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 µ µ µ µ

µ  (sorting)  (selection) µ

 (searching) µ µ .

µ µ  ( ),  µ n

µ  ),,( 21 naaa  µ  µ  (permutation) 

)',','( 21 naaa µ µ

naaa ''' 21 . µ µ

. µ µ

µµ µ µ

µ µ .

µ  (searching),  µ n µ

µ µ µ k,

µ k µ µ .

µ ,  µ n µ  (

’ µ µ ) µ k, 1 k n, k-

 µ µ  ( µ k-

µ ). µ

µ  µ

(k = n k = 1 ). , µ

µ µ . µ µ

µ µ  µ

µ µ  ( µ  µ µ

 µ ).

µ  µ µ µ  µ µ

( . . , , )

µ .

.

  4 

µ  ( ) ,

µ µ  µ . µ n [1], [2], …, [n] (

).  (key) µ

 (record) µ , , .

 µ µ

 (satellite data). µ  / 

 ( ) µ  µ

µ .



1. µ µ

µ µ

µ µ µ .

. µ :

µ µ .

 µ  (  20 ), 

 25% 

 µ µ µ .

, µ µ ,

µ µ . µ ,

µ µ O(log n),

(n) µµ  µ

µ µ .

µ µ µ µ

µ . µ , µ  Kruskal µ

 (  µ µ µ )

µ µ µ .

µ µ

. µ

µ µ µ .

 µ µ , µ  µ µ

µ  (comparison-based sorting algorithms). µ

µ µ µ

 µ . µ

µ µ  µ .

, µ µ

(n log n)  ( ) µ n

.

µ µ   6 

µ  µ µ µ µ

µ  ( . .

µ µ µ )

. µ

 ( . . counting sort  radix sort) µ n µ

µ  {1, …, k } (k + n).

µ

µ µ :

µ  µ

µ µ . µ µ  µ

(insertion sort) .

µ

(  µ µ µ  µ

µ ). µ µ  (bubble 

sort).

 µ  (µ )  µ -

µ µ  ( )

µ µ . µ

µ  µ  (selection sort) µ  (heap sort) 

.

µ µ . µ µ

 µ µ  µ

µ  µ µ .

µ  µ  (merge sort). 

 µ  µ

µ µ µ  (  µ

µ  µ  µ µ )

. µ µ  (quicksort).
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1.1. µ  µ

µ µ  µ  (insertion sort) .

 µ µ µ .

, µ µ

µ µ  µ µ µ  1. 

µ  µ .

 Insertion-Sort(A[1...n]) 

  for j  2 to n do

   key  A[j]; i  j – 1; 
while i > 0 and A[i] > key do

    A[i+1]  A[i]; 

    i  i – 1; 

   A[i+1]  key; 

. µ µ

(invariant):  for-loop µ µ j, j = 2, …, n,

[1…j – 1] µ µ .

µ µ

µ  µ  µ µ . , µ

j = 2, µ µ  µ

 µ . µ j. µ

µ  for-loop, j+1.

 while-loop [j] µ

[1…j]. µ ,  while-loop [j]

µ key [1…j–1]  µ

key µ . To µ key µ

[1…j–1] key. µ , µ

 for-loop, o [1…j] µ µ .

 1.1. µ  A = [5, 2, 4, 6, 1, 

3].  B = [1, 2, 3, 4, 5, 6],  = [6, 5, 4, 3, 2, 1]; 

.  for-loop  (n – 1)  (j = 2, …, n).

µ  while-loop  for-loop 

 A[j] µ µ  A[1…j].  

µ µ   8 

 A[j] µ . µ

 for-loop µ µ

.  while-loop µ  for-loop 

 µ  µ  (µ ). µ ,

, µ  (µ ) µ

µ n – 1 µ (n).

 A[j]  µ

[1…j–1] . µ

µ µ .  while-loop 

j–1  for-loop (j)  µ

. µ , , µ

n
2
 / 2 (n

2
).

µ  µ µ

µ -

µ - -  ( µ

online µ ). µ

µ µ .

µ  µ

µ  µ µ µ .

µ µ  (in place).

 1.2. µ µ  µ µ

µµ  A[j]

µ  A[1…j]. µµ µµ

. ,

µ  µ  µ  µ

)()( 2

2
nj

n

j
. µµ , µ

µ  µ (log n).

 A[1…j–1] µ µ .

µ µ µ ;

(n log n) ;

.
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1.2. µ

µ  (bubble sort) µ

µ µ . µ

 µ  µ µ µ . ,

µ  µ - µ µ

µ .

µ , µ  µ  µ - µ µ

µ µ

µ µ  1 (  µ  « »

 « »  µ - µ µ ).

µ

. swap(A[i], A[j]) µ

µ  A[i] [j]

µ  A[j] [i].

 Bubble-Sort(A[1...n]) 

  for i  1 to n-1 do 

   for j  n downto i+1 do
if A[j] < A[j-1] then

     swap(A[j], A[j-1]); 

. µ µ :

i-  for-loop,  µ

 A[i…n]  A[i].

 for-loop  ( µ j)  µ

 A[j–1…n]  A[j–1].

 µ  µ µ .

µ

 for-loop  µ ,

,  µ

, . µ , µ µ  µ

µ µ .

. µ

(n
2
)  (

µ µ   10 

). µ ,  for-loop n – 1 . i-

 for-loop,  for-loop n – i – 1 

.  for-loop µ  1  µ ,

µ n
2
 / 2.

 1.3. µ  A = 

[5, 2, 4, 6, 1, 3].  B = [1, 2, 3, 4, 5, 6],  = [6, 5, 4, 3, 2, 

1]; µ  µ  µ

µ µ  µ .

µ  µ

(n) µ µ .

µ µ  µ

µ .  µ µ , µ

.

 1.4. µ µ

µµ . ( :

 µ  µ ).

