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Introduction

Aim and contribution

m We investigate the semantics of a process algebra Lpya,
incorporating some basic concepts of DNA computing

m Lpns Was introduced [Cardelli-2011]," where a couple of
so-called ’strand algebras’ are presented

B These formalisms can capture the massive concurrency
available at molecular level in DNA systems

m [Cardelli-2011] explains the relevance of Lpy for DNA
computing
m We offer a semantic investigation of Lppa following the
discipline of denotational semantics

"The syntax used in [Cardelli-2011] is slightly different
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Introduction

Aim and contribution

m We use the mathematical methodology of metric
semantics [De Bakker and De Vink-1996]

m The main mathematical tool Banach’s fixed point Theorem

m We use continuations and powerdomains to represent
nondeterministic behavior

m An element of a powerdomain is a collection of sequences
of observables representing DNA structures

m As far as we know this is the first paper that employs
denotational semantics in the semantic investigation of
DNA computing
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Introduction

Aim and contribution

m We present two denotational semantics, corresponding to
two different notions of an observable item
In the first denotational model [-]¢g an observable is a Lpna
gate which captures an interaction
In the second denotational model [-]¢ an observable is a

multiset of Lpna elements representing a configuration of a
system specified in Lpna
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Introduction

Aim and contribution

m Behavior is described as a collection of sequences of DNA
observables with no silent steps interspersed
m At present most researchers prefer operational semantics
[Plotkin-2004]
m In operational semantics behavior is expressed based on
transitions between system configurations
m Each transition can show the effect of an interaction
m We demonstrate that such operational effects can also be
captured in denotational semantics by using continuation
semantics for concurrency (CSC) [Todoran-2000]
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The language Lpya

Informal explanation

m Lpya combines: signals, gates and populations
m Asignal x,y,... € X is a symbol taken from an alphabet X
m A gate is an operator ([x1, ..., Xn], [V1,- - -, ¥m]) that joins the
signals x1, ..., X, and forks the signals y1, ..., ¥m
m The order of signals in [xy,...,Xxp] and [y1,..., Ym] is
irrelevant, hence, [x1,...,xs] and [y1, ..., ym] are multisets.
H The signals xi,..., X, of a gate ([x1,...,Xa], [V1,---, ¥m])
represent a join pattern [Fournet and Gonthier-2002]
m A population may be finite P¥ (k € N) or unbounded P*
m The construct for unbounded (inexhaustible) populations is
based on the replication primitive of 7r-calculus [Milner-1999].
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The language Lpya

Informal explanation

m Signals and gates combine in a multiset of elements - a
‘chemical soup’ - that proceed concurrently
m ||’ is the operator for parallel composition in Lpya

m An interaction betwen n signals xi, ..., x, and a gate
([X1,---,Xn], Y1, ---,¥m]) can be described operationally

x|l A xa ll (Das Xl DAy yml) = vl Ym

m Signals x1, ..., X, and the gate are consumed
m The signals y1,..., ym are released in the multiset

m Signals can interact with gates, but signals cannot interact
with signals, nor gates with gates [Cardelli-2011]
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The language Lpya

Compositionality

m Lpna is a process algebra, i.e. a formal language that can
describe concurrent activities of multiple processes
m In general, a process algebra only provides
compositionality at the level of syntax

m In denotational semantics compositionality is provided at
the level of semantics
m Language constructs denote values from a mathematical
domain of interpretation
[1:£—D

m Semantic definitions are compositional

|I...X1...X2...]]:...l[x1]]...|[X2]]...
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The language Lpya

[-lg and [-]c examples

m Let Pr=(xi || (1], a]) | (%2 || ([x2], [v2])), P1 € Lona

m [Pi]g(fo)(null) =
{(Pal, DDl e, (Ixels 2D (Dal, i D}

m f; is the empty (synchronous) continuation
m null is the empty synchronization context

m Let Po = x || ([x1, xe], Da]) || ([X]: [, xe])) € Lowa

m [Pa]g(fo)(null) = {([x], [x1, xe] )([x1, %] [xa])}
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The language Lpya

[-lg and [-]c examples

m Po = x || ([, el Ixa]) I (IX), [ D)) € Lowa

m Operationally, P, behaves as follows [Cardelli-2011]
P — xil x| ([x1, %], [xs]) — Xs

m [-]c can capture such (operational) effects denotationally:
[Pele(fo)(null) = {[x1, X2, ([x1, %], [xa])][Xs]}

m The multiset [x1, X2, ([X1, X2], [X3])] is @ semantic
representation of the Lpya term xq || X2 || ([x1, X2], [X3])
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The language Lpya

