e is not
important for the purpose of this paper and has therefore been omitted.
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We define the denotational semantics of this language, assuming that the values of expressions are elements
of the semantic domain V. The program state, mapping variables to their current values, is an element of the
domain S = Var — V.

As aprovision for what will follow, we define a monad transformer D implementing the direct semantics
approach.* If M isamonad, we define the monad D(M) as.

D(M)(D) = S— M(DxS)
unitpgyv = As. unity (v,s)
m kpmy f = As.ms xm (A(v,8"). fos)

State computations created by the direct semantics monad transformer are functions (elements of D(M)(D))
that take the initial program state (an element of S) and return a statel ess computation that yields the computed
value (an element of D) and the final program state (an element of S). The implementations of unity ) and
*p(m) CaTy out the propagation of the program state.

We also define an operation for the assignment of values to variables®

storep : Var -V — D(M)(U)
storep x v = As.unity (uU,s{x — v})

By taking the identity monad Id as the argument of D, we obtain the monad M that models our smple
notion of computation (ordinary direct semantics).

M = D(ld)

The meaning of a statement s is a computation [ s] of type M(U). Non-termination is represented by the
bottom element. We also assume that the meaning of an expression e isacomputation [e] of type M(V). The
semantic function for the statements of our simple imperative language is completely straightforward.

[skip] = unit u

[z:=e€e] = [e] = (store x)

[s1552] = [s1] * (Aw-[52])

[if ethen sy elseso] = [e]] = (Ab.if bthen [s1] else [s2])

[whileedos] = fix (Ag. [e] * (Ab.if bthen [s] * (Au.g) else unit u))

Let us now introduce non-determinism and concurrency in our language, by extending it with three new
constructs.

su=...|s®s|s|s| (s

Operator @ executes exactly one of the statements that are given as its operands. The selection is non-
deterministic. On the other hand, operator || executes both statements that are given as its operands in an
interleaved way. Finaly, the construct (s) executes the statement s in asingle atomic step, with no interleaving
permitted during its execution.

Before we proceed with the semantics of our extended language, we have to modify the definition of M.
By giving the powerdomain monad P as the argument of D, we obtain a multi-monad that can support non-
determinism.

M = D(P)

4Thisis the state monad transformer, as defined in [Lian95, Lian98g].
5If A and B are domains, f:A— B,ae Aandb € B, weusethenotation f{a ~ b} to denote afunction f' : A — B such
that f'(a) = band, foradl = # a, f'(z) = f(x).




x:=0
s{x — 0}
y:=0

s{x— 0}{y — 0}

o x:=x+1 yi=1
s S{XL(;} s{x— 1y — 0} s{x— 0y — 1}
x:=0 x:=1 x:=2 x:=x+1 y:=1
s{x > 0} s{x> 1} s{x— 2} sfx=2Hy = 0} s{x= 1y~ 1}
s{x 1} s{x — 2} s{x — 2} s{x 1} . s{x—2H{y — 1}

€Y (b) (c)

@ =x:=0; (x:=1 @ x:=2)
(b) =x:=0; (x:=1 H X:=2)
() x:=0; y:=0; while y=0 do (x:=x+1 & y:=1)

Figure 1: Three examples of interleaved computations.

The option operator v is defined as:
my m me = As. (mys) d' (mos)

where U' isthe union operation on powerdomains.

In the semantics of the extended language, we use the monad R(M) to model interleaved computations.
According to Definition 3.21, R(M) isamulti-monad equiped with a non-deterministic option operator |k -
Also, according to Definition 3.22, R(M) is a strong monad and operator () can be used to model the
interleaving of computations. Furthermore, the store operation can easily be lifted to the new domain of
computations.

storeg : Var -V — R(D(M))(U)
storeg z v = step (storep x v)

The equations defining the meaning of existing language constructs do not require any changes, except for
the implicit change that the meanings of statements and expressions are now elements of the semantic domains
R(M)(U) and R(M)(V) respectively. On the other hand, the semantics of the additional constructs can be
easily expressed in terms of R(M) operations.

[s1 @ s2] = [s1] llrewy [52]
[[81 H 82]] = [[81]] [><]R(M) [[82]] * ()\p unit U)
[(s)] = step (run [s])

Figure 1 shows three examples of resumption computations, in the form of directed graphs. Nodes in the
graph represent program states, where s denotes an arbitrary initial state. Edges are labeled with the atomic
computations (assignments) which transform one program state to another. The non-deterministic behaviour
of operators @ and || leads to the presence of branches in the graphs. Also notice the while statement in
example (c), which may lead to an infinitely long sequence of program states. The terminal nodes in the graph
that corresponds to the denotation of program prog, i.e. those with no departing edges, represent the fina
program states: if function run is applied to the resumption computation [ prog ] s, the resulting element of
the powerdomain P(U x S) will contain just these program states.
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5 Conclusion

This paper defines a general theoretical framework for formalizing the semantics of interleaved computation
in concurrent programming languages. The atomic steps in an interleaved computation may themselves be
arbitrary computations represented by a given monad M. Furthermore, it is argued that the use of monads
enhances the modularity and elegance of the semantics and facilitates the introduction of additional featuresin
aprincipled way.

Apart from its application in the semantics of concurrency, the resumption monad transformer can be used
in the semantics of deterministic languages with unspecified evaluation order, such as Algol and C. The present
research was motivated by problems encountered in the formalization of ANSI C [Papa98, Papa0l]. A Haskell
implementation of the resumption monad transformer, based on the isomorphism between R(M )(D) and D +
M (R(M)(D)), has been used in [Papa00] to define the denotational semantics of an expression language with
side effects under avariety of possible evaluation strategies.
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