1.3. µ  µ

µ  µ  (selection sort) 

µ µ . µ . ,

µ , ,

 µ , .  µ  µ

µ , .

µ µ  µ , µ  µ

 µ µ µ . µ , µ

µµ µ  µ  µ - µ µ

µ µ µ µ  µ .

µ  µ .
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 Selection-Sort(A[1...n]) 

for i  1 to n–1 do

   min_pos  i; min_key  A[i]; 

for j  i+1 to n do
if A[j] < min_key then

     min_pos  j; min_key  A[j]; 

   A[min_pos]  A[i]; A[i]  min_key; 

. µ µ  µ

µ : i-  for-loop, 

µ  A[i…n]  A[i].

µ i,  for-loop  µ

 A[i…n] (  µ min_key

min_pos).  for-loop  µ

 A[i…n] [i] µ .

µ

 for-loop  µ ,

,  µ

, . µ , µ µ  µ

µ µ .

. µ  µ (n
2
). 

 for-loop n – 1 . i-

 for-loop,  for-loop n – i – 1 .

 for-loop µ  1  µ ,

µ n
2
 / 2.  µ µ ,

µ .

µ µ  µ , µ , µ

µ µ  µ µ  ( . .

 500 ).

 1.5. µ  µ  A = 

[5, 2, 4, 6, 1, 3].  B = [1, 2, 3, 4, 5, 6],  = [6, 5, 4, 3, 2, 

1]; µ  µ  µ

µ µ µ  µ .

µ µ   12 

1.4. µ

µ  (heapsort)  µ

µ  µ .  µ µ  µ

µ µ .  µ  µ - µ µ

µ µ µ  µ .

µµ

µ µ µ  (heap), µ µ µ

. µ

µ  µ - µ µ (log n).

µ (n logn) (n

µ  µ - µ µ ).

1.4.1.

 ( )  (binary heap)  ( µ µ ,

complete)  µ µ .

µ  µ

.  µ

. µ ,  µ

1
,  µ

,  µ .

µ

µ

. , -

. ,

                                                

1  µ µ µ -µ  (max-heap). 

µ -  (min-heap) 

µ  µ . - ,

. µ -µ µ

µ  µ µ .

µ - .
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µ  µ  (

) -  ( µ  1.1). 

, h h

. µ

n  1 + 2+ 4+ …+ 2
h–1

 + 1 = 2
h

h  log n

, h h+1 .

, µ

n  1 + 2+ 4+ …+ 2
h
 = 2

h+1
 – 1 h  log(n+1) – 1. 

,  µ n µ  µ
2
 log(n+1) – 1 h

log n,  µ nlog .  

 µ n  µ n

 ( n ).

µ µ n .

n ( )

.

µ [1].

[i], 2 i n, 2/i

 2i  2i+1 (  2i n  2i+1 n)

3
 ( µ  1.1). , µ

Left(i), Right(i), Parent(i)  2i, 2i+1, 2/i ,

, ,  A[i] .

, µ hs(A) µ .

                                                

2 µ µ µ  log n µ µ µ  µ  2 

 ln n  ( ) µ .

3 µ  A[i]

µ

i.

µ µ   14 

, µ µ

.

17

10 16 6

12

20

4

8 153

1

2 3

4 5 6 7

8 9 10

20 384616101217 15

µ  1.1. -µ  µ  10 .  µ

. µ

µ .

 1.6. µ µ -

µ ;  (23, 17, 14, 6, 13, 10, 1, 5, 7, 12) -µ ;

 µ µ µ  (priority 

queues).  µ  / ,

 µ  / ,

, . , µ  µ

µµ .

 µ -µ  (

- ) (1)  µ

( ) µ .

 µ , µ

.

µ  µ  1.  µ

 µ   (

 µ ).

 µ  Fix-Heap.



.  – µ µ   15 

Extract-Max(A)

 if hs(A) < 1 then error(“empty heap”); 

 max  A[1];  A[1]  A[hs(A)]; 

 hs(A)  hs(A) – 1; 

 Fix-Heap(A, 1); 

 return(max);

 µ

 Fix-Heap.

 Fix-Heap µ i

µ .  Fix-Heap 

µ  A[i]

(  µ

µ ).  Fix-Heap µ

,  A[i]  µ

µ . ,  A[i] µ  µ

µ . µ

 µ

µ  µ . ,  Fix-Heap 

µ  µ µ

 ( µ  1.2). 

Fix-Heap(A, i) 

largest  i; left  Left(i); right  Right(i); 

if left  hs(A) and A[left] > A[largest] then

  largest  left; 

if right  hs(A) and A[right] > A[largest] then

  largest  right; 

if largest  i then
  swap(A[i], A[largest]); 
  Fix-Heap(A, largest); 

 Fix-Heap  µ

. .

 « »  µ  µ

µ µ   16 

 ( µ  µ )  µ

.

 Fix-Heap (1)

. µ ,  µ

µ , µ  Fix-Heap  µ

 A[i] . µ µ

 Fix-Heap (log n).

µ  1.2.  µ µ  1.1. 

(15)  µ  (20). 

17 > 15.  Fix-Heap µ  15  17 

.  16 > 15.  Fix-Heap µ

 16 µ  16 .  15 

.

 1.7. µ  Fix-Heap µ µ i > hs(A) / 2; 

 1.8.

Fix-Heap.

 (

) µ  1. 

 µ

 µ  µ .

µ  µ

 ( µ  1.3). 

-µ .
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Insert-Heap(A, k) 

 hs(A)  hs(A)+1;

 A[hs(A)]  k; 

 i  hs(A); 
while i > 1 and A[Parent(i)] < A[i] do

  swap(A[Parent(i)], A[i]); 

  i  P(i); 

µ ,  µ

 µ .  « µ »

µ  µ

,  ( )

 µ .

 while-loop, 

. µ ,

µ  while-loop 

(log n).

µ  1.3.  19 µ  1.1.  19 

.  16 < 19  16  19 

µ .  17 < 19 

17  19 µ . .