Formal syntax of Lpna

P:=0|x|g|P|P]|Pk|P

m (x,y €)X is a (countable) set of signals
m (X,y €)[X] is the set of all finite multisets of signals
m (g € )G = [X] x [X] is the set of gates
B Agate g = (X,Yy)(€ G) is a pair of multisets of signals
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Denotational semantics [-]g

Synchronization contexts

The set (w €)W of synchronization contexts is defined by
W = {u(w) | w e {null} U (G x [X])}
where p : {null} U (G x [X]) — Bool is given by

w(null) = true
p((x,y),X) = (X €X)

u(w) = true iff w could synchronize but not necessarily
synchronizes (already)
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Denotational semantics [-]g

Operations on synchronization contexts

m We define & : (W x [X]) — W by:
(%,7), X wx") if w=((x,y),X') and
X" = X wx' CX

w otherwise.
@ adds a multiset of signals to a synchronization context
m We define o : W — Bool by:
o(null) = false
a((x,y),x') = (X =%)
If w e W and o(w) we say that w synchronizes

m Remark o(w) = p(w) (if w synchronizes then w could
synchronize)
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Denotational semantics [-]g

Operations on synchronization contexts

mlet(-<),[-<):(Wx W)— Bool,

true if wy =(g1,%1) and we = null

true ifwy = (g1,Y1)7 Wo = (gg,YQ),
g1 =02, and Xz C X4

false otherwise.

[W1 < Wg) = (W1 < W2) A ﬁ(O’(W1))

(W1 < W2) =

m Intuitively, (wy < we) if u(wy) and wy is closer of
synchronization than w»
B [wy < wp)if (Wg < we) and wy does not synchronize (yet)

m Remarks
(a) Forany wy,wo € W, if o(ws) then =(wy < wa).
(b) Forany wy,ws € W, if o(ws) then =[wy < wp).
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Denotational semantics [-]g

Operations on synchronization contexts

m We define ¢y, : W — NU {oo} by:
cw(null) = oo
cw((X,¥),x) =[x \X'|
m We endow N U {oo} with the total order
0<1<2<---<n< -0
m |X \ X'| is the cardinal number of the multiset X \ X’
m c,(w) that measures how far or close w is from
synchronization

Remarks
(@) (wqg < wr) = cw(wy) < cw(wa).
(b) o(w) < cw(w) =0.
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Denotational semantics [-]g

Domain definitions for [-]¢

€)D = {dy} + Den
€)Den = FLW P

(¢
(¢
(f e)F = KLW =P (synchronous continuations)
(r €)K= - D (asynchronous continuations)

(P €)P = Pnco(Q)

(e)Q={c} +(Gx(3- Q)

m Remarks

m In general, in CSC an asynchronous continuation is a more
complex structure, e.g., a tree of computations

m In the case of Lpna, a continuation is a multiset packed into
a single computation by means of parallel composition
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Denotational semantics [-]g

Semantic operators

m +: (P x P) — P is the operator for nondeterministic choice
pr+p2={q|qepiUp,q#etU{e|ecpinpa}.

m We define (:) : (Bool x P) — P by:
true: p=p
false : p = {¢}

m '+’ is nonexpansive, associative, commutative and
idempotent
m I’ is nonexpansive and

b:(p1+p2)=(b:p1)+(b:p2
(b1 Ab):p=by:(b2:p)=bo:(b1:p).
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Denotational semantics [-]g

Semantic operators - parallel composition

m Let | = fix(¥), ¥ : Op — Op, Op = (D x D) =D
V(4)(db, do) = o
V() (do, ) =
V() (e, do) = ¢
V() (1, p2) =
)\f.)\W.(gD1 ()\K1.>\W1.
((wr < w): f(Y(k1,p2)) wi)+
(Iwr < w) : pa(Ako.f((k1, K2))) Wy)) w+
(pz(/\liz./\WQ.
((we < w): f(Y(ka, 1)) W)+
([we < w) : p1( ARt F(Y (K2, 51))) wa)) W)

1
m LlemmaV: OpiOp (W is a contraction, hence it has a
unique fixed point, according to Banach’s Theorem)
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Denotational semantics [-]g