 1.9.  (  µ ,

 µ ) µ  µ

µ : µ

,  µ µ µ  µ

.

.  3 

µ µ   18 

µ  1.1  25. 

 O(log n).

 1.10. n  µ  µ  (µ

 Insert-Heap)  µ .

µ

(n log n).  

µ  Fix-Heap µ µ  µ µ  µ n

(n).

Create-Heap(A[1...n])

 hs(A)  n; 

for i 2/n downto 1 do

  Fix-Heap(A, i); 

’ µ  Fix-Heap  µ µ

µ i 2/n  µ  1 (  1.7). µ  µ µ ,

µ  µ  for-loop µ  µ i,

2/n i  1, [i]  ( [L(i)], A[R(i)], A[L(L(i))], A[R(L(i))], 

A[L(R(i))], A[R(R(i))], …) .

µ

 for-loop (  – .  1.7). 

A[L(i)] [R(i)]  ( ),  Fix-

Heap µ µ i  µ i.

, µ  µ  for-loop µ

 µ i, 2/n i  1. M  for-loop, 

 µ [1]

 µ n .

 Fix-Heap µ µ i

[i]. ,

 µ n  log n µ k, 0 k

log n,
k

n

2
 ( , µ n  0 – ,

n / 2  1, .,  log n – ).
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 Fix-Heap (k) k,

 Create-Heap µ :

)(
2

)(
2

log

0

log

0

nO
k

nOkO
n

n

k
k

n

k
k

,

0

2
2k

k

k

,  Create-Heap (n) ( µ

µ (n)  for-loop n/2 ).

 1.11.  Create-Heap µ

 (3, 4, 6, 10, 8, 15, 16, 17, 12, 20). µ

 1.10 µ ; µ

µ µ .

µ ;

 1.12.  Create-Heap  µ µ

 µ  i ( 2/n  1)  ( . .

 1 2/n ); ,

 Create-Heap - - -  (bottom-up) 

- - -  (top-down).

 1.13.  Create-Heap µ

 (3, 4, 6, 10, 8, 15, 16, 17, 12, 20). µ

 1.10 µ ; µ

µ µ .

µ ;

1.4.2. µ µ

µ µ , µ µ  (heapsort) 

µ µ  µ .

µ  µ

 µ µ µ  µ  µ -

µ µ µ . , µ µ

µ µ   20 

µ  µ - µ µ  (

) µ  / µ - µ µ .

µ  µ - µ µ

µ µ . µ µ µ  1 µ

 µ . , µ

µ  µ µ  µ  µ

.  Fix-Heap(A, 1)  ( .

Extract-Max) .

Heapsort(A[1...n])

 Create-Heap(A[1...n]); 

 hs(A)  n; 

for i  n downto 2 do
  swap(A[1], A[i]); 

  hs(A)  hs(A)–1; 
  Fix-Heap(A, 1); 

µ µ µ

:  (n – i + 1)-  for-loop,  A[1…i]

i µ  A[1]  µ

 A[1…i]. µ  (n – i)-

 for-loop,  A[1…i +1] -µ .

 µ  Create-Heap. 

 µ ,  (

)   µ  Fix-Heap. µ

 A[1…i] i µ µ  ( )

 A[1…i+1] i+1 µ .

µ , µ  for-loop,  µ

, µ ,

µ , . µ

µ  µ µ µ .

,  Create-Heap (n).

for-loop n – 1 (1)

swap  µ  µ (log n)  Fix-Heap. 
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µ (n log n). , µ

µ .

µ µ µ  µ

µ  µ  µ µ . ’

µ , µ

µ  µ  µ µ .

 1.14. µ µ  µ

 (3, 8, 17, 10, 4, 20, 16, 15, 12, 6). µ

 µ µ .

 1.15. µ

µ µ ; µ

µ µ ;

 1.16.

µ (n log n) µ µ

.

1.5. µ  µ

µ µ  µ  (mergesort) 

µ µ  « » (divide and conquer). 

µ  µ

µ , µ µ ,

µ µ

µ µ .

µ µ  µ .

µ µ  (recursive), µ µ p r

µ  A[p…r] µ

µ . p r  µ ,

µ µ µ µ .

,  /  µ

( )  µ ,  A[p…q]  A[q+1…r], µ  µ

µ µ   22 

µ µ . µ µ

 µ µ µ  Merge.

Merge-Sort(A[p...r])
/* µ  A[p...r] */

 if p < r then

/* µ
    µ µ µ  */

  q  (p + r)/2; 
  Merge-Sort(A[p...q]); 
  Merge-Sort(A[q+1...r]); 

/*  µ µ µ  */

  Merge(A[p...q], A[q+1...r]); 

[15]

[21, 3]

[15, 4, 9, 12, 21, 3, 27, 6]

[21, 3, 27, 6][15, 4, 9, 12]

[15, 4] [9, 12] [27, 6]

[4] [9] [12][21] [3] [27] [6]

[3, 21]

[3, 4, 6, 9, 12, 15, 21, 27]

[3, 6, 21, 27][4, 9, 12, 15]

[4, 15] [9, 12] [6, 27]

[15] [4] [9] [12] [21] [3] [27] [6]

µ  1.4. µ µ  µ  A = [15, 4, 9, 12, 21, 3, 27, 6].

µ  Merge-Sort  µ .

µ µ  µ .

µ , µ , µ µ µ

 = [3, 4, 6, 9, 12, 15, 21, 27]. 

µ . µ µ

 Merge. 

µ µ  µ

 Merge µ µ  µ

µ µ . . µ
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 µ µ  µ

« » , µ

.  µ  µ  « »

.

.  X 

µ .

 A[p…q]  A[q+1…r]

 X. [p…r] µ  « »

. k, p k r,

 « »  µ µ , i,

p i q, j, q+1 j r,  µ

µ  µ  « »

.  µ  X[i]  X[j]  A[k] µ

µ  µ .  µ µ µ

 µ .

Merge(A[p...q], A[q+1...r]) 

 array X[p...r]; 

 X[p...q]  A[p...q]; 

 X[q+1...r]  A[q+1...r]; 

 i  p; j  q + 1; 

 for k  p to r do
if i > q then

   A[k]  X[j]; j  j + 1; continue;
if j > r then

   A[k]  X[i]; i  i + 1; continue;

if (i  q) and (j  r) and (X[i] > X[j]) then

   A[k]  X[j]; j  j + 1; 
else

   A[k]  X[i]; i  i + 1; 

 Merge.

µ µ , k-  µ ,

 µ  A[k]  X[i…q]  X[j…r]. µ , µ

 Merge,  A[p…r]

µ µ .

µ µ   24 

,

µµ  µ

.  for-loop r–p+1

(1).  Merge (r–p+1),

µµ µ

.

 Merge-Sort. A  A[p…r]  µ ,

µ µ µ  ( µµ

µ ).  µ µ µ

µ  Merge-Sort(A[p...q])  Merge-Sort(A[q+1...r])

µ µ . µ

 Merge  ( µ µ )

A[p...q]  A[q+1...r]  µ µ µ  A[p…r]. µ ,

 Merge-Sort(A[1…n])  µ µ µ

.

 Merge-Sort. µ

µ , µ  µ ,

µ .

(n) µ n , n > 1, µ  µ

.  µ  2 T(n/2),

µ µ

µ n / 2, (n),  Merge 

µ µ  µ µ µ n

. T(n) = 2T(n/2) + (n). n = 1 (

), µ  µ . T(1) = 

(1). µ , µ  µ

µ :

)()2/(2

)1(
)(

nnT
nT

1.n

1,n

µ  ( . . µ µ ),

µ µ  µ (n log n).  
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µ µ  µ

,  Merge µ

. µ  µ

µ  ( )

µ .

µ  µ µ µ

µ  µ µ  ( . . ).

1.5.1.  « »

µ  µ µ µ

µ  µ  « » (divide-and-conquer). 

 « »  µ µ

µ .  µ  « » µ

µ  ( . . µ µ , µ

, µ µ , µ µ µ  Fourier).

 µ  « »

µ , µ µ µ , µ

µ , µ µ

µ µ . µ µ  µ

µ µ . , µ

 µ  « » µ µ . ,

 µ µ µ  µ , µ

µ , µ - µ µ .

 µ  « » µ µ

µ  µ µ

µ . µ ,

µ µ  µ , µ µ µ

µ µ

 (µ µ µ ) . µ

µ µ µ .

µ , µ

µ  µ  « » µ

µ µ   26 

. µ  µ

« » µ

µ . µ

µ . ,

 µ µ µ .

1.6. µ

µ µ  (quicksort)  C.A.R. 

Hoare  1962  µ  « ».

µ µ

(n
2
),  µ

 O(n log n).

µ  µ  « »,

µ [p…r] µ .

.  A[p…r] ( . .

µ ),  -

 A[p…q] [q+1…r].

A[p…q]  µ  A[q+1…r].

µ q  µ  (  µ

µ q = (p + r) / 2). 

µ µ .  A[p…q]  A[q+1…r]

µ  µ µ µ .

µ µ .

A[p…q]  µ  A[q+1…r]

 A[p…q] [q+1…r] µ µ ,  A[p…r]

µ µ .

µ µ .

µ  A[1…n], µ  Quicksort(A[1…n]).
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Quicksort(A[p...r])

 if p < r then

  q  Partition(A[p...r]); 
  Quicksort(A[p...q]); 
  Quicksort(A[q+1...r]); 

µ µ µ

Partition, µ [p…r].

Partition(A[p...r])

 x  A[p]; i  p – 1; j  r + 1; 

 while TRUE do

repeat

i  i + 1 
until A[i]  x; 

repeat

j  j – 1 
until A[j]  x; 

if i < j then
swap(A[i], A[j])

else return(j);

 Partition  A[p…r]

x = A[p].  Partition  A[p…i] [j…r]

.

 A[p…i]  µ x

 A[j…r]  µ x. [i] x (

µ  A[p…i] )  A[j] x (  µ

[j…r] ), i < j (

 A[p…q]),  A[i]  A[j] µ

µ .

µ , i = p – 1 j = r + 1. ,  A[p…i]

A[j…r] .  repeat-loop 

µ  A[p…i], i

 A[i] x.  repeat-loop 

µ  A[j…r], j

 A[j] x. µ µ

[i] / A[j]  µ x µ

µ µ   28 

 µ -  (

x  µ  µ [p…r]).

 ( , i < j),

 A[i]  µ ,

 A[j]  µ . ,

A[i]  A[j] µ , .

 A[p…i]  A[j…r] ,

i j, ,

j.

µ µ

 A[p…q]  µ

 A[q+1…r]. µ µ

Quicksort(A[p...q])  Quicksort(A[q+1...r]) µ

,  A[p…r]

µ µ  Quicksort(A[p...r]).

 1.17.  Partition  = 

[5, 3, 2, 6, 4, 1, 3, 7].  B = [13, 19, 9, 5, 12, 8, 7, 4, 11, 2, 6, 

21].

µ  1.5.  Partition  = [5, 3, 2, 6, 4, 1, 3, 7]. 
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.  Partition 

µ  1.5. T µ

µ  µ .

x = 5. ,  5 (5 x)

 µ ,  3 (3 x)

 µ  ( µ  1.5. ).  µ µ

 5  3 ( µ  3.5. ). µ

 6  1 ( µ  3.5. ). µ  6  1, 

 µ µ q = j = 5.

µ  1.6.  Partition .

 Partition  B = [13, 19, 9, 5, 12, 8, 7, 4, 11, 2, 6, 21] 

µ  1.6. 

 1.18.  Partition 

(n), n = r – p + 1 µ µµ .