Semantic operators - left synchronization

m We define | : (Den x Den) — Den by:
(o1 [p2)fw =
©1 ()\I{1.>\W1.((W1 < W) : f(lﬁ || g02) W1)+
([W1 < W) : (pg()\lﬂtz.f(lﬁ || Iﬂ?g)) W1)) w

w1 || 2 = MAW.((¢1 [ p2)W + (01 [ p2)fw)

B (o1 | ¢2) attempts to synchronize two computations o1, o,
in this order

m No observable is produced before synchronization

m || and | are nonexpansive
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Denotational semantics [-]g

Semantics of signals and gates

l|[-]])g(:X—>D

[x1g =
A Aw.if (w = null) then {e}
else let w' = w & [x]
in ((w" <w): f(d)(w))

m[]¢:G—D

A Aw.if (w = null) then f(do)(g,[]) else {e}

Eneia Nicolae Todoran, Nikolaos Papaspyrou TU Cluj-Napoca, Romania, TU Athens, Greece

Experiments with Continuation Semantics for DNA Computing



Denotational semantics [-]g

Initial synchronous continuation

m Let & : F — F be given by:
O(fHkw =
if (mo(w)) then {e}
else let w = (g,x’)
9=, Yml)
¢ =" (5, 11E, - - LymlE)
in if ¢ = dp then {g} else g - ¢(f)null
m We define f = fix(®)
1
m Lemma ¢ is a contraction, i.e. ¢ : FAF
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Denotational semantics [-]g

Semantic operator of unbounded populations

m Let 2 : Den — Den — Den be given by:
Qprpafw =
<p1(/\1€1./\W1.((W1 < W)Zf(lﬁ H (pg) W1)+
([W1 < W):ng1ﬁp2()\1€2.f(n1 || Hz)) W1)) w

m Q is used in the equation for unbounded populations
m Well-definedness of Q follows by induction on ¢, (w)

1
; 1
m Lemma Q : Den —Den ->Den

m Remark Let ¢ € Den. Q(yp) is } contractive. Let
® = fix(Q2(¢)). One can check that Q(p)(®) = ¢ | .
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Denotational semantics [-]g

Denotational semantics [-]g

m We define []g : Lpna — D by:

[0]¢

[x1g

[9lg
[P*Tg
[P lg

[P |l Palg

o
[x18
lo1§
Hk (llpllgv SRR IIP]]Q)
do if [P]lg = db,
{ fix(Q([P]g)) otherwise

[Pilg || TP2lg

Let Dg[] : Lona — P be given, for any P € Lppa, by:

DolP] = [Plo(fo) (null
= Remark [P*]g = fix(A¢.(IPlg | #)) (when [Plg # db)
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Denotational semantics [-]g

Semantics of unbounded populations

m The operator for unbounded populations should satisfy the
property: [P*]l¢ = [Plg || [P*]g [Milner-1999]
m [P]g || [P*]¢ is a nondeteministic choice between
[Plg L [P*]lg and [P*]g | [P*]g- '+ is idempotent, hence it
is enough to prove that [P]g | [P*]l¢ = [P*lg L [Plg
m [Plg LTP*]g = (IPlg - (IPlg LTP*Tg) - -)
m [Plg [[Plg = ([PIg L --- (IPlg LTP"1g)---) L1Plg
m Both [P*]g | [Plg and [P]g | [P*]¢ take as many copies of
[P]g as necessary (but not more) to achieve a synchroniz.
m The synchronization produces a % contraction step
m After synchronization the continuations are executed in
parallel with [P*]g || [Plg and [P*]g, respectively.
m Hence, the relationship between [P*]g || [Plg and [P*]g is
an invariant of the comput. [Ciobanu and Todoran-2013]
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Denotational semantics [-]g

Experiments with [-]¢

m Let P1,P2, P3 S LDNAs
Py = (x|l (Dal, A1) | O | ([xel, [yel))
Pa = x || (([x1, 2], [xa]) || ([X], [x1, xe]))
Py = (y || (Iy. xal, P, y1)*) || (x1)°
m One may check the following results:
Dg[P1] = {([x], D) (el yel), (e, v2D)(Dal, A1)}
Dg[[P2] = {([x], [x1, %2])([x1, Xe] [Xs]) }
Dg[Ps] = {g9g}. where g = ([y, x1], [x2, ¥])
m Letalso Py = x* || ([x],[y])*. The execution of P4 never
terminates. Our semantic interpreter produces:

{(Ix1, D D D) -

m ...actually, only first n steps, for any n
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Denotational semantics [-]¢

Configurations

m We define the class a € A of Lpya elements inductively.
m Any signal x € X or gate g € Gis an Lpya element, i.e.