.  A[p…r], 

q,  µ  µ x

.  A[q]  A[q+1]  µ

x . i ,  j

µ , i µ  ( µ µ µ

q+1), j µ i ( µ µ

) i i – 1 ( µ

Partition).  µ ,

 µ  Partition(A[q…r]).  µ ,

 µ x. µ ,  Partition 

.  Partition (r – p + 1) = 

(n) – µµ µ .

µ µ   30 

(n) µ n

 µ µ (n)  Partition 

µ µ

. µ

q  µ . µ , T(n) = T(q) + 

T(n – q) + (n).  µ µ µ T(1) = (1),

 µ µ .

,  µ  µ µ µ

 µ

µ  « ». µ µ ,

µ  µ  µ

, µ (n) ,

 µ µ

. ,  µ

µ  µ  ( . .  µ ),

 « » µ

µ µ

.

,

µ µ  Partition µ

 µ r – p (= n – 1),  µ  1. 

, µ  T(n) = 

T(n – 1) + (n).  T(n) = (n
2
) (

µ n µ ).

µ  Partition 

µ  µ  (r – p + 1) / 2 (= n / 2). ,

µ µ µ T(n) = 2 T(n / 2) + 

(n), (n) = (n log n). ,

µ  O(n
2
) (n log n).

 1.19. µ µ

(n log n) (n
2
).
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. µ µ µ

(n log n)  Partition µ .

µ  [5, 1, 2, 4, 7, 3, 6, 8]. ,

 [3, 1, 2, 4]  [7, 5, 6, 8].  [3, 1, 2, 4] 

 [2, 1]  [3, 4],  [7, 5, 6, 8] 

 [6, 5]  [7, 8]. µ ,  [5, 1, 2, 4, 7, 3, 6, 8] 

µ µ (n log n)

µ µ . µ  µ

 [9, 1, 2, 4, 7, 3, 6, 8, 13, 5, 10, 12, 15, 11, 14, 16]. 

, µ (n
2
)

 µ  1 

µ n – 1. µ

µ µ .

1.6.1. µ

µ ,

µ  Partition µ

µ . ’ , µ

µ  Partition  µ (r – p)
4
.

, µ µ µ

µ (n) = (n log n). µ ,

µ µ , µ (log n),

(n) .

µ ,  O(log n) µ ,  Partition 

 µ .

 1.20. µ  Partition  µ k

 µ ck  µ dk, c, d

, c + d = 1. 

µ n (n log n).

                                                

4 µ  Partition  µ µ  A[p…r]. 

µ µ   32 

. T(n) µ . , T(n)

µ T(n) = T(cn) + T(dn) + (n). y  1 µ

 Partition ( µ n )

 µ yn. µ  ( µ  1.7), µ

i (  0) y(c+d)
i
n = yn.

,  µ  logcn  logdn, (log n). 

µ , c + d = 1, T(n) = (y n log n) = (n log n), y .

µ  1.7. µ T(n) = T(cn) + T(dn) + yn.

µ ,

(n
2
), ,

 Partition  µ .

µ µ µ ,

µ  Partition,  µ

, µ

 µ . µ ,

 Quicksort µ  Partition µ

.



.  – µ µ   33 

Random-Partition(A[p...r])

 i µ  [p, r), 
µ  1/(r – p) .

swap(A[i], A[p]); 

return partition(A[p...r]);

µ . µ µ

µ µ µ (deterministic algorithms), µ ,

 Partition, µ

µ µ (randomized algorithms). 

µ µ

µ µ . , µ

µ µ

µ  µ . ,

µ

µ µ .

µ µ

µ µ µ ,

 ( . . µ

µ

,

Random-Partition). , µ µ µ

µ µ µ ,

µ , µ µ

µ  ( µ µ

).

µ µ .

n = r – p + 1 µ [p…r].  Random-Partition, 

[i] (p i < r) µ  µ  1/(n – 1) 

x . q (q = p, …, r – 1) 

[p…r]  A[iq]: 

 A[p…q]  A[q+1…r]  µ  A[iq].

µ µ   34 

S(n)  µ

µ n . S(n)  µ µ (n),

Random-Partition,  µ µ

. q, q = p, …, r – 1,  µ

 1/(n – 1), µ :

1

1

1

1

)(
1

2
)()()(

1

1
)()(

n

i

n

i

iS
n

ninSiS
n

nnS  . 

 µ µ µ S(1) = (1).  

, S(n) = (n log n) S(n) = O(n
2
),  µ

 µ .

µ  S(n) = (n log n).

µ ,

µ µ µ ,  µ µ

)log( nn . , µ ,

n , µ µ

 µ  2 n ln n + O(n)  µ

.

, µ µ

µ . ,

µ µ µ  µ

µ  µ µ .

 1.21. µ , µ µ µ

µ µ µ µ  µ

 « µ ». µ

µ µ  µ

k , µ .

µ , µ µ

µ  µ . µ

µ , µ
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 µ  O(nk + n log(n / k)). 

µ k ;

. µ :

 µ µ ,

 µ k ,

µ  µ .

µ µ k

,  log n µ  log k.

µ , µ µ µ µ  log n – log k = 

log(n/k). (n) ,  µ

µ µ (n log(n / k)).

µ µ µ

1

1

1

)()(
1

1
)()(

kn

i

n

ki

inSiS
n

nnS

(n log(n / k)), S(i) = (1), i < k.

µ , k

 µ µ µ . µ ,

µ  µ  O(kn),

 µ k  µ .

, µ  O(kn + n log(n / k)).

c1 c2  « µµ » ,

c1nk + c2n log(n / k). , µ k

µ . , µ

k  µ µ

µ µ  µ  µ

k .

 1.22.  µ n µ µ x.

µ  µ (n log n)

µ x.

µ µ   36 

1.7. µ µ

µ µ µ

µ

µ µ . µ , µ

µ , µ , µ

(n log n) . µ ,

µ µ (n log n).

µ µ µ  µ

 µ  (comparison tree,  – 

decision tree) . µ  1.8 

µ µ  µ  3 µ .

µ  1.8. µ  µ  3 µ .

µ n µ

n!  / µ , µ

µ µ µ  µ

.  µ µ

µ .

µ ,  µ µ  µ , µ

µ µ  / µ ,

.  µ h
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 2
h

. µ , h ,

 2
h

n!. µ , µ :

.)log(

)2/log(

log

log

)!log(

2/

2/

1

nn

n

i

i

nh

n

ni

n

ni

n

i

µ , µ µ ,

µ µ (n log n) .

, µ

µ (n log n).

 1.22. µ µ µ

n / k µ µ k . µ µ

 µ µ ,  µ

µ . µ , µ µ ,

µ µ µ . µ µ

µ µ

µ .

.  12 µ µ .

µ µ ,

.  µ  µ

 µ µ µ  µ  µ µ µ

 µ  µ µ µ ,

 µ µ µ .

µ µ µ .

µ µ µ µ µ

.

2. µ

µ , µ µ µµ

 (linear search), µ (n) µ

µ µ , µ  (binary 

search), µ µ µ , µ

(log n)  ( ). 

µ µ , µ µ

 µ µ  (interpolation search) µ

µ µ µ O(loglog n)  µ

(  µ ) µ  µ

µ µ µ µ  ( µ

µ  µ µ

µ µ ).

2.1.1. µµ

µµ µ

µ µ .

 µ µ .

µ

. ,

,  0 

.

Linear-Search(A[1...n], k) 

for i  1 to n do
if A[i] = k then return(i);

return(0);

µ .  µ

µ (n) µ  µ

µ  0 µ

.  µ µ (1)

 ( ) (n)

 ( ).
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µ  µ µ

 µ , µ µ k

. , µ k  1/n

µ i = 1, …, n.

,  for-loop i , i = 1, …, n,

 µ  1/n  µ µ  for-loop µ

n

i

n

i

n

n

nn
i

nn

i

1 1
2

1

2

)1(1
. µ

,  µ  µ µ

µµ µµ  µ .

µ µ  µ

 ( . .  « µ »  µ

),  µ µµ  µ

µ  µ  µ .

µ ,  [1, 4, 3, 2]  1  µ

0.1,  2 µ  0.5,  3 µ  0.3,  4 

µ  0.1,  µ µ µµ

0.1×1 + 0.1×2 + 0.3×3 + 0.5×4 = 3.2 

 4. µ

µ  µ

« µ » , µ  [2, 3, 1, 4],  µ µ

0.5×1 + 0.3×2 + 0.1×3 + 0.1×4 = 1.8 

µ ,

. µ µ

µ  µ

. , µ

, .

 µ

. µ , µ ,
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µ µ  µ µ  (move-to-front)  µ

 (move-one-forward).  µ  µ  µ

 (  µ µ

). µ  µ

 ( . .  [1, 2, 3, 4, 5, 6, 7, 8, 9, 10], µ

10  µ  9).  µ

µ  ( , µ µ

µ ) µ  µ

. µ  µ µ  µ

,  µ

 ( µ

).

µ µ µµ

 (  µ )  µ µ

µ  (

) µ µ . ,

 µ µ  µ µ  µ

µ µ µ  µ µ  (

µ ).  

2.1.2.

µ

µ µ .

µ  µ  « » µ .

µ  µ µ .

, µ

. µ  µ  µ

, µ  µ  µ  µ ,

 µ  µ .

, µ µ µ

 µ . µ , µ  µ

µ , µ µ µ  µ .



.  – µ µ   41 

 µ

.  µ µ µ .

Binary-Search(A[1...n], k) 

 low  1; up  n; 

while low  up do

  mid  (low + up) / 2; 
if A[mid] = k then return(mid);

else if A[mid] < k then low  mid + 1; 

else up  mid – 1; 

return(0);

µ :

µ k [low…up].

A[mid] < k, k µ  µ  µ ,

[mid+1…up]. µ µ µ

 µ  A[mid] [mid+1…up].

,  A[mid] > k, k µ  µ  µ

, [low…mid–1]

µ  A[mid]. µ µ

 A[mid] = k µ  ( low > up),

µ µ k .

,  while-loop,  µ

 µ  µ .

while-loop  (n )

. ,  while-

loop 1log n .  while-loop 

,  O(log n).

µ

(log n).

. T(n)

n . T(n)

 µ µ µ mid,  A[mid] µ

k, µ µ

. µ mid  A[mid]

µ   42 

k , µ µ T(n/2)

µ µ  µ  µ

 while-loop. , T(n) = T(n/2) + (1).

µ µ µ µ (1) = (1). µ

T(n) = (log n).

µ  ( µ )

µ µ

. n ,

nlog  . µ k

µ  µ  A[low…up] µ  (

µ ) bit ( ) µ k

.  ( µ ) bit. mid = 

1log
01

n
.  A k  A[mid], k  µ

bit  0. k  µ

bit  1. µ , µ µ  bit 

k . , µ nlog  

µ  bits k  µ

µ k .

, µ

nlog  bits µ k .  bits 

µ k µ µ  ( µ )

k µ µ .

µ  µ µ

( ),  bit µ k

µ  µ k µ

µ  ( µ µ ,

 µ µ µ  bits k µ k µ

). µ , , µ µ

nlog   µ

bits µ . ,

µ

µ µ .
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 2.1. µ n  µ

µ x n ( . x
2

n

(x+1)
2
 > n). µ n

 O(log n).

2.1.3.  µ µ

µ

µ µ µ µ

. µ  µ µ µ

µ µ  µ

µ . µ , µ

 µ µ µ .

 µ µ  (interpolation search) µ

µ µ µ µ

. µ  µ

 µ µ µ

µ µ .  µ µ  µ µ  (µ

µ )

µ .