XCAGCA
B faq,...,a, € Athen (x, a4, ..., an]) € A. We use the
notation a1, ..., an]* = (*,[au, ..., an]); here, [aq, ..., an] is

a multiset of Lpna elements.

m We define the class v € T of Lpna configurations by
I = [A]; a configuration is a multiset of Lpya elements.
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Denotational semantics [-]¢

Semantic domains

€)D = {do} + (T x Den)
c)Den=F5W — P

(¢

(¢

(f e)F = KSW P (synchronous continuations)
(x €)K = % - D (asynchronous continuations)

(p

(g
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Denotational semantics [-]¢

Parallel composition operator ||

|: (D x D) — D acts as a multiset sum on configurations.
do | do =do,do || =0 || ¢ =¢and:
(1, ¢1) | (2, 02) =
(71 @2,
M AW (o1(AR1.Awy.
((wy < w):f(k1 || (2, p2)) wi)+
([wy < w) : po(Ak2.f(k1 || K2)) wy)) w+
w2(Ak2. AWs.
(W <w): f(rz [l (71, 1)) wa)+
([we < W) p1(Ak1.f(rk2 || 1)) w2)) w)
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Denotational semantics [-]¢

Semantics of signals and gates

[0 -
([x], MfAw.if (w = null) then {¢}
else let w = w @ [x]
in ((w <w): f(do)(w"))

[9]¢ =
([9], Af-Aw.if (w = null) then f(dy)(g,][]) else {e})
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Denotational semantics [-]¢

Initial continuation

fokw = if (—o(w)) then {¢}
else let w = ((X,[y1,...,¥m]).X)

¢ =" (w5, DAIE, - LymlE)
in if ¢ = dy then {[]} else

let ¢ = (v, ) in - p(fy)null
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Denotational semantics [-]¢

Unbounded populations

m We define the semantics of unbounded populations based
on the operator 2 : I - D — D — D,

Qr2p1p2fw =
(,01()\,‘{1.)\W1.((W1 < W) : f(,‘€1 || (’)/2,(,02)) W1)+
(w1 < W) : Qyap1p2(Aka.f(k1 || K2)) Wh)) W

m Forany v €T, ¢ € Den, Qyp is § contractive.

m If o = fix(Qye) then Qvpp = ¢ | p, where

(1 [ p2)fw =
901()\51.)\W1.((W1 < W) : f(H1 || ("yg,(pg)) W1)+
([W1 < W) : <p2()\1€2.f(l€1 || I€2)) W1)) w
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Denotational semantics [-]¢

Denotational semantics [-]¢

We define [-]¢ : Lpna — D by:

[0]c = do

[xle = [xI¢

[gle = [al¢

[Ple = 1" ([Plc.- .. [Ple)

. do if [Plc = b,
1P le = {(h*],ffx(nh*]m i [Ple = (+.¢)
1P [ Pde = [Pile | IPle

Let Dg[] : Lona — P be given, for any P € Lpya, by:
De[P] = [Ple(fo)(null)
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Denotational semantics [-]¢

Experiments with [-]¢

Let Py, P2, P3 € Lpna (be as for [-]g)
Py = (x1 (| (Ial, aD) [ (2 |l ([x2], [v2]))
Po = x || ([x1, x2], [%a]) || ([x], [¥1, X2]))
Ps = (y || (Iv;xa], D, 1)) || (3)°
One can check the following:
De[[P1] = {[x2. y1, ([x2], [y2D]ly1. yol,
[x1, vz, (Dal, Dliys. yel}
DelPe] = {[x1, X2, ([x1, X2, [Xs])][Xs]}
De[[Ps] = {17273}
where
M= [X17X17X27y7 [([y7X1]7 [X27y])]*]
Y2 = [X1 )y X2, X2, Y, [([yv X1]7 [XQ’ Y])]*]
V3 = [X2, X2, X2, ¥, [([y, xa], [X2, Y]DI"]
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Conclusion

Concluding remarks and future research

m We report on the first stage of an investigation of the
denotational semantics of DNA computing

m In the future we will investigate the possibility to define a
continuation semantics for the stochastic strand algebra
given in section 4 of [Cardelli-2011]

m By using techniques from metric semantics we will study
the formal relationship between the denotational semantics
and the operational semantics of DNA computing
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