 µ µ  µ  « »

.  µ µ

µ µ k µ  µ

k  µ

µ  bit (  µ ).

 A[1…n]

 µ [low…up], µ low up

µ k µ µ

. µ µ µ k

[low…up] :

pos low + (k – A[low]) × (up – low) / (A[up] – A[low])

µ   44 

 (up – low) / (A[up] – A[low])  µ

[low…up]. µ µ k

k [low] µ  µ

[low…up]. µ µ

low [low…up].

µ µ µ µ pos µ

k,  µ µ .

 A[pos]  µ k, µ . µ

k  µ [pos], k µ  µ

[pos+1…up], µ µ µ . µ , k

 µ  A[pos], µ µ µ

[low…pos–1].

 µ

µ µ .  µ µ µ .

Interpolation-Search(A[1...n], k) 

 low  1; up  n; 

while low  up do
if k < A[low] or k > A[up] then return(0);

  pos  low+(k – A[low])×(up – low)/(A[up] – A[low]); 
if A[pos] = k then return(pos);

else if A[pos] < k then  low  pos + 1; 

   else     up  pos – 1; 

return(0);

µ  µ  µ µ .

µ  1000 µ µ µ µ

 1 µ  1000, µ µ  700. 

[1] = 1 [1000] = 1000,  µ

 1. µ µ  700 

 700. µ [700] = 680 < 700. µ

700 [701…1000],

 300/320 = 0,9375. µ µ  700 

 701 + (700 – 680)×0,9375  720, .
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 µ µ

 ( µ µ  µ  µ

 µ µ µ

µ µ µ k). ,

 µ µ  µ µµ

µµ (n). µ ,  µ µ

(loglog n) µ µ µ µ

µ µ  ( µ µ

µµ  = 2
40

 µ  6  µ ).

µ µ  µ µ

µ µ pos

. µ

µ  µ  µ µ  (

µ  µ µ )  µ

 µ

µ µ  ( . .  µ µ ,  µ µ  cache 

µ µ ).

3. µ

µ  (selection) [1…n] ( ’

µ µ ) k, 1 k n, k-

 µ  ( k-

µ ).

µ  µ k = 1, 

, k = n, µ

, k = n/2, µ µ  (median) 

.

 3.1. µ  µ (n)

 (µ - µ µ ) [1…n].

µ  µ .  ( µ )

µ µ  µ  o(n); 

.  A[1…n].

 (key > A[i])  (key < A[i]),  µ

[1…n].

Minimum(A[1...n])

 key  A[1]; 

for i  2 to n do

if key > A[i] then key  A[i]; 
return(key);

 Minimum (n) n – 1 

 µ .

µ n – 1 

 / µ  µ - µ µ n . µ

µ  µ

µ n . ,

 µ . ,

 µ , . µ ,

n – 1  / .
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µ µ µ  µ

 o(n)  / µ  (µ - µ µ )

n .

µ µ µ

 O(n log n) µ [k]. ,

µ  µ  µ

µµ . µ µ µ

 µ (n) .

µ

 (quicksort). µ µ  µ

 A[p…r]  Partition, [p…q]

 µ [q+1 …r]. µ , k q, k-

[p…r] k- [p…q]. k > q, k-

[p…r]  (k – (q + 1 – p))-

A[q+1…r].  ((q+1) – p) k µ

 « »  A[p…q]. 

 µ  « »

µ µ . µ µ

 (randomized quick selection). 

Random-Quickselect(A[p...r], k) 

if p = r then return A[p]; 

q  Random-Partition(A[p...r]); 

m  q + 1 – p; 

if k  m then
return Random-Quickselect(A[p...q], k); 

else

return Random-Quickselect(A[q+1...r], k – m); 

µ µ k-

 µ  µ  µ n – 1 (n = r

– p + 1). , µ (n
2
)

µ  µ . µ

, µ µ µ

µ .  µ µ  µ

µ   48 

 « »

.

 µ µ  Random-Quickselect 

µ  µ . S(n)  µ  Random-Quickselect 

k- [1…n]. S(n)  µ (n),

 Random-Partition,  µ µ

 Random-Quickselect.  µ µ

µ q (  µ ),

k- .

, µ  µ

. µ , µ :

.)(
1

2
)(

}),(max{
1

1
)()(

1

2/

1

1

n

ni

n

i

iS
n

n

iniS
n

nnS

µ S(1) = (1). µ

 µ µ  Random-

Quickselect (n).

3.1.1. µ µµ

, µ µ µ

µ ,  « »,

µµ . µ

 (quickselect) µ  µ  Random-Quickselect, 

 µ

µ . µ

, µ  µ  A[i].
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Quickselect(A[p...r], k) 

 if p = r then return(A[p]);

 A[i] 
[p, ..., r]. 

 swap(A[p], A[i]); 

 q  Partition(A[p...r]); 

 m  q + 1 – p; 

 if k  m then
return Quickselect(A[p...q], k); 

else

return Quickselect(A[q+1...r], k – m); 

µ µ  µ ,  µ

µ  « » µ  µ µ

µ µ  µ  µ

µ . , µ

µ .

µ , µ  µ µ

µ  µ  ( . .  µ

n/d, d > 1) µ

,  µ µ µ µ

µ . ,  µ µ µ µ µ

µµ  ( ).

µ µ  µ µ

, µ , µ  µ  (median) µ .

(n) µ µ µ µ n/c ,

c > 1. µ  Quickselect µ

 ( ) T(n). µ

Quickselect, µ µ µ  µ µ

 T(n/c).

µ  µ n/c µ

 µ µ ,  µ

 µ n/d. , µ

Quickselect T(n/d). µ ,

 Quickselect µ T(n) = (n) + 

µ   50 

T(n/c) + T(n/d), (n) µ

 Partition, T(n/c)  ( )

µ  µ µ µ  µ

Quickselect, T(n/d)  ( ) µ

 Quickselect .

 3.3.  1/c + 1/d < 1, µ T(n) = 

(n) + T(n/c) + T(n/d) T(n) = (n). µ  1/c + 1/d = 1;  

. µ  ( µ  3.1), µ

i (  0)  (1/c+1/d)
i

(n). ,

 µ  log(1/c)n  log(1/d)n, (log n).

(n)

(1/d) (n)(1/c) (n)

(1/c2) (n)

(log n)

.

.

.

(n)

(1/c+1/d)2 (n)

(1/c+1/d) (n)

.

.

.

+

+

+

2(1/c)(1/d) (n) (1/d2) (n)

µ  3.1. µ  T(n) = T(n/c) + T(n/d) + (n).

µ , :

)(log

0

)(log

0

)/1/1()()/1/1)(()(

n

i

i
n

i

i dcndcnnT   . 

 1/c + 1/d < 1, µ
)(log

0
)/1/1(

n

i

idc  µ  µ ,

µ µ  µ  µ  µ .

µ , T(n) = (n).
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 1/c + 1/d = 1,  )(log)/1/1(
)(log

0
ndc

n

i

i , T(n)

= (n log n).

µ µ .

µ µ µ ,  µ µ µ µ  µ

 ( . . µ  µ ).

 µ µ µ n/c .

µ , µ  µ

µ µ ,  µ µ µ  µ  µ

 µ  (1 – 1/(2c)) n.

’ µ 5/n µ , 5  µ  (

µ n mod 5 ), µ  µ

µ . µ 5/n  µ .

,  µ µ  µ ,

µ (n).

µ  3.1.  µ

µ  7,  [2, 1, 4, 6, 5, 3]  [9, 7, 15, 10, 

11, 13, 8, 12, 14]. 

 9 7 15 2 1 10 4 11 6 5 13 8 12 14 3 

µ  [9, 7, 15, 2, 1] [10, 4, 11, 6, 5] [14, 15, 12, 10, 9] 

µ 7 6 12 

 3.1. µ µ .

 µ  µ

 µ µ ,

µ  µ  7n/10. µ , µ

µ  µ 5/n  5 µµ .

 µ 5/n µ  (

µ ) . µ ,

µ  3 µµ . ,

 µ  µ  µ  µ  µ

µ .  µ µ  (n/10)-

 3 µµ .

µ   52 

 1 

µ n/10 µµ  1 , 2 ,  3  (  3n/10 )  µ

 µ µ . µ ,

. , n/10 µ

5/n µµ  3 , 4 ,  5  (  3n/10 )  µ

µ µ ,

. ,  µ

7n/10 .

µ  3.1  3.2. 

,  µ µ  3.2, 

µ  µ , µ  µ  µ ,  µ

µ  µ x. µ

µ .

4 1 3 

5 2 8 

6 7 12

10 9 13

11 15 14

 3.2.  5  µ  µ

 µ µ .

. . .x. . .

. . .. . .

. . .. . .

. . .. . .

. . .. . .

µ  3.2.  µ  µ  3n/10.

 1/5 + 7/10 = 9/10 < 1,  3.3 

µ  quickselect (n).
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 3.4. µ

Quickselect µ  7 µ

 5; µ µ  3; 

 3.5. µ µ  (quicksort) 

 O(n log n).

 3.6. n µ µ .

 « » µ  µ  O(log n)

 µ  (n- ) . ,

µ  2n  µ .

. µ  A[n/2]  B[n/2]  µ ,

 A[n/2] < B[n/2].  µ  A  B 

µ  A[n/2]  B[n/2], [1…n/2]  µ

 A[n/2] [n/2…n]  µ [n/2]. 

µ  µ  A  B  µ

A[n/2…n]  B[1…n/2]. µ ,  A[n/2] > B[n/2],  µ  A  B 

 µ [1…n/2]  B[n/2…n]. µ  µ

µ , µ . .

median_of_union(A[p1...r1], B[p2...r2])

if r1 – p1  1 then
 µ

µ [p1...r1] B[p2...r2];

q1 = (p1 + r1) / 2; q2 = (p2 + r2) / 2; 

if A[q1] < B[q2] then

return median_of_union(A[q1...r1], B[p2...q2]);
else

return median_of_union(A[p1...q1], B[q2...r2]);

µ µ , µ , µ

µ  µ ,  µ µ . µ ,

T(n) µ µ T(n) = 

T(n/2) + (1), µ T(n) = (log n).

 3.7. n x1, x2, …, xn µ

w1, w2, …, wn  1
1

n

i iw . µ

µ   54 

µ  µ  (weighted median) xk

2

1

ki xx

iw
2

1

ki xx

iw  . 

µ x1, …, xn µ µ . :

 µ x1, …, xn  µ µ  µ ,

wi = 1/n, i = 1, 2, …, n.

µ  µ  µ  O(n log n)

µ x1, …, xn . 

µ  µ  µ µµ

µ  « » µ µµ

µ  µ .

. ’ µ , µ  µ xk
2

1

ki xx

iw

2

1

ki xx

iw  . wi = 1/n, i = 1, 2, …, n,

n/2  µ n/2  µ

xk. µ , xk  µ x1, …, xn . 

µ µ x1, …, xn ,

µ  µ , µ µ

µ  µ µ . µ  µ xk

µ  1/2. µ

(n log n) µ µµ

xk µ µ .

µ µ :

1.  µ xm x1, …, xn µ

 Quickselect.  

2.  Partition, x1, …, xn

µ .  µ xm.
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3. µ

mi xx

iL wW

mi xx

iR wW  .

4. xm µ  µ , .

5. ,  µ µ  WL  WR

xm µ µ µ µ  µ

µ µ  ( xm).

, µ  µ

µ  µ xm, µ  ( µ  4). 

,  « » µ

xm µ  µ ,

µ µ  µ

µ , µ  µ .

T(n) µ µ

 T(n) = T(n/2) + (n),  T(n) = (n). 